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PREFACE. 



THE Treatise on Algebra, by M. Bourdon, is a 
work of singular excellence and merit. In France, 
it has long been one of the standard Text-Books. Shortly 
after its publication, it passed through several editions, 
and has since formed the basis of every work on the 
subject of Algebra, both in Europe and in this country. 

In the present work, the original Treatise of M. 
Bourdon has been regarded only as a model. The or- 
der of arrangement, in many parts, has been changed; 
new rules and new methods have been introduced ; the 
modifications indicated by its use, for thirty years, as a 
Text-Book in the Military Academy, have been freely 
made, for the purpose of giving to the work a more 
practical charatter, and bringing it into closer harmony 
with the trains of thought and improved systems of in- 
struction which prevail in that mstitution. 



I A casual acknowledgment would fail to recognize 
w my obligations to Professor Peck, of Columbia College, 
I for the valuable labors he has bestowed on the present 
edition. Many of the new definitions, new rules, and 
improved methods of illustration, are his. His scientific 
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attainments, long known to the public, and his experi- 
ence as a teacher of Mathematics, impart to his writ- 
ings the marks of profound study and the freshness of 
daily instruction. 

The manner of treating the Binomial Formula, and 
the chapter on the General Theory of Equations, will, it 
is believed, be found worthy of special attention. 

To lessen the labor of Teachers, a Key has been pre- 
pared, exhibiting in detail, all the difficult operations. To 
this Key, many examples and discussions, not contained 
in the Text, have been added, which will be found use- 
ful in classes as test questions, and as presenting new 
subjects of investigation. 

FiSHKILL-ON-HUDSON, ) 



yune, 1873. 
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INTRODUCTION. 



QUANTITY is a general term applicable to every- 
thing which can be increased or diminished, and 
measured. 

Mathematics is the science of quantity; that is, it 
is the science which treats of the measurement of quan- 
tities, and of their relations to each other. It is divided 
into two parts : 

1st. The Pure Mathematics, embracing the princi- 
ples of the science and all explanations of the processes 
by which these principles are derived from the quanti- 
ties, Number and Space: and, 

2d. The Mixed Mathematics, embracing the applica- 
tions of the Pure Mathematics in the Mechanic Arts,' 
and in all investigations involving the laws of matter, 
force, and motion.* 

There are three operations of the mind which are 
immediately concerned in the investigations of mathe- 
matical science : ist Apprehension ; 2d. Judgment ; 
3d. Reasoning. 

1st Apprehension is the notion, or conception of an 

» . I -■ » I ■ ii» II. 1 1 I ., ,1 1... . I . , .. I , I ■— »»>».^ 

* Davies* Nature and IJtili^y of Mathematics. Book II. 
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idea in the mind, analogous to the perception by the 
senses. 

2d. Judgment is the comparing together, in the mind, 
two of the ideas which are the objects of Apprehen- 
sion, and pronounfcing that they agree or disagree with 
each other. Judgment, therefore, is either affirmative or 
negative. 

3d. Reasoning is the act of proceeding from one 
judgment to another, or of deducing unknown truths 
from principles already known. Language affprds the 
signs by which these operations of the mind are ex- 
pressed and communicated. An apprehensiofi, expressed 
in language, is called a term ; a judgment, expressed in 
language, is called a proposition ; and a process of rea- 
sofiing, expressed in language, is called a deinoftstrc^ 
tionJ^ 

The reasoning processes, in Logic, are conducted, 
usually, by means of words, and in all complicated cases, 
can take place in no other way. The words employed 
are signs of ideas. They are also among the principal 
instruments or helps of thought; and any imperfection 
in the instruments, or in the mode of using them, will 
destroy all ground of confidence in the result. So, in 
the Science of Mathematics, the meaning of the terms 
employed are accurately defined, while the language 
arising from the use of the symbols, in each branch, has 
a definite and precise signification? 

^ ■■■■..■■■■■ ■ ■ I ■ ■ I I ■ »■ ■ ■ ■ ^ ■■ ■^ — ■ -^ - ~ ■ - 

* Davies' Nature and Utility of Mathematics. Book I.' 
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In Arithmetic, the ten characters, called figures, are 
the alphabet of the language ; the combinations of these 
characters constitute the pure language of the science ; 
and the principles of numbers which are unfolded by 
means of this language, constitute the science itself. 

In Geometry, the signs which are employed to indi- 
cate the boundaries and forms of portions of space, are 
simply the straight line and the curve; and these, in 
connection with our common language, make up the lan- 
guage of Geometxy. This science treats of space, by 
comparing portions of it with each other, for the pur- 
pose of pointing out their properties and mutual rela- 
tions. 

Analysis is a general term embracing that entire por- 
tion of mathematical science in which the quantities con- 
sidered are represented by letters of the alphabet, and 
the operations to be performed on them are indicated 
by signs. 

Algebra, which is a branch of Analysis, is also a 
species of universal arithmetic,, in which letters and signs 
are employed to abridge and generalize all processes in- 
volving numbers. It is divided into two parts, corres- 
ponding to the science and art of Arithmetic : 

1st. That which has for its object the investigation 
of the properties of numbers, embracing all the pro- 
cesses of reasoning by which new properties are inferred 
from known ones ; and, 

2d. The solution of all problems or questions involv- 
ing the determination of certain numbers which are un- 
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known, from their connection with. certain others which 
are known or given. 

In Arithmetic, all quantity is regarded as made up 
of parts, which can be numbered exactly or approxima- 
tively. Propositions, therefore, concerning numbers, have 
this remarkable peculiarity, that they are propositions 
concerning all quantities which can be numbered. 
Algebra extends the generalization still further. 

A number is a collection of things of the same kind, 
without reference to the nature or kind of thing, and is 
generally expressed by figures. Algebraic symbols may 
stand for all numbers^ or for all quantities which num- 
bers represent, or even for quantities which cannot be 
exactly expressed numerically. 

In Geometry, each geometrical figure stands for a 
class ; and when we have demonstrated a property of a 
figure, that property is considered proved for every figure 
of the class. In Algebra, all numbers, all lines, all sur- 
faces, all volumes, may be denoted by a single symbol, 
a or X. Hence, the conclusions deduced by means of 
those symbols are true of all things whatever, and not 
like those of lilumber and Geometry, true only for par- 
ticular classes of things. The symbols of Algebra, there- 
fore, should not excite in our minds ideas of particular 
things. The written characters, a^ by r, d, Xy y, z, serve 
as the representatives of things in general, whether ab- 
stract or concrete, whether known or unknown, whether 
real or imaginary, finite or infinit.e. 

In the various uses which we make of these sym- 
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bols, and the processes of reasoning carried on by means 
of them, the mind insensibly comes to regard them as 
things, and not as mere signs ; and we constantly pred- 
icate of them the properties of things in general, with- 
out pausing to inquire what kind of thing is implied. 
All this we are at liberty to do, since the S)rmbols being 
the representatives of quantity in general, there is no ne- 
cessity of keeping the idea of quantity continually alive 
in the mind ; and the processes of thought may, with- 
out danger, be allowed to rest on the symbols them- 
selves, and therefore, become to that extent, merely 
mechanical. But when we look back and see on what 
the reasoning is ba§ed, and how the processes have been 
conducted, we shall find that every step was taken on 
the supposition that we were actually dealing with things, 
and not with symbols ; and that without this understand- 
ing of the language, the whole system is without sig- 
nification, and fails.* 

The quantities which are the subjects of the alge- 
braic analysis may be divided into two classes : those 
which are known or given, and those which are unknown 
or sought. The known are uniformly represented by the 
first letters of the alphabet, a, b, c, d, &c. ; and the 
unknown by the final letters, x, y, z, v, &c. 

Six operations, only, can be performed upon a quan- 
tity that will give results differing from the quantity it- 
self, viz. : 



* Davies' Nature and Utility of Mathematics. Cbap. IV. 
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f St. To add a quantity to it ; 

2d. To subtract a quantity from it ; 

3d. To multiply it ; 

4th. To divide it ; 

5th. To raise it to any power ; 

6th. To extract a root of it. 

Six signs, only, are employed to denote these opera- 
tions. They are too well known to be repeated here. 
These, with the signs of equality and inequality, together 
with the letters of the alphabet, are the elements of the 
Algebraic Language. 

The interpretation of the language of Algebra is the 
first thing to which the attention of a pupil should be 
directed; and he should be drilled in the meaning and 
import of the symbols, until their significations and uses 
are as familiar as the sounds of the letters of the al- 
phabet. 

All the apprehensions, or elementary ideas, of the 
Science of Algebra, are conveyed to the mind by means 
of definitions and arbit^y signs ; and every judgment 
is the result of a comparison of such impressions. Hence, 
the connection between the symbols and the ideas which 
they stand for, should be so close and intimate, that the 
one shall always suggest the other ; and thus, the pro- 
cesses of Algebra become chains of thought, in which 
each link fulfils the double oflBce of a distinct and con- 
necting proposition. 



Elements of Algebra. 



CHAPTER I. 

DEFINITIONS AND INTRODUCTORY REMARKS. 

L Quantity is anything that can be increased, dimin- 
ishedy and measured; as number, distance, and weight. 

A thing can be mecisured when it can be expressed in 
terms of another thing of the same kind, taken as a stand- 
aid of comparison. This standard is called a unit, or unil 
rf measure. 

The value of a quantity is an expression for that quantity 
in terms of some assumed unit. 

Z Mathematics is the science which treats of the prop- 
erties, measurement, and relations of quantities* 

3. Algebra is that branch of mathematics in which the 
quantities considered are denoted ]^ letters, and the opera- 
tions to be performed upon them are indicated by signk 
The letters and signs are called symbols. 

4. Kinds of Quantities. — The quantities treated of in 
Algebra are of two kinds: 

1^ Known quantities, those whose values are given; and 

2°. Unknown quantities, those whose values are required. 

Known quantities are represented by figures only, or by 
leading letters of the alphabet; as, a, b, c, etc. 

Unknown quantities are denoted by final letters; as, 
2) y, t, etc. Jjetters used to denote quantities are often 
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written with one or more dashes; as a', J", x''\ etc.; these 
symbols are read, a primes b secondy x third, etc. 

The symbols 1°, 2°, 3°, etc., are read first, second, third, etc. 

5. Signs. — The signs employed in Algebra are of three 
kinds: 1°. Signs of operation; 2^ Signff of relation; and 
3^. Signs of abbreviation. 

6. Signs of Operation. — The signs of operation are the 
following : 

1°. The sign of addition, +, caUed^Zt^^. When placed 
between two quantities, it indicates that the second is to be 
added to the first Thns, the expression, a + b, read, a plus b, 
indicates that } is to be added to a. 

2°. The sign of subtraction, — , called minus. When placed 
between two quantities, it indicates that the second is to be 
subtracted from the first. Thus, the expression, a — b, read, 
a minus b, indicates that ft is to be subtracted from a. 

3°. The sign of multiplication, x . When placed between 
two quantities, it indicates that the first is to be multiplied 
by the second. Thus, the expression, a x b, indicates that a 
is to be multiplied by b, or that a and b are to be multi* 
plied together. The quantities to be multiplied together are 
called factors, and the result of the multiplication is called 
9k product. 

11 more than two quai^tities are to be multiplied to- 
gether, the result is called a continued product. When fac- 
tors are represented by letters, they are called literal factors. 
In this case, the sign of multiplication may be replaced by 
a simple dot, or it may be omitted altogether. Thus, the 
continued product of .a, b, and c may be represented by 
either of the expressions, 

a xb X Cy a .b .Cy or a be 

A numerical factor is one denoted by a number; thus, in 
|e expreasion, dob, 3 is a numerical &ctor. 
4Pj The sign of diviwrn, -i- . When written between two 
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quantities, it indicates that the first is to be divided by the 
second. Thus, the expression, « -r- ^, indicates that a is to 
be divided by b. The same operation may be indicated by 
writing a over b, :with a line between them, after the man- 
ner of a fraction in arithmetic; or, the sign of division may 
be replaced by a vertical bar, or by an arc. Thus, the ex- 
pressions, 

a-T-b^ V) (^[by and b)a 

are equivalent 

5°. The exponential sign. This sign consists of a number 
written to the right and above a quantity, to show how 
many times that quantity is taken as a factor. Thus, in the 
expressions, a^ and a°, 3 and n are exponents. In the former 
case, a is taken three times as a factor; and in the latter 
case, n times; that is, as many times as there are units 
in n. The resulting products are called powers j the expres- 
sions c^ and a^ are read a to the third power, and a to the 
w* power. When no exponent is written, the exponent 1 is 
always understood. 

6°. The radical sign, \/ . When placed over a quantity, 
it indicates that some root of that quantity is to be ex- 
tracted; that is, it indicates that the quantity is to be re- 
solved into two or more equal factors. The nature of the 
root is indicated by a number written to the left and above 
the sign, called the index. 

Thus, the expressions, ^/a, \fa, or y/a, indicate that the 
cube root, the fourth root, or the w^ root of a is to be ex- 
tracted; that is, that the quantity a is to be resolved into 
ilne, four, or n equal factors. When no inde^ is written, 
the index 2 is always understood. Thus, the expression, 
Vfl, indicates that the square root of a is to be taken, or 
that a is to be resolved into two equal factors. 

7. The signs + and — , besides indicating addition and 

subtraction, are also used to show the sense in which a quan- 
2 
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tity is taken. A quantity preceded by the sign -f , is called. 
positive, or additive; a quantity preceded by the sign — , is 
called negative, or subtractive. 

The tenns positive and negative are diametrically op- 
posed to each other. If we agree to call a quantity post- 
iive, when taken in any sense, we must call it negative when 
taken in an opposite sense. Thus, if we agree to call dis- 
tance estimated to the right, positive, distance estimated to 
the left must be negative. Hence, the sign — :, when placed 
before a quantity, changes the sense in which the quantity- 
is to be taken; that is, it changes a positive quantity to a 
negative one, and a negative quantity to a positive one. 

The double sign, ±, read plus or minus, is used to show 
that the quantity is first to be taken positively, and then 
negatively. Thus, the expression, a ± S, is equivalent to the 
two expressions, a + b and a — b. 

When no sign is written before a quantity, the sign 't- 
is always understood. 

8. Signs of Relation. — The signs of relation are the 
following : 

1°. The sign of equality, =. When written between two 
quantities, it indicates that they are equal to each other; 
that is, that they contain a given unit the same number of 
times. Thus, the expression, 

a = be, indicates that a is equal to the product of b and c. 

2°. The signs of inequality, < and >. When either of 
these is written between two quantities, it indicates that they 
are unequal, the greater one being at the opening of the 
sign. Thus, the expressions, 

a <i b, and b "> c, 

indicate that a is less than b, and that b is greater than c. 

3°. The signs of proportion, : : : : . 

The single colon stands for, is to ; the double colon for, as. 
Thus, the expression, 
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a : b :: c : d, 

is read, a is to b^ as e is to d. The double colon is equiy- 
alent to the sign of equality, and is often replaced by that 
sign. 

4°. The sign of variatio'n, oc . When placed between two 
quantities, it indicates that they increase and decrease to- 
gether. Thus, the expression, x oc yz, indicates that x 
varies as the product of y and z ; that is, that x, and yz in- 
crease and decrease together. 

9. Signs of Abbreviation. — The signs of abbreviation 
are the following : 

1°. The sign .*. stands for, hence. 

2°. The vinculum, , the bar, \ , the parenthesis, 

or brackets, ( ), [], jj^ 8^6 employed to connect quan- 
tities which are to be operated on in the same manner. 
Thus, each of the expressions. 



{a + b -^ c)x, 



a + b + c X Xy a 

+ b 
+ c 

[a + b + c]x and \a -^-b + c\x 

indicates that the sum of a, b, and c is to be multiplied 
by ax. 

Other signs of abbreviation will be explained in their 
proper places. 

10. An Algebraic Expression is the expression of a 
quantity in algebraic language; that is, by means of the 
symbols just explained. 

Thus, Sab is the algebraic expression of the quantity 
farmed by taking three times the product of the quantities 
denoted by a and b ; or more simply, three times the product 
of a and b; ^ab — c^ is the algebraic expression of twice 
the product of a and S, diminished by the square of c. The 
fonner expression is simple; the latter, complex. 



n 
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IL A Coefficient is a number written before a quan- 
tity to show how many times it is to be taken additively. 
Thus, the expression, a^ + a^ + a% may be written da% in 
which 3 is the coefficient of a^; it is sometimes convenient 
to speak of 3 as the coefficient of the expression 3a\ 

A coefficient may be numerical or literal, simple or com^ 
plex. Thus, in the expressions, dx% ^abx\ and (a + h) x^y 
the quantities 3, 3a5, and (a + b), are coefficients of t?. If 
a quantity be resolved into two factors, either factor may be 
regarded as the coefficient of the other. Thus, in the ex- 
pression, a^W, we may regard a^ as the coefficient of Wi or 
we may regard ¥ as the coefficient of a^; or we may regard 
c^h as the coefficient of S^; and so on. When no coefficient 
is written, the coefficient 1 is always understood. 

12. Terms.— A quantity that can be written without 
the aid of either of the signs, + or — , is called a term. 

Thus, 3a2, -jy and c^/ay are terms. 

A term may be preceded by either of the signs + or — ; 
in this case, the sign is called the sign of the term, and it 
is used to show the sense in which the term is taken. Thus, 
the expression, -f a\ shows that a^. is taken positively ; and 
the expression, — a% shows that a^ is taken negatively. 

Terms are classed according to the number of literal fac- 
tors they contain. Terms that contain but one literal factor 
are of the first degree ; terms that contain two literal factors 
are of the second degree, and so on. The numerical factor 
is not counted in estimating the degree of a term. Thus, 
a, 35, and bd, are terms of the first degree ; ac, 4ai, and 6ad, 
are terms of the second degree. 

In the expression, 4:a^% a is taken twice as a factor, 
h is taken three times, and c is taken once ; hence, the term 
is of the 6th degree. In like manner, it m^y be shown that 
the degree of any term is indicated by the sum of the expo- 
nents of all its letters. 
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Terms are homogeneous when they are of the same degree. 
Thus, 3a5 and ^ are homogeneous; a^xy and ZVx are also 
homogeneous. 

Terms are similar when they have a common unit; that 
is, when they have the same literal part. Thus, the terms, 
3«*6 and — Ya^J, are similar; the terms' 3a x ^y and 
4c X s?y are similar if we regard 7?y as the unit of both. 
In this ease, 3a and ^c are to be regarded as coefficients 
of 3?y. 

13. A Monomial is a single term unconnected with any 
other by the signs + or — . Thus, 3a^5 and — ^aH^ are 
monomials. 

Every monomial is made up of three elements: 
1°. A literal party which may be regarded as the unity: 
2°. A coefficiefit, which shows how many times that unit 
is taken; and 

3°. A sign, which shows in what sense it is taken. Thus, 
in the monomial — Ita^i^dy we may regard the literal part, 
oW, as the unit; the coefficient 7 shows that this unit is 
taken 7 times; and the sign, — , shows that 7a^l^d is taken 
in a negative sense. 

14. A Polynomial is an expression composed of two or 
more terms, connected by the signs + or — . Thus, the 
expression, 2a^ — dbc + 4P, is a polynomial. 

A binomial is a polynomial of two terms. Thus, a^ — 2b 
is a binomial. 

A trinofnial is a polynomial of three terms. Thus, 
a* — 3a + y^ is a trinomial 

15. The Reciprocal of a quantity is 1 divided by that 

quantity. Thus, - is the reciprocal of a. If the product of 

two quantities is equal to 1, each quantity is the reciprocal 

of the other. Thus, if a5 = 1, then is a = r and 5 = - ; 

a 

that is, each is the reciprocal of the other. 
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We know from arithmetic that ^ x « = 1 ? hence - is 

the reciprocal of 5, and the reverse ; that is, the reciprocal 

of the fraction ^ is found by inverting its tenns. In like 

manner, it may be shown that the reciprocal of any fractioii 
is found by inverting its terms. 

16. The Numerical Value of an algebraic expression 
is the result obtained by giving a numerical value to eacli 
letter that enters it, and then performing all the indicated 
operations. Thus, the numerical value of the expression, 

4aS — cdy when a = 2, 5=8, c = 2, and d = 12, 

is, 4 X 2 X 8 — 2 X 12 = 64 — 24 = 40. - 

Find the numerical values of the following expressions, 
when fl = 4, 5 = 2, c = 3, and df = 1 : 

1. 12c + 3a — 55 — M. Ans, 36. 



2. 



5a 



b+c c—d 
Scd 



+ 



a 



3. 4a5 — 



b + 2d' 
8a 



b + d 5^4-1' 



4. 



6cP 1652 12c2 



c" 



a 



■f. 



6d* 



+ a. 



Ans. 4. 



Ans. 27. 



Ans. 10^. 



/ 



/ 



Also, of the following when «(; = 2, a: = 3, y = 4, and z:=5: 

5. (tif^ + a?'{-y^ + z^) {a? + f). Ans. 1350. 

e. ^v^.+ ^ + f + s?(a? + y2), Ans. 670. 

7. w^ + {(x? + y^ + z^) {^ + fy Ans. 1254 

Also, of the following when a: = 1, y = 2, and z=:d: 
g^ x'^ + y^ + s? s?_ 



0? 



Ans. 14. 



z — x 2 y 

9. {x+yy{3?—xy+y^)'\-{x+zy{a?--xz-^z^) 
10. i^{f + s?)+f{a? + z^) + s?{a?']- f). 

The numerical value is independent of the order of the terms. 



Ans. 139. 
Ans. 98. 



CHAPTER II. 



FUNDAMENTAL OPERATIONS. 



I. ADDITION. 

17- Addition is the operation of finding the simplefit 
equivalent expression for two or more algebraic quantities. 
This expression is called their sum. 

In Arithmetic, the sum is greater than any of its parts, 
since all the numbers added have the same sign. In Algebra, 
the signs of the quantities to be added may be different — 
some posiiive and some negative; and Uence, it may happen 
that their aggregate, or sum, may be less than any one of 
the parts. This aggregate is called the algebraic sum, to dis- 
tinguish it from the arithmetical sum. 

18. SinQLilar Quantities. — When the quantities to be 
added are similar — that is, when they have a common unit — 
the operation^ indicated may be actually performed. Thus, 
the sum of la% and ^a% is llu% because 7 units and 4 
units are 11 units; and similarly in the following examples: 

(1.) (2.) (3.) (4.) 

^cPx + ^ach — 2axy -— 5a^y V 

5a^ + (^acb — daxy — ^o?y^^ 

Qah^ -f dacb — 4caxy — Hc^y^z^ 



l^a^x -\'l%acJ> •— ^axy —21c?y^z^ 

19. To deduce a rule for the addition of similar terms^ 
let us take the following examples: 
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(1.) (2.) 

— Sah^j/^ — Sa^xy^ 



4- 4a^xy^ — 6c^xy^ 

In these examples the common unit is a^x^. In the first, 

this unit is taken positively 3 + 6, or 9 times; and nega- 

lively y 2 + 3, or 5 times; hence, the aggregate, cr sum, is 

equal to + ^a^xif — hc?x\^y which may be vrritten under the 

form 

+ \c?xy^ + 5a^xy^ — 5 Ay^ ; 

but the last two terms are numerically equal and taken in 
an opposite sense; they therefore destroy each other— that is, 
their sum is equal to 0, and, therefore, there remains for the 
required sum, the quantity + 4:a^xif\ 

In the second, the unit is taken 7 times positively and 13 
times negatively; hence, the sum is + 'ila^xy^ — Ida^xi^y which 
can be written, 

+ 7a^xi/^ — 7a^xy^ — Ga^x^ ; 

but the first two terms of this result destroy each other, and 
we have for the requh'ed sum the quantity — Qa^xj^. 

In each case, the coefficient of the required sum is nu- 
merically equal to the difference between the sums of the 
coefficients of the positive and negative terms, taken sepa- 
rately; and in both, it has the sign of the greater; and be- 
cause all other groups of similar terms may be added, in like 
manner, we have the following 

RULE. 

Add the coefficients of the positive and negative 
terms separately; subtract the less sum from the 
greater, prefixing the sign of the greater ; to the re- 
Hult annex the common unit. 



I 



CHAP, n.] FUNDAMENTAL OPEEATIONS. 26 

This rule enables us to reduce a polynomial containing 
similar terms to its simplest form. 

EXAMPLES. 

1. Reduce the polynomial ^b — Sa^ — 9a^J + lla^J to 
its simplest form. Ans. — %o?b, 

2. Reduce the polynomial ^ab(?—ahc^—lah<?—^ab(?+^db(? 
to its simplest form. Ans, — 3aJc^. : 

3. Reduce the polynomial ^cW — ^a(? + IbcW + 8ca -f- Gac* 

— %icW to its simplest form. Ans. a<? + Sea. 

4. Reduce the polynomial 6a(? — 5a^ + 7ac^ — 6ai^— ISac^ 
+ 18a5^ to its simplest form. Ans. lOo^. 

5. Reduce the polynomial ab(^ — abc + ba(? — ^abc? + Qabc 

— Scu? to its simplest form. Ans. — Sab(? + 5abc — 3aA 

C. Reduce the polynomial do'If^ — 7(^b + 6ab — Oa^^ + Qo^* 
+ 3a J to its simplest form. Ans. — 6a^^ + 2cfib + Sab. 

7. Reduc3 the polynomial dacb* — lc?(?¥ — 6a*^ — 3ac&* 
+ ^c?(?Jf — 6a^5* + 4a**5 + aa*^^' to its simplest form. 

^ Ans. — c?(?lP — 6acJ*. 

8. Reduce the polynomial — 1a^'Vc^+ ^a^b(?+ Ga^V+a'S^^ 

— ba^bc? — ¥(? to its simplest form. Ans. ^^ai^bt? — }?(?. 

9. Reduce the polynomial — 10/i% + 6o«ft« + 7a«J — haV? 
--hoPb + ^o^W to its simplest form. Ans. — Sc^b + 4a^y. 

20. Dissimilar Quantities. — ^When the quantities to be 
added are dissimilar — that is, when they have no common 
unit — the operation can only be indicated. Thus, the sum 
of 3fl, 5J, and 2c, may be expressed by the polynomial, 

3a + 5J — 2c; 

and, this result cannot be reduced to a simpler form. Hence, 
for the addition of polynomials, we have the following 



\ 
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RULE. 

/. Write the quantities to be added so that siintlcLr 
terms shall fall in the same column : 

IL Add each column separately, annexing dissinv- 
ilar terms, with their proper signs, 

EXA^MPLES. 

1. Add the polynomials, Sa^ — 2J2 — 4a&, Sa^ — J2 + 2a*, 
and Zab — Sc^ — 2^. 

By the preceding rule, we have 

(1.) 
3a2 — 4a& — W' 

ho? + 2aJ — &2 ^ 

+ 3aS — 22>2 - 3c2 

Sum 8fl2+ a^ — 5*2 — 3c2 

Each term, when disposed of, should be cancelled, that 
none may be omitted. 

(2.) (3.) 

7a; + 3a&4- 2c IGa^^ + hc — ^abc 

— 3a; — 3a&— 5c — 4a«J2 _ g j^ 4_ 6aSc 
5a; — 9fl&— 9c 9a2Z>2+ Sc + «*c 

Sum 9a; — ^ab — 12c Za^b^ — 7dc + babe 

(4.) (5.) 

« + aJ — cd + f Sab + C6? + d 

3flt + 6ab — 6cd — / Sab + bed — y 

— 5a — 6aZ> + 6cd — 7/ — 4flJ + Scd + x 

— a + ab + cd + if — bab — 12ci + y 



Sum — 2a4-«& + 0— 3/ ^x + d 

6. Add the poljnaomials 3a +S, 3a + 3&, —9a— 75, 6a + 9 J, 
and 8a + 3S + 8c. Ans, 11a + 9J + 8c. 

7. Add the polynomials 3aa; + 3ac +/, — 9aa; + 7a + d, 
' + 6aa; + 3ac + 3/, 2>ax + 13 ac + 9/, and — 14/ + 3aa;. 

Ans, Wax + 19ac — / +la + d. 
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8. Add the polynomials Zo?c + 6a J, lc?c — 3a} + Zacy ^c?c 

— 6a* + 9ac, and — 8aV + aJ — 12ac. Arts. Wc — 3aJ. 

9. Add the poljuomials 19aVJ — 12a^6*S, 5a*a:^J + ISo^cJ 

— IQax, — 2aVd — lao^cJ and — 18aVJ — 120^^* + 9aa:. 

Ans. ^7?b — 22a^cJ — ax. 

10. Add together, 3a + ft + c, 5a + 2d + 3ac, a + e? + ac, 
and — 3a — 9ac — 8ft. -4»5. 6a — 5ft + 2c — 6ac. 

11. Add the polynomials 5a^ft + ^cx + 9ftc^, lex — 8a'ft, 

and — Ibex — Oftc^ + 2a'ft. Ans. — a^ft — 2c2:. 

» 

12. Add together, 8aa; + 5aft + Sa^ftV, — 18aa; + ^<f 
+ lOaft, and lOaa; — 15aft — MW(?. 

Ans, — ^aW(? + M. 

13. What is the sum of 41a^ft^c — 27aftc — 14a^y and 
lOo^ft^c + 9a5c ? Ans. bWm — ISaftc — 14aV 

14. What is the sum of 18aftc — 9aft + 6^^ — 3c + 9cic, 
and 9aftc + 3c — 9aa; ? Ans. 27abc — 9aft + 6A 

15. What is the sum of 8aftc -f- IPa — 2cx — Gxy and 
Icx — xy — IWa ? Ans. Sabc — 12ft^a + 5ca; — 7xy. 

16. What is the sum of 9a'c — 14afty + 15a'ft« and 

— a«c — Sa^ft^? Ans. Sa^c — 14abi/ + Wb\ 

17. What is the sum of 17a5ft' + 9a^ft — 3a^ — 14aW 
+ 7a2 — 9a\ — 15a3ft + 7a'5ft' — a^, and 14a"ft — 19a^ft ? 

Ans. 10a«ft3 — Jla^ft + 4a2 -r lOa^. 

18. What is the sum of 3aa!? — 7aa^ — 17aary, + das? 
i- 18aa:3 ^ 34^^^ and 7a'ft + Say^-^lax^ + 4:bcx? 

Ans. baa? -f- 9aaj^ + Ylaxy — 7aa:^ + 4ftca?. 

19. Add, 3a3 + 5a%V — 9a*r, W — Sa^ftV — lOa^ar, and 
lOaft + 16a2ft2c2 + 19a-^ar. Ans. lOa^ + 13a2ftV + lOaft. 

20. Add, la% — 3aftc — mc ^^(? + cdJ^, %ahc — ba% + 'd(? 
--H^c + cd?, and 4a2ft — 8^^ + 9ftV — 3dP. 

Ans. 6cfb + babe — 3ft«c — 14c8 + 2c(P — dcP. 
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21. Add, — ISO'S + &ab* + 6a»ft', — 8afi' + Wb — 5a'd% 
and — 5a»i + (kj* + llff'S"- ^»s. — l&<^b + 12o«&'. 

2iJ. What is the sam of 3(^ifc — IGa'x — 9£kcV, + Ga'&'c 

— Cox^ + 17a*z, and + Uasfid — a'x — Sa'l^c ? 

23. "What is the sam of the following terms: tSz., Sn* 

— lOo'* — IQa'b^ + 4a%' — IWb + Iba'b" + 2ia^^ — Sab* 

— IQaW + aOa^i^ + 32ab' — 86*? 

Arts. So* — 220*5 — lYo^fi* + 48a»S» + 26a5* — 8J». 
/ 24. Add the polynomials 12p — 7ac — 5a \/x, bax + 
a */x — 8y, — (M — !/ + 9a VS) 5^ + 4az — 3a V5, and 

— oa: + a a'^ + y. Ans. 9y + 3fl "^x. 
25. Find the sum of <r^ — ^'j: + Jiw:' — -Ja:', a' + \c?x + 

ioj^ + \A and 203 — la*B + iV"^ + ■^^. 

Ans. ia* — ia^j! + fjaj^ + ^x\ 



II. SUBTRACTION. 

21. Subtraction is the operation of finding from two 
quantities a third, which being added to the second will pro- 
duce the first. 

The first is called the minuend; the second, the subtra- 
hend; and the third, the difference, or remainder. 

In arithmetic the remainder is always less than the minu- 
end; in algehra it may happen that the remainder is greater 
than the minuend. Hence, in algebra, the difference between 
two quantities is called the algebraic difference, to distinguish 
it from the arithmetical difference. 

22. To deduce a rule for subtraction, let us take from 4aS, 
- Zay + J . The operation is indicated thus, 

iaJ — (2a: ~ 3ay + b) ; 
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the sign — , before the parenthesis, shows that the sign of the 

subtrahend is to be changed (Art. 7) ; but changing the sign 

of the subtrahend is the same as changing the sign of each 

term from + to — , or from — to + ; making this change, 

we have, 

4aJ — 2x + day — b. 

In this case, we were to subtract from 4:ab, the difference 
between 2x + b and 3ay. Changing the signs of 2x + b, to 
miaus, we take away too much by Say, which should, there- 
fore, be added ; and since all other cases may be like treated, 
we have the following 

RULE. 

Change the sign of every term of the subtrahend, 

or conceive it to be changed, and then proceed as in 

addition, 

« 
When the minuend and subtrahend contain similar terms, 

it will be convenient to write them down so that similar 

terms shall fall in the same column. 

EXAMPLES. 

1. From Qac — hab + (? subtract 3ac + 3aJ — 7c- 

OPEP.ATION. 

Minuend . . . ^ac — hab + (? 
Subtrahend . . doc + Mb — 7c 

Remainder . . doc — 8aS + (? -\-lc 

Changing the sign of dac from + to — and adding it to 
6flc, we have 3ac; in like manner, changing the sign of Zab 
and adding it to — 5aJ, we have — ^ab ; changing the sign 
of —7c and adding it to the dissimilar term +c^, we have 
c« + 7c. 

This result may be verified by adding the remainder to 
the subtrahend; the sum will be found equal to the minu- 
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end. Every example in subtraction may be verified in like 
manner 

(2.) (3.) 

Prom . . 16a^ — 6bc + Hoc Idabc — 16ax — haxy 

Subtract . 14a^ + hlc -f- 8flw; Vtabc -f- 7ax -— Xha/xy 

Remainder 2^^ — lOfo — ao 2abc — 23ax + lOaxi/ 

(4.) (5.) 

From . . 6(^^4a^b+ dlf^c Aab-- cd -{- 3a^ 

Subtract . — 2flr'% 3a2* — 8ff»c 5ab — 4:cd + da^ -\- bS^ 

Eemainder 7a^ — 7a^ -f iWc. — ab + 3cd + —5*2 

6. From 3a^x — Idabc + la\ subtract Oa^rc — l^dbc. 

Ans. — 6a^ + 7fl?. 

7. From blc^l^c — ISabc — 14«»y, subtract 41fl?^c — 27aJc 

8. From 27a*c — dab + 6(^, subtract dabc + 3c — 9ax. 

Ans. 18abc — 9a J -f Gc^ — 3c + 9ax. 

9. From SaSc — 128^^ -^ 6cx — 7a;y, subtract 7cx — xy 

— 13 Wo, Ans. Sabc + Wa — 2ca; — 6xy. 

10. From . 8a«c — l^kiby + 7a^5^, subtract 9a^c — 14a&y 
+ 150^61 ^w/?. — a^c — 8fl«^. 

11. From 9a«a? — 13 + 20aKi; — 4S»car', subtract 3^c.r« 
+ 2(fij? — Q + dal^x. Ans. naJfix-^Wcoi? — 1. 

12. From bcf — 70^** — 3c«d2 + 7<?, subtract 3a* — 3a2 

— 7(?d^ — 15c^i^. Ans. 2a^ + Sc^l^ + ^""d^ + Hd -\- 3a\ 

13. From 6Wl^ — 480^6 + lOo*, subtract 10a< — Sc^b 

— Qc^V. Ans. 57a2^ — 40a^8. 

14. From 2Wif + 25a? f + GSxi/ — 40^^, subtract 64aY 
+ ^Sxy* — 40yl ^W5. 20a:y* — 392?f + 21ary. 

r/ 15. From bSa^y^—l^x^y^ — lSx^y—bdx^ subtract — loa;^ 
l8a?y + 24arV. Ans. 35ar^/ — 42a;V — 56ar», 
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16. Prom 10a™ — 15J° — cP + 6cfi, subtract — 9(i" + 2J° 
+ cP - 5^*1. Ans. 19a™ — 17J° — 2cP + lOd^. 

17. From ^ + de+ic + ibc, subtract |a — 76 — dbc 
\c. Ans. — a + 112 — ic + |Sc. 

18. From iy — |a — f a; + |a, subtract 3y + Y« — f x. 

23. Brackets. — The sign + before a parenthesis or 
brackets, shows that the signs of all the included terms are 
to remain unchanged. Hence, in this case, the parenthesis 
or brackets may be dropped. Thus, 

* 

The sign — before a parenthesis or brackets, shows that 

the signs of all the included terms are to be changed (Art 22). 

Hence, in this case, we may drop the parenthesis or brackets, 

provided we change the signs of aU the included terms. 

Thus, 

^^ — (3aS — 2/) = 6a^ — ^ab + 2/}2 

Conversely^ any number of terms of a polynomial may be 
placed within a parenthesis, preceded by the sign — , pro- 
vided we change the sign of each term so included. Thus, 

2J8 + 7a« — ^a% — Abe =:W--{^W + ^b + 4fc). 

EXAMPLES. 

Let the following expressions be transformed so as to get 
rid of the parentheses and brackets, and then let them be re- 
duced to their simplest form: 

1. 3a; — 7«^ — (a; + %y) — (4y — 7a?). Ans. 9x — 13y. 

2. {a + b+c)—{a+i—c)—{a—b—c). Ans. —a+b+dc. 

^3. a?^2xy + f^{a? + xy--f)--{-^ 2xy + x"^ + f). 

Ans. —a? — xy + f^. 

Ans. a« - 3J« + Z(?. 
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In caees involving double brackets, the subordinate ones 
are to be got rid of first. Thus, 

5. 1 — [1— (2-a;)] + [4a:— (3-6a;)] + [4-(-5 + 6a:)] 

= 1— [1— 2 + a;] -j- [^x—'d + 6x] + [4+5— 6a;] 
=1— 1+2— a:+4a:— 3 + e2;+4 + 5— 6a:=8 + 3a;. 

6. 2« — [2« — (& + 2a;) ] + [J — {2x — 2L) ]. Ans. U. 

' :. [(l+a:)-(l + 2a:)] + [(l-a;) + (l-2rr)]-[(l-a:) 
'— (1 — 2a:) ]. Ann, 2 — 5a:. 

8. fl;2 + 2aJ + Z^ - [a^ + aJ - ^^ _ (2a& -d? — !^) ]. 

Ans, — a^ ^ 3aJ + J2, 

9. 11a; — 1 7a; — [8a; — (9a: ^^x)^\. Ans. 9a;. 

10. 4a;-3y-|(2a:+4y)+3a:+[y-9a;-(2?/-a;) + (a;-y)]f. 

-47i5. 6a; — 5y. 

24. Essential Sign. — From tlie preceding principles, we 
have, 

^ + (+y) = ^ + y; 
•'^' + (— y)=7/^ — 2^; 
*'^ — (+2/) = ^ — y; 
^ — (— 2/) = ^ + ^' 

In these expressions, the sign of y within the parenthesis 
is called the sign of the quantity ; the sign that precedes the 
parenthesis is called the sign of 02jeraiion ; and the resulting, 
or final sign of y, is called the essential sign. By inspecting 
the given examples, it will be seen that when the sign of the 
quantity and the sign of operation are alike, the essential 
sign is + ; when the sign of the quantity and the sign of 
operation are tinlike, the essential sign is — . 

If in each expression we write a before the parenthesis, it 
is plain that the principle will not be changed, and we shall 
have, 

^ + a{+y) = x + ay; 

x + a{—y) = x-'ay; 

^ — ^{+y) = s:—ay; 

x^a{—y)—x + ay. 
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III. MULTIPLICATION. 

25. MTiltiplication is the operation of finding the jpro- 
duct of two quantities. 

The quantity to be multiplied is called the multiplicand; 
the quantity by which it is multiplied is called the muUi" 
plier; and each is called Vk factor of the product. 

26. From Article 24 we infer: 

V. If a positive quantity be taken any number of times 
positively, or if a negative quantity be taken any number of 
limes negatively, the result will be positive ; that is, the pro- 
dud of two terms having like signs is plus, 

2°. If a positive quantity be taken any number of times 
negatively, or if a negative quantity be taken any number of 
times positively, the result will be negative ; that is, the pro- 
duct of two terms having unlike signs is minus. Hence, the 
sign of the product of any two terms may be determined by 

the following 

RULE. 

Like signs in the two factors give + in the pro- 
duct , and unliJce signs give — . 

27. Monomials. — To deduce a rule for the multiplication 
of monomials, let us find the product of IcPW^ and ^ic. The 
operation may be indicated thus: 

or, resolving both multiplicand and multiplier into their sim- 
ple factors, 

tambh x ^adbc. 

It has been shown in arithmetic that the value of the 
product is not changed by changing the order of its factors; 
hence, we may write the product as follows: 

7 X iaaaaaibic = 2Scfl^c* 
3 
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Comparing this with the given monomials, we see that 
the coefiBcient of the product is the product of the coeffi- 
cients of the multiplicand and multiplier, and that the expo- 
nent of each letter in the product is equal to the sum of the 
exponents of that letter in both factors; and since the eame 
course of reasoning may he applied to any two monomials, 
we have the following 

RULE. 

/. Multiply the coefficients together for a new co^ 
efficient : 

11. After this, write all the letters in both factors, 
giving to each an exponent equal to the sum of its 
exponents in the two factors. 

The sign of the product is to be detennined by the rule 
for signs.^ 

EXAMPLHS. 

(1.) . . . ^c?b(? X Idb^ = 66(^tl^(?cP. 
(2.) . . . 21(^e^dc X Sab(? = 168a*£Vd. 

(3.) (4) (5.) (6.) 

Multiply . . 3a^J 12a^x Qxyz c?xy 

by . . ^hc? 123^y mfz 2x\f 



7. Multiply ^Wc by IcfiV^cd. Ans, 66aHVd. 

8. Multiply 5a5tP by 12c^. Ans. OOabcd^. 

9. Multiply WbdJ^c? by aide. Ans. Kc^V^cPd^. 

10. Multiply 6a?}f^s? by — i^y^s^ Ans. — ^a:)?y^s?. 

11. Multiply — l^a^T? by — \o?x. Ans. ^a^ofi. 

12. Multiply 26a;"y™ by -2a;n'«/°. Ans. 52a:°»+'»y"+". 

13. Multiply —5a^^ by ZayH. Ans. 15a*y° + *«. 
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I U. Multiply ^2aF^f by —S2?t/Vz. Ana. 6a*»+V^*^- 

/ 15. Multiply 4a"aj°yP by — 4a°x«/. 

/ ' Arts. — 16a« + "a:"+y+l 

38. Continued Product. — The preceding rule may be 
extended to finding the continued product of any number of 
monomials. The sign of the product will then depend on 
the number of negative monomials employed. If this num- 
ber is even, the sign of the product will be + ; if the num- 
ber is uneven, the sign will be — . Hence, every even power 
of a negative quantity is +, and every odd power is — . 



,<7 



EXAMPLE& 

Find the continued product of the following groups of 
monomials: 

16. 2a^y, 3atfx\ and '-4abxy. Ans. — 24a*Ja:^y^. 

17. 3Ja* — 2y% and —Zy!?. Ans. lU7?fx/^. 

18. maoiP, —dap^, and —na^y^} Ans, Zmnahfiy^^^. 

19. ix'tf^y —is^y^, —Ssf^yz, and —2a^x. 

Ans. — ia'icP+q+«y°+q+i^. 

20. 20aPx, iaaP, and —iaf^y. Ans. — a^^^a^+'i^hj. 

21. —ix% —ixy, and —ix^y. 

Ans. {- i^yf = - -^afif. 

22. -ixf, ^ixf, ^ixf, and -ixf. 

Ans. {— ^xyy — ^oi^y\ 

le degree of the product of two or more monomials is 
denoted by the sum of the numbers that denote the degrees 
of the factors taken separately. Thus, in example 16th, each 
factor is of the 4th degree, and the product of the three 
fiictors is of the 12th degree. 

29. A Polynomial by a Monomial.— If all the terms 
of any polynomial be multiplied by the same quantity, the 
aggregate of the products will be equal to the product of the 
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poljuomUI by fbat qnaotify. Hence, w« hare the foUowingr 
mle for multiplying a polyaomiol by a monomial : 



Multiply every term of the polynomial by the irvo- 
nomial, and connect the results by their proper signs. 

If the mnltipIicaDd is in its simplest form, the product 
will also be in ita simplest form. 

EXAMPI-ES. 

Mnltiplicand ■ . . ^ax — gay + z 
lloltiplier .... 4a 



Product 12<A; — &^ + 4(U 

Multiplicand . . . h3? — il^-^x — i 
Multiplier . . . — Ibax 



s 



Prodnct . . . . — Ibaaf + ZQaa? — \5a^ + max 
Find the ppodncts of the following : 

3. %^yz — Z3?y^z + bxy:?, and — 7a^z. 

Am. -142*/i!' + 2l2Yz» — SSaY?*. 

4. 13«°y" — 33:"y", and — S^y. 

Ans. — 39a?'+V°+* -(- ea^+V**- 
6. a"'*?' + J°o° — (!"i°, and i^. 

Am. a*"c" + J"a*"+° — t^tfH^. 



C. -a?y — jay + y, and — -^^. 



Ans. — g^y + jgi*/ — jaY- 

If the monomial be taken as the mnltipHcand, and the 
Tnomial aa the mnltiplier, the prodnct will remain un- 

•ed. 
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30. A Pol3niomial by a Polynomial. — To multiply 
one polynomial by another^ we have^ from what precedes, the 
following 

RULE. 

Multiply all the terms of the multiplieand hy each 
terrrv of the Tnultiplier, and reduce the polynomial 
resiJblt to its simplest form, 

EXAMPLES. 

(1.) 

Multiply . . 3a2 + 4flJ + J2 
by . . . 2g -f- hh 

+ 15a^S + 20gy + Sy 
Product . . 6a3 + 23a2i + 22a*2*+ 5S8 

(2.) (3.) 

3? + ^ x'^ + xif + lax 

X -^y ax + hax 

x'^ + xt^ aofi + ax^f/^ + 7a^a^ 

4. Multiply ic* + 2ax + a^ hy x + a, 

Ans, ofi + daa? + da^x + efl. 

5. Multiply a? + 1^ by x + y, 

Ans. 7? + xy^ + a?y + jf, 

6. Multiply 3flJ»+6aV by 3aJ» + 3aV. 

^W5. 9fl»5< + 27a8S»c» + 18a*c«. 
f 

7. Multiply 4'?? — 2«^ by 2y. -4;i5. 8a:^y — 4^*. 

,a Multiply 2a; + 4y by 2a: — 4y. ^tw. 4a;» — 16y«. 

9. Multiply 0^ + a;^y + ary* + ^ by x^y. 

Ans. xi^-^y*. 

10. Multiply a;* + a:y + y* by a:* — a:y -f- y*. 

Ans. X* + a^y + y*. 
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In order to bring similar terms of the product together, 
it is found convenient to arrange both polynomials with 
respect to the same letter; that is, we write them down bo 
that the first term shall contain the highest power of that 
letter, the second term the next highest power, and so on to 
the last. The letter, with respect to which the arrangement, 
is made, is called the leading letter. 

11. Multiply 4a» — 6fl«J — 8aJ» + 26^ 

by 2a«— 3aJ — 4J2 

8a5 — lOa^J — 16fl«J2 + ^^Ifi 

— 12a^J + 15a»^ + 24a2J» ^ 6aJ* 

— 16«3J^ -f- 20flr2^i3 + 32aJ4 — 8** 

8a5 — %^a^b — IWI^ + 4802*3 + ^^ab* — 8ft* 

In this example the polynomials are arranged with respect 
to a; a simple inspection of the operation shows the advan- 
tage of the arrangement It will be observed that the pro- 
duct is also arranged with respect to the same letter 

12. Multiply 2a« -Sax -f- ^x\ by 5fl» — 6ax — 2a?. 

Ans. lOo* — 27cfix -\- Z\dh? — ISao;^ — 8a?«. , 

13. Multiply So? — 2yx + 5, by a? + 2xy — 3. 

t Ans. 3a;* + ^y — 42:^ — Aofy^ + l%xy — 15. 

14. Multiply Zt? + 2^x^ + 3/, by 2:i? — Zx\^ + hf. . 

Ans ( 62:« - 5a:y - 6a?<y* + 6a?ya + ISipy , 

15. Multiply ^ax ~ 6aS — c, by 2aa: + oft + c. 

^W5. 16o^ — 4a2^ia; — ^d?V + 6flca: — ^ahc — c?. 

16. Multiply Zc? — 5ft2 + 3c^ by c? — 1\ 

Ans. 3«* — haW + Zc?(? — Z€»? + Sfi^ — SJ^cf. 

17. Multiply 3a« — 5&d + cf, 

by ^ 5a2 4. Md — 8c/: 

Product, — 15a<+37a^W— 29aV— 20ft2(P+44Jcd/"--8cy» 
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18. Multiply 4a»i8 — U^h\ + Sa^cr^ - SaV - 7a4c», 

by %aV^ — 4aJc — 2Jc8 .+ A 

8a<d* — lOo^^^c + 28a3JV — 34aSJV 
Product . . ^ — 4«2j3^ — lCa*fi8c + Iga^ic* + 7a2^>V 

+ Ua^fics + UaJ^cS — 3aV - 7flJA 

19. Multiply r^-| + ^, by | + ^ 

20. Multiply a; + ^.a:^ -- ^3^, by 1 - la: +'^i ^^ 

^^^- ^■"4a^^"^4^3^~16a*^* 

21. Multiply a«» + 3J° — 2cP, by o™ -- 3^»» + 2cP. 

Am. a^ — 9S2n + 125°cP — 4c8p. 

22. Find the continued product of a; — I, a; + 1, a?' — 1, 
and a^ + 1. Ans, a:^ — ar* — a;^ -f 1. 

23. Find the continued product of a.-^ + a; + 1, a:^ — a: + 1, 
and a^ + a; — 1. Ans. a^ + a;^ + a:^ + a; — 1. 

24. Find the continued product of a; + 3, a; + 5, and 
x + 7. AuB, ^ + 15a:« + 71a; + 105. 

Results. — The following conclusions are deducible 
from the principles of multiplication : 

1°. If toth multiplicand and multiplier are ho7nogeneou8, 
the product will be homogeneous, and the degree of any term 
of the product will he indicated by the sum of the numbers 
that indicate the degrees of its two factors. 

Thus, in example 18th, each term of the multiplicand is 
of the 5th degree, each term of the multiplier of the 3d de- 
gree, and oach term of the product of the 8th degree. 

2®. If no two terms of the product are similar, there will 
be no reduction amongst them ; and the number of terms in 
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tJie product will then he equal to the number of terms in th^ 
multiflicandy multiplied by the number of terms in the mul- 
tiplier. 

This is eyident, since each term of the multiplier will pro- 
duce as many terms as there are terms in the multiplicand. 
Thus, in example 16, there are three terms in the multipli- 
cand, two in the multiplier, and six in the product. 

3°. Among the terms of the product there are always two 
that cannot be reduced with any others. 

With reference to any letter common to hoth factors, the 
irreducible terms are: 

1°. Tlie term produced by the multiplication of the two 
terms of the multiplicand and multiplier that contain the 
highest power of this letter ; and 

S°. The term produced by the multiplication of the two 
terms that contain the lowest poiver of this letter. 

For, these partial products will contain this letter, to a 
higher and to a lower power than either of the other partial 
products, and consequently, cannot be similar to any of them. 

32. A formula is an algebraic expression of a general 
rule or principle. 

33. Useful Formulas. — The following formulas depend- 
ing on the rule for multiplication, will be found useful in 
practical operations: 

Let a and b represent any two quantities ; then a + b 
will represent their sum, and a — 5 their difference. 
From the delSnition of a square, we have, 

(a + bf =i{a + b) X {a + b). 

Performing the multiplication indicated, we have, 

{a + by = a^ + 2ab + b^ (1) 
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Hence, 

1°. The square of the sum of any two quantities is equal 
to the square of the first, plus twice the product of the first 
by the second, plus the square of the second. 

Thus, (5a2 + 8fl2J)2 = (5a2)2 + 2x5a^X Scfb f {Sa^Y; 

or, (5a2 + Sa^y = 25a* + SOa^b + 6ia^b^. 

■ 

We have also,. 

{a-iy={a-b) x (a~5). 

Performing the operation indicated, we have, 

(a — J)2 = a2 — 2fl^ + 62 (2) 

Hence, 

2°. Tlie square of the difference of any two quantities is 
qual to the square of the first, minus twice the product of 
ttfi first by the second, plus the square of the second. 

Thus, {Hab — 12c)2 = {tabf -2 xHab x 12c + {12cf; 
or, (7aJ — 12cy = ^Wl^ — lG8aJc + 144A 

We also have, by actual multiplication, 

(a + 5) (a - J) = a2 _ J2 . . . . (3) 
Hence, 

3°. The product of the sum of any two quantities by their 
difference is equal to the difference of their squares. 

Thus, (3a + 4c) (3a — 4c) = 9a« — 16c». 

Formulas (1), (2), and (3) are much used in factoring. 

It is to be observed that these fonnulas are perfectly gen- 
eral in their nature — that is, they are entirely independent 
of the values of the quantities considered. They are alge- 
braic expressions of the law of formation of the products 
consiJered. • 



^ 
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Verify the following formulas by actual multiplication, and 
observe their law of formation : 

{x + a) {x + I?)=3? + {a + i)x + ab . . . (4) 

{a? + xy + y^){X'^y)z=a? — f (5) 

{x^-^xy + f){x + y) = a? + f .'.... (6) 



' ■> 



' , IV. DIVISION. 

34. Division is the operation of finding from two quan- 
tities a third, which being multiplied into the second will 
produce the first 

The first quantity is called the dividend, the second is 
called the divisor, and the third is called the quotient. The 
divisor and quotient are factors of the dividend, and the 
dividend is said to be a multiple of both. 

35. Monomials. — In dividing one monomial by another, 
such a sign must be given to the quotient as will make the 
sign of the product of the quotient and divisor the same as 
that of the dividend. Hence, when the dividend and divisor 
have like signs, the quotient must be + ; when the dividend 
and divisor have unlike signs, the quotient must be — . 
Hence, we may write the following rule for signs in division: 

RULE. 

Like signs give + in the quotient, and unlike 
signs give — . 

• 36. Division of Monomials. — To deduce a rule for the 
division of monomials. Find the quotient of dba^l^t? by 
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The operation may be indicated thos^ 

35a«yga .. , ... 

y .^ , = quotient) ocPoc, 

For, the quotient must be such a quantity as multiplied by 
the divisor will produce the dividend: heqce, the coefficient 
of the quotient multiplied by 7 must give 35; therefore, it 
is 5. The exponent of each letter in the quotient must bo 
Buch that, when added to the exponent of the same letter in 
the divisor, the sum will be equal to the exponent of that 
letter in the dividend. Hence, the exponent of a in the 
quotient is 3, the exponent of i is 1, that of c is 1, and the 
required quotient is bc^lc. 

Since we may reason in a similar manner upon any two 
monomials, we have for the division of monomials the follow- 
mg 

RULE. 

/. Divide the coefficient of the dividend by that 
of the, divisor, for a new coefficient: 

11. Write after this coefficient all the letters in 
the dividend, giving to each an exponent eqiual to 
the excess of its exponent in the dividend over that 
iihthe divisor. 

The sign of the quotient is determined by the rule for 

signs. 

EXAMPLES. 

1. Divide Ua? by Sx. Ans. 2x. 

2. Divide 15a^y® by day. Am. haxy^. 

3. Divide MaV'x by nV. Ans. Idbx. 

4. Divide — mc^V^(? by Ua%c. Ans. — Sa^JA 

5. Divide 14Ad!^Wd? by —dMWd. Ans. — 4a%«ce?. 

6. Divide —"iimcPlc^ofi by —IQaha?. Ans. IQalcx. 

7. Divide —d^WVi^a? by dOal^Wx. Ans. --lOdbcx. 

8. Divide — iOOo^JVo^^ by 2bc?lf(?x. Ans. — 165ca:<. 
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/ 9. Divide — 7a"2:" by — a"a;«. Ans. + Ha^^^x^-"^. 

I 10. Divide 26a^Pc'^ by — Sa'Wc". . Ans. ^ 5*6?"*-°. 

I 37. Zero Power.— -When the exponent of aay letter is 

V. the same in both dividend and divisor, that letter may be 
dropped from the quotient, or it may be retained with for 
an exponent For, by the rule for division, we have, 



a™ . , , a™ 



^=a«^-"=:aO. but — = 1: .•. aP=:l. 

From this we infer, that the power of any quantity is 
equal to 1, and the reverse. Hence, any quantity may be 
introduced into a monomial, as a factor, provided we give it 
the exponent 0. 

38. Division Exact. — ^In the division of monomials, the 
quotient is said to be entire when its coefficient is a whole 
numbery and when the exponents of all the letters that enter 
it are ])08itive; in this case the division is exact. Hence, 
in order that the division may be exact, 

1**. The coefficient of the dividend must be exactly divisi- 
ble by that of the divisor; and 

2°. The exponent of each letter that enters the dividend 
must be equal to, or greater than, the exponent of that letter 
in the divisor. 

In all other cases the quotient is essentially fractional, 
and the division is inexact. In such cases, the indicated 
quotient may often be simplified by canceling all the factors 
that are common to both dividend and divisor. Thus, 

12aW _ ^ab x ^a^V^ __ 3aS 

By applying the rule, we have, 

l%c?W __ 3 J, 

la which the exponent of c is negative* 



J 
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39. Negative Exponents. — To explain the meaning of 
negative exponents, we have, by the rale, 

Hence, we infer thai, a quantity tvith a negative exponent 
is the reciprocal of the same quantity with an equal positive 
expo'nent. We also infer that a factor may be transferred 
from the numerator of a fraction to the denominatory or the 
reverse, by changing the sign of its exponent. 

According to the definition, a positive exponent shows 
how many times a quantity is taken as a factor (Art. 6, 5°.). 
From what has just been shown, a negative exponent shows 
how many times it is taken as a divisor. This result corres- 
ponds to the principle explained in Article 7, viz: that a 
quantity, having a negative sign, is to be understood in a 
sense directly opposite to what is implied when it is preceded 
by a positive sign. 

ADDITIONAL EXAMPLES. 

12 

11. Divide VitO^af'y^ by Ka^x^'f. Ans. -rp ar'^^y^. 

12. Divide — lla^S^^r* by %i^J?x. Ans. — y aJ-*a?. 

3 

13. Divide 3ar*y% by — 5xf^. Ans. — - x-^sr\ 

m 

14. Divide mxr^y^ by n/z~^y~\ Ans. — af^'^y^'^K 

15. Divide — TmaHy^* by — 3ar®^^ Ans. ^mar^j/^. 

16. Didde 4a;"+°y"-n by 2z"y°. Ans. ^x^y"^-^. 

40. Polynomial by Monomial. — The quotient of a 
polynomial by a monomial is equal to the algebraic sum of 
the quotients obtained by dividing every term of the poly- 
nomial by the monomial Hence, to divide a polynomial, we 
have the foUomng 
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v^..v RULE. 



-/ 



• it 



Divide each term of the dividend by the divisor, 
and connect the quotients by their proper si£ns, 

EXAMPLES. 

1. Divide 6aV/ — Uah?;/^ + 16ah?f by Sa^x^y^. 

Ans. %a?y^ — ^xy^ -f- ba^o?y. 

2. Divide 12a*/ — 16aV + 20fl^y* — 28ay by — 4ay. 

Ans. — 3y5 + 4tay^ — bahj + Ic?. 

3. Divide Ihcfiic — 20ac/ + 5ceP by — bahc. 

><. Divide 6&*» — 12fl?»af» + 3:z"i^ by 3fl"-^:c">. 

'I k Divide 2a?" — 3a?<«-i> + 6x-<™-» by 3a;»-2 

'' 2 

i » Ans. - x^^^ — a:" + 2a;""*. 



\ 



3 1 

ft Divide —d^ — - a"+°-P by — it a" 

2 •'2 



^715. 2a" + 3a°-P. 



41. Polynomials. — To deduce a rule for the division of 
polynomials, let us find the quotient of 

26a»S2 + 10a* — 48a85 + %^aW by 4aS — 5a» + 35« 

Let both polynomials be arranged with respect to the same 
letter, say a, and, for convenience of multiplication, as well as 
for economy of space, let the divisor be written at the right 
of the dividend, as shown below : 

Dividend. Divisor, 



10a* — 48a«J + %^dfV + UaV 
+ 10a*— Sa^J— Ga^S* 



— 5a» + 4aS + 3^ 
— %(t^ + Sai 



Ist rem. — AQc^b + 32a2^ + 24a^ Qiu^defU. 

— 40a3& + 32a2^ + 2^1^. 

2d rem. ' 
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From what was shown in Art. 31, we know that the first 
tenn of the arranged quotient must be such that its product 
by the first term of the divisor shall produce the first term 
of the dividend; hence, if we divide the first term of the 
dividend by the first term of the divisor, we have — 2a' for 
the first term of the quotient The product of the divisor 
by this term of the quotient gives 

+ 10a< - S(fib — Qa^V^, 

which being subtracted from the dividend, gives a new' divi- 
dend, on which we operate as before; and so on, till a re- 
mainder is found which is equal to 0, or whose first term is 
not exactly divisible by the first temi of the divisor. Since 
all similar cases may be treated in the same way, we have 
the following 

RULE. 

/. Arrange both dividend and divisor with refer- 
ence to the same letter: then divide the first term 
of the dividend hy the first term of the divisor, for 
the first term of the quotient ; mitltiplj/ the divisor 
by this term, and subtract the product from/ the 
dividend : 

IL Divide the first term/ of the remainder by the 
first term of the divisor, for the second term of the 
(fuotient; multiply the divisor by this term, and sub- 
tract the product from the first remainder. Continue 
this operation till a remainder is found equal to 0, 
or whose first term is not exactly divisible by the first 
term of the divisor. 

In performing the division it is not necessary to bring 
down all the terms of the dividend to form the several 
remainders, but they may be brought down successively, as 
in the following 
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EXAMPLE. 

Divide ir* — 4a:8 — 34a;2 + 76a; + 105 by a; — 7. 

Dividend, Divisor. 
a^^4^^ 34ic2 + 76a; + 106 |a; — 7 

a^ — W a^+3a^— 13a; _ 15 

3a^ — 34a;3 QuotiejU. 

— 13a;2 + 76a; 

— 13ar^ + 91a; 

, — 15a; + 105 
— 15a; + 105 



When a remainder is found equal to 0, the division is 
eoMict. When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is impossible. In this case we write after the quotient, 
already found, the last remainder, placing the divisor under 
it, affcer the manner of a fraction in arithmetic. 

EXAMPLE. 

Divide a;< — 16a;« + 3 by a;« — 4. 

Dividend, Divisor, 

rg\ _ i6a;2 + 3 | ar^ >- 4 

^-' ^ a;2 _ 12 Partial QuoUent. 

Ist remainder . . — 12a? + 3 

— 12a;2 -f 48 

>-■ ■■■ ^ ■■■■■»■■■ ■ . 

2d remainder — 45 

Hence, the entire quotient is, 



ar^ — 4' 
and the division is not exact. 

It may happen that the division can be carried on indefi- 
nitely. In this case we ttiay stop at any stage of the opera- 
tion, and terminate the quotient, as just shown. 
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EXAMPLE. 

Diyide 1 by 1 — rr. 

Dividend. Divisar. 

1 ll=A__ 

Izzl l+x + afl PofHal quaUmU. 
M lemainder • . x 

Sd remainder . . . a? 

3d remainder . 



• ^ 



Stopping at 'the third remainder, we have for the entin 

qnotient 

! + « + «»+ ^-^, 

1 — » 



GENERAL EXAMPLES. 

1. Divide lOoJ + 15ac by 5fl. Ans. 2J + 3c. 

2. Divide 30flkr — 54a? by Car. j4w«. 6a — 9. 

3. Divide lOic'y — 15y' — 5y by 6y. 

j1»«. 2a:^ — 3y — 1. 

i. Divide 12a + 3aa? — ISoa;* by 3a. 

Ans. 4 + a; — 6«^. 

5. Divide 6aa? + 9a?a? + aV by ax, 

m 

Ans. 6a; + 9a + oec 

6. Divide a» + 2aa: + a:^ by a + x. Ans. a + x. 

7. Divide a* — 3a'y + 3ay* — y» by a — ff. 

Ans, €? — 2ay + y*. 

8. Divide 24«»J — 12a»£?J» — 6aJ by — 6aJ. 

^»«. — 4a + 2aVJ + 1. 

9. Divide 6«* — 96 by 3a; — 6. 

An%. 2a;* + 4a!» + So? + 16. 

4 
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10. Divide a» — 6a^ :+ lOoW — lOahfi + haafi — a:* by 
a' — %ax + a?. Ans. c? — 3a*a? + Soa;' — o?. 

11. Divide 48a;3 _ ^caa^ -- 64fl2a? + lOofl? by 2a; — 3a. 

Ans. 2^3? — 2ax -- d6aK 

12.^^lmde: ^Jr•— 3yV+3y%:*— a:« by y»— 3y2x+3ya?-«».. 

^w^; y» + 3jr^ + 3ya;» + a;*. 

13. Divide 6^lfi — 25a^V ,by Sa^S^ + 5a&*. 

14. Divide 6a« + 23a«d + 22aJ3 + 5 J? by. 3a» + 4aS + «^. 

-4n5. 2a + 5J. 

^i5;1)hride '6aa;« + 6aa?/ + 42a2a:» by oa; + 5aa;. 

Ans. ofi + xi/^ + 7ax, 

16. Divide ---15a^+Sl[a^d'-2da^cf---20l^cP+UI?cdf---S(^P 
by 3a2 — 6bd + cf. Ans. — 5a» + 4JeZ — Scf. 

17. Divide a?* + a?y^ + y* by a?-^xtf + y^. 

*' -47W. a? + ay + y*. 

1& Dijide it*--y* by a:--y. 

^«5. a:^ + a:^y + ary* + y^* 

19, Divide 3a^ — Sa^S^ + 3aV + 5 J* — S^e? by a«-ft». 

^n5. 3a^ — 5S2 + 3A 

2Qi, Divide 6a;« ^ 5a:«y2 — 63^y^ + 6a? f + 15a? f — 9a:y 
+ 103^ + 15^* by da? + 2a?y^ + dif. 

Ans. 2a? — 3a?y^ + Sy®. 

21. Divide 8 + 12a;-i + 2x-^ + 2a;-V by »"« — 2a?-i + 4. 

^?is. 2a;-2 + 4a;-i + 2. 

22.. Divide a?° — y^" by of" + y"" Ans. a^ — y^. 

23. Divide a?"^ — 3a;» V + ^^f° — y^ *>y ^ — &°- 

Ans. a?^ — 2aPy^ + y^. 

24. Divide a? + x"* — a? — x"^ by a? — x^\ 

Ans. a?^x''^. 
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, 25. Divide af^-^^ + a^y + xf + y"+* by af» + y». 

Ans. a? + S^ 

26. Divide 2rf» — 6a«° J" + ^a^^V^ — W ,by a»» — J°, 

Ans. 2a»° — 4a°*" + 2J^. 

27. Divide 1 by 1 + ir. 

Ans. 1 — a: + a^ — a^' + a:*— , etc. 

2& Divide 1 by 1 — 2a? + ar^. 

^iln*. 1 + 2a; + 3a? + 4a;« +, etc. 

29. Divide » — a by a; — J. 
ulfw. 1 — (a — &>r-i — (a — J)}a?-» — (« — *) War* — , etd' 

30. Divide aj«-i^ + | + i by a?-2a: + ^. .,» 

jItw. a;*+ 2a; + 5. : r 

42. PrinciJ)les. — The following priBciples, easily dedu- 
cible from what precedes, often enable us to determine by in-^ 
epection when the exact division of one quautity by another 
is impossible : 

1°. When thai term of the dividend which contains the 
Ugliest power of any letter is not exactly divisible by that 
term of the divisor which contains the highest power of th&' 
fame letter. 

For example, the polynomial 12a* — 6a^b + KaP — 118*^ 
is not exactly divisible by 4^^ + Sab + 3^ ; for, the term 
— IIJ^ is not exactly divisible by 3&^. Inasmuch as the two 
polynomials might be arranged with respect to the ascending 
as well as with respect to the descending powers of any let- 
ter, it follows also that the exact division is impossible wheti 
that tenn of the dividend which contains the lowest power 
of any letter is not exactly divisible by that term of the di- 
visor which contains the lowest power of the same letter. 

: 2^ When the divisor contains a Utter thai does not enter 
the dividend* . 
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For, it is impotable to mnltiply the dinsor by any entire 
qnantit^ tbat will cause that letter to disappear. 

3°. A monmnuil is not exactly divitibU hy a polynomial. 

"For, the product of a polynomial by a monomial contains 
as miuiy terms as the given polynomial, and the prodact of 
one polynomial by another contains at least two terms that 
are irreducible with each other (Art 31). 

4°. When the dividend contains a letter that does not enter 
(ke divisor, the exact division is impossible, unless the eoeffi- 
«jsn/s of the different powers of thatf^ttsr are s^Htrately di- 
visible by the divisor. 

Thna, tiie polynomial 

(a»_ii)»»+(flt_j»)j + a_j, 

il diTisible by a — i because the coefficients of the different 
powers ot X am separate^ divisible by it; bnt the given 
polynomial is not divisible by a + d, because the coefficienta 
of the di^renb powers of x are not separately diTisible by it. 
The quantity a — iia sud to be indfpendent o^ x, as is also 
the qnantity, a + b. 
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V. FACTORING. 



43. Faotorlns is the operation of resoMng a quantity 
into fitctors; that is, it is the operation of finding two or 
more quantities whose product is equal to a giren qnantity. 

44. No general and definite rule can be laid down for 
otoring algebraic expresnons. The operation is usually per- 
iod by itispection; that is, by comparing the quantity to 

stored with some other qnantity of the same form, whose 
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fiictors are known, and thence inferring the fonn of the re» 
qniied factorg. 

The formnlas of Art 33, numbered from (1) to (6), are 
much used in fiictoring, as well as certain other formolafli 
depending on principles which will now be deduced. 

4& First Principlc|. — The difference of any like powere 
of two quantities is always exactly divisible by the difference 
of the quantities. 

Let a and b denote any two quantities, and m any pop* 
itiTe whole number ; then will a"* — b'' denote the differenoe 
ol any like powers of the quantities, and a •— i will denote 
the difference of the quantities. If we commence the divir 
Aon, we have the following 

OFEBATIOK. 

a" — J" I a —ft 

a" — a*~^ft Km-! 

Bern. a**-** — ft™ 

The first remainder can be written under the form^ 
) (tf«-i — jm-i) ; hence, we have, 

a — ft a — J 

This quotient will be entire when — r — is entire; 

that is, if the difference of the (m — 1)^ powers of tw0 
quantities is divisible by the difference of the quantities^ 
then will the difference of the m^ powers of the quantities 
U divisible by the difference of the quantities. 

But we know that the difference of the second powers of 
soy two quantities is divisible by the difference of the quan- 
tities; -hence; from the principle just demonstrated, M^ diff&r^ 
me of the third powers of two quantities is divisible 
ijf the differencs of the quantities. But the difference 
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of their third powers being diyisible by the difiference of 
the quantities, it follows^ from the same principle, that th$ 
^fference of their fourth powers is divisible by the differ- 
enee of the quantities. The difference of the fourth powers 
being divisible by the difference of the quantities, it foUowft 
that the difference of their fifth powers is divisible by the 
difference of the quantities. By continuing this process of 
luccessive deduction, it may be diown that the division is 
possible when m is any positive whole number whatever. 
Honce, the principle is proved. 

y:. The first term of the quotient is a"»~*. If we continufi 
the division, we shall find the second term to be a'^'^b; the 
third term, a~~®y; the fourth term, a"*^J^, and so on; that 
is, the coefficient of each term is equal to 1: the exponent 
of a diminishes by 1 and the exponent of b increases by 1, 
in each term toward the right. Hence, we may write the 
quotient as follows: 

-^— ^- = a"-i+a"-%+fl«-»y+,etc. +fld»-2+y»-» • . . (1) 

,'^■ * . . ■ .• , ■■ - ' ■ ■ ■ ' 

Second Frinciple. — The sum of like odd powers of ang 

two quantities is exactly divisible by the sum of the quantities! 

If we suppose m to be an odd number, and replace a hj e 
and 5 by — rf, in the formula of the preceding principle, 
i^emembering that. odd powers of a negative quantity are — , 
|Qd even powers +, (Art. 28), we have, 

' ?!!_±4- = c""' - c-'-y +, etc. - a?n-2 + d*-i (2) 

'^ut, the quotient in this case is entire; hence, the prindpU 
is proved. ' / 

If we make m = 3, in formula (1), we have, 

^^--r = «* + «* + 5» (3) 

a^ 
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If we make tn = 3, in formula (^), we have, 

^jt^ = c^^cd + cP . . .... (4) 

If we make a = c*, b = cP, and w = 2, in formula (1), 
we have, 

-I—-M = (? + (Py or 7 -^, —IT = c» -f- (P . . (6) 

(T— (T (c — a) (c-f a) , . ' 

Formulas (3), (4), and (5) may, from the definition of 
diYision, be written under the following forps: .,, . 

er^-^-Cfl-S) (a2+aJ + 52) .... (6) 

(? + d^=:{c + d) ((?—cd-\^cF) ".'."'. . (7) 

c* — d*=(c — d) (c + (?) (c2 + <P) , . . (8) 

The last three formulas are much used in factoring, and 
other formulas can be deduced in like maol^er. _^ 

f^. When all the terms of a polynomial have a common 
monomial factor, that monomial is a factor .of the polynomial, 
and the other factor may be found by dividing out the 
monomial factor. Thus, aS^ is obviously, ia feotpr. of every, 
term of the polynomial, 

hence, the polynomial, when factored, may be written, 

aV^ic + 5b + (^: 

HX AMPULES. 

1. Factor, 25af— 300^5 + I5rf^5«.. 

Ans. pa^ (5a' — Sab + 3^). 

2. Factor, da^b + 9a^c + l%d?xy. , 

Ans. da^ (b + Sc + exy). 

3. Factor, Sa^cx — ISaca? + 2a(?y — ^Oc(^(?x. 

Ans. 2ac {4ax -^^a^ 4^ ch/ --- 16a^Ae). 
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4. Factor, 24tf»W» — ZMVify + ^MVed + Sabe. 

Ana. ^dbc(Aabx^ba^V(?y + MVd + \y. 

5. Factor, 3a»J-» — 6a«J-» + 12aJ-V. 

Am. 3ab-^(a^ — 2ai-^ + «-»£?). 

6. Factor, Sx'hf-^ -^ 12x-h/-^ — 16xr*y-\ 

47. By the aid of formulas (1), (2), and (3), of Art 33, 
we are enabled to &ctor the following expressions : 

7. Factor, 9a? + Uxy + 16y». 

Ans. (3a? + 4y) (33? + 4y). 

8. Factor, ^a^t^ — 4a?y* + a?y. 

^w«. (2ay — aY) (2ay — a^X 
S. Factor, 9a?y*-^4af^. 

Ans. (3a^ — 2a?V) (3a:y» + 2iAf). 
10. Factor, aW — 4*p-a. 

-4w«. (aa? + ia?-*) (ai? — Ja?-*). 

!!• Factor, fl?y~» + 2irJy^ar» + J^-*». 

^«*. (ay-» + fta?-«) (ay-» + ia?-»). 

12. Factor, 18:??-* + 12a?~«y + 2a?-y. 

Ans. %z-^ (3arr:i ^ yj (3^-i ^ ^j 

4a By the aid of formulas (4) and (5), of Art. 33, we 
may factor the following expressions: 

13. Factor, a* + 17a? + 70. Ans. (a? + 7) (a? + 10). 

14. Factor, a?» — 17a; + 70. Ans. (a? — 7) (a? — 10). 

15. Factor, a? + 3a: — 70. Ans. (a? — 7) (a? + 10). 

16. Factor, a?» — 3a? — 70. Ans. (a? + 7) (a? — 10). 

17. Factor, ^ — 8^. Ans. {a? + %xV + 4**) (a? — %V). 

18. Factor, a* — 27a«. Ans. (a?< + 3fla? + 9«») (a?^ — 3a). 

19. Factor, a? + 8a? + 15. Ans. (a? + 3) (a? + 5). 

20. Factor, a^ — 2a?» — 15. Ans. a?(a; + 3) (a:-6> 
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49. By the aid of formulas (6), (7), and (8), of Art 45» 
we may factor the following expressions : 

21. Factor, 27a« - 8J». 

Ans. (3a — 2J) (9fl» + 6flJ + 4J«). 

22. Factor, 27a^+64y\ 

Ans. {3x + 4y) (92? — 12a;y + 16y»). 

23. Factor, o^J*— c«-l 

Ans. (oJ-cd-O (ab + cd-^) (a»J» + c»d-«). 

24. Factor, a?-* — y*. 

-4iw. (a;-^ — y) (a?"* + a;-^y + f). 

25. Factor, 16a*a?— yV. 

u4»«. (2aa? — y^a;) (2«a? + yh^) (4a»x* + y<x»). 

26. Factor, 24JW — 3aV- 

J»«. 3a?(2Wa; — y) (4iV + 2Ki;y + y*), 

50. In the following examples the mode of factoring is 
indicated: 

27. a:*— 6a?+lla;— 6=a?— a;*— 5a?+5a?+6a:— 6 

=a?(a?— 1)— 6a;(a;— l)+6(ar— l)=(a?— 5a?+6)(a?— 1). 

28. a? + ixf^y* ^ a^y + y» 

= a?(a? + y«) + y(a? + y«) = (aJ« + y) (s? + y»). 

29. 3aj» — 3a?y + icy»— y» 

= 3a;»(a;-y)+y»(a;-y) = (3a* + y«) {x^y). 

5L In like manner the following expressions may he 
bctored: 

30. Factor, lOaa? + Say + Ubx + 12Jy. 

Ans. {Sx + 4y) (2a + 3b). 

31. Factor, a:^ — 3a;» + 3a: — 2. 

Ans. (a? — 2) (3?'--x + 1). 

32. Factor, a;* — oa? — o^ + o?. Ans. («^ — a') (« — a> 
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VI. GREATEST COMMON DIVISOR/ 

52. A Commoa Divisor of two quantities is any quan- 
tity that will exactly divide each of them. 

53. A Prime Fadtor of a quantity is a factor that can- 
not be resolved into other factors. ^ ■ ' 

54. The Greatest Common Divisor of two quantities 
is the continued product of all the prime factors common to 
both. 

It is called the greatest common divisor because it is that 
common factor which is of the highest degree with respect to 
the exponents of all the letters common to both quantities. 

When both quantities can be factored, by inspection, the 
^^reatest common divisor may be found by the following 

RULE. 

/. Resolve the two quantities into prime factors: 
II. Then find the continued product of all those 
factors that are common to both. 

EXAMPLES^ 

1. Find the greatest common divisor of ax {a? — c?) and 
a^x — c?. 

Factoring, ax {x^ — a') =iax{x — a) {^ + ax + cP)\ 
and c?x — # = a^{x — a) .= aa {x — a) . 

Hence, by the rulcj the greatest common divisor is 

u {x — a). 

Fiud the greatest common divisor of the following: 

2. a:^ — a; — 2, and a:^ + 2a; + 1. Ans. a; + 1. 

3. a? — a\ and ^ + (fi, Ans. x + ci. 
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4 ic* + 5a?i and a;' + 4a; — 5. Ans. x + 6. 

5. a^—4tx + 3, and aj* — a? — 6. -4n5. a; — 3. 

6, a:« + 2a; + 1, and ar' + 2a;^ + 2aj + 1. Ans. x+ L 

55. It is often impossible to factor the quantities by in:- 
^[)6ction. To deduce a rule for finding the greatest common 
divisor in all cases, it will be necessary to establish the fol,- 
lowing 

Principle. — Any quantity that is a common factor of two 
other quantities is also a factor of the difference between any 
fm multiples of those quantities. 

]jet P and P' be any two quantities, both of which are 
divisible by a common fiactor, D; and let Q and Q' be the 
xjonesponding quotients; then will P = QD and P' = Q'D. 
Jiet-fw and n be any two multipUers whatever; then will 
wP — wP' be the difference between any two multiples of 
P and P'. If we replace P and P' by then: valuep, QD and 
Q'D, and then factor, we have, 

mP — nP' =r wiQD — nQ'D = (mQ — nQ') D. 

This shows that D is a factor of wP — «P', which was to 
le proved. 

Hence, if a polynomial be multiplied by any multiplier, 
and if a second polynomial be taken from it any number of 
times, the remainder will contain all the factoid common to 
the two polynomials; that is, if the first polynomial be mul- 
tiplied by any multiplier, and the result be divided by the 
second polynomial, the remainder will contain all the factors 
common to the two polynomials. 

In like manner, if the second polynomial, or any multiple 
of it, be divided by the first remainder, or any multiple of it, 
the second remainder will contain all the factors common to 
the polynomials used, and consequently to the given poly- 
nomials; and so on indefinitely. 
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Since m and n are any multipliers whatever, they noiay be 
either factors or divisors; that is, we may either introduce 
or suppress monomial factors at any stage of the operation, 
provided we do not thereby introduce or suppress any factor 
common to the two polynomials under consideration. In 
practice^ we habitually introduce factors into dividends and 
suppress them in divisors. 

From what precedes, we may write the following 

RULE. 

L Suppress all the monomial factors in the aeaond 
polynomial, and introduce such factors into the first 
polynomial as will make its first term divisible by 
the first term of the second polynomial : 

II. Divide the first of the prepared polynomials 
by the second, continuing the division as far cls 
possible : 

III, Take the second polynomial as a new divi- 
dend, and the first remainder as a new divisor, andr 
proceed as before; and so on, continuing the opera- 
tion till a remainder is found that will ejca^tly 
divide the preceding divisor. This remainder ivill 
be the greatest comm%on divisor of the given poly- 
nom/ials. 

EXAMPLES. 

1. Find the greatest common divisor of 

Sofl — 13a? + 23a; — 21 and 12a:» + 2a? — 88a; + 42. 

Suppressing the factor 2 in the second polynomial, and 
introducing the &ctor 2 into the first, we have, for the 

FIBBT OPERATION, 

6a? — 86a? + 46a; — 42 | 6a? + a? — 44a; -f 21 
6a? -f a? ~ 44a; + 21 i 

1st rem. . — 27a? + 90a; — 63 



IcKAF. n.] 



GBEATE8T OOMMOK DITI80B. 



61 



Snj^resfidng the &ctor —-9 in the first remainder^ and 
[proceeding as before, we have, for the 

SBCOKD OPBRATIOK, 

to»+ a? — 44a: + 21 | 3a:»-- 10a^•f 7 



2x + 7 



6g» — 20;e« -f 14a? 

21a? — 58a? + 21 
21a?» — 70a? -f 49 

2d rem. ... 12a; — 28 



Suppressing the &ctor 4 in the second remainder, and 
poceeding as before, we have, for the 

THIBD OPBBATION, 



3a« — l(te + 7 
3a?— 7x 


3a; — 7 
x — 1 


- 3a; + 7 

- 3a; + 7 






Hence, 3a; — 7 is the greatest common divisor sought. 

2. Find the greatest common divisor of 

6a:» — 6a;^y + 2a;y» — 2y' and 12a;» — 15a?y + 3y». 

Suppressing the &ctor 3 in the second polynomial, and 
I' introducing the factor 2 into the first, we have, 

12a;« — 12a?'y + 4ajy»— 4y« | 4a;» — 5a?y + y» 
12a;« -> 15a;»y + 3a?y» 3a;, 3y 

3a;^y+ xf^ 4y» 

12a;^+ 4ay» — 16y» 
12ar^y — 15a?y^ -f df 

1st rem. . • . 19ay« — 19y8 

In this case, the first term of the first partial remainder 
is not divisible by the first term of the divisor: to avoid 
I fractional coefficients, we introduce the fiictor 4, which can- 
not afiect the value of the common fietctors, as has already 
been shown. 
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, Suppressing the factor 19^ in the remainder^ and pro- 
ceeding as before, we have,. 

4a? — SiKy + y* | a; — y 
. 4ka?^^.y 4fl; — y 

— ^y + f 


Hence, re — y is the greatest common divisor songhi 

' Find the greatest common divisor of the following quan- 
tities : 

3. a? + 3a:» + 4a; + 12 and a:^ + 4a? + 4a; + 3. 

Ans. a: + 3. 

4. a? + a? + a; — 3 and a? + 3^^ + 6a; + 3. 

Ana. a? + 2a; + 3. 

5. a? + 1 and a? + mo? + mx + 1 Ans. x + h 

6. 6a? — 7fla? — 20a«a; and 3a? + aa; — 4a». 

Ans. 3a; + 4a. 

• K. a? — 3a? + 2a? + a; — 1 and a? — a? — 2a; + 2. 

Ans. X — 1. 

a;« — 7a? + 8a? + 28a; — 48 and a? — 8a? + 19a; — 14. 

Ans. a; — 2. 

^. 4a? + 9a? + 2a? — 2a; — 4 and 3a? + 5a? — a; + 2. 

Ans. a; + 2. 

10. a? + 3a? — 8a? — 9a; — 3 and a? — 2a? — 6a? + 4a? 
+ 13a; + 6. Ans, {x + 1) (a; + 1) (a; + 1). 

11. 6a? — 4a? — 11a? — 3a? — 3a; — 1 and 4a? + 2a? 
— 18a;« + 3a; — 5. Ans, 2a? — 4a? + a; — 1. 

12. 202? — 12a? + 16a? — 15a? + 14a? — 15a; + 4 and 
15a? ^97? + 47a? — 21a; + 28. Ans. ba? — 3a; + 4. 

13. 5a*S»+2a«J»+cfl?— 3a2J*+Jcff, (f+b€?d-^(fV^+ba^bd.. 

Ans. c? -^ ub. 
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5S. To find the greatest comnion divisor of three or more 
quantities, we find the greatest common divisor of the first 
and second; then we find the greatest common divisor of 
this result^ and the third qnantity> and so on to the last. 

Find the greatest common divisor of the following: 

12. a* — 93^ + 2Qx ^ 2i, a? — 10a? + 31a; — 30, and 
a?— lla:^ + 38a? — 40. Ans. a? — 2. 

13. a:* — 10a? + 9, O^ + 10a? + 20a? — 10a? — 21, and 
a4 + 4aJ _ 22a? - 4a? + 21. Ans. a? — 1. 

14. ar* — a*, a? + rf*, and a? — a?. Ans. x + cl 

15. cfi + V, a* — ft*, and cfi + ¥. Ans, a + b. 

16. 3a? — 7a?y + 5a?y* — y®, a?y + 3a;y* — 3a? — y®, and 
3a? -h 5a?y + xy^ — y^. Ans. Zx — y. 
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VII. LEAST COMMON MULTIPLE. 

56. A Comnion Multiple of two or more qnantities is 
a quantity that each will divide without a remainder. 

57. The Least Common Multiple of two or more 
quantities is the simplest quantity that can be divided by 
each without a remainder. 

58. When the quantities can be resolved into prime fac- : 
tors, by inspection, it is obvious that we may find then* least : 
common multiple by the following 

RULE. 

Form the continued product of all the prime fac- 
tors, taking each the greatest number of tim^es it 
enters any one of the quantities. 
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EXAMPLES. 

1. Find the least common multiple of the quantities: 

a: — 1, je^ — 1, and o:^ — 2aj + 1. 
Factoring, we haye, 

a; — 1, (a; — 1) (a? + 1), and (a? — l)(a; — 1); 

hence, we have for the least common multiple, 

(a; — 1) (a: — 1) (a? + 1) = a? — a;^ — a; + 1. Ans. 

2. Find the least common multiple of 

«* — y*, «' + 2a?y + y», and a?^f^. 

Factoring, we have, 

(a;-y)(x+y), {x+y){x+y), and (a;-y)(a?+ary+/); 

hence, the least common multiple is, 

{x — y) (a: + y) (x + y) {a? + xtf + f). Ans. 

Find the least common multiple of the following quantities: 
3.6a?, 2(a; + l), and 2(«+2). .4w«. 6a?(a;^+3a;+2.) 
^^ fl, a + 2J, and a? — 4J*. -4>w. a (a* — iJ'). 

f 6. a; — 1, 2 + 2a;, and 2a;^ + 2. Jw«. 2(a:* — 1). 

^v 6, 2a;(a;+l), 3a:(a:— 1), and ar(a?— 1). J/w. 6a;(a:»— 1). 

59. To deduce a general rule for finding the least com- 
mon multiple of two quantities, P and P'. Denote their 
greatest common divisor by D, and the corresponding quo- 
tients by Q and Q'. Then we shall have, 

P = QxD and F = Q'xD. 

Hence, from the definition, the least common multiple of 
P and F is equal to Q x Q' x D; or, since Q x D = P,. the 
|tet common multiple is equal to 

PxQ'. 
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That is, the least common multiple of two quantities is equal 
to one of the quantities multiplied into the quotient of the 
other by their greatest common divisor. Hence the following 

RULE. 

Find the greatest commoTi divisor of the two quan- 
itties ; divide one of the quantities by it; then mul- 
tiply the other quantity by the quotient. 

EXAMPLES. 

Find the least common multiple of the following: 

1. 2a:» — ary — Qf and 3x« — ^xj + 4/. 

Their greatest common divisor is equal to x — 2y ; hence, 
their least common multiple is, 

? 32i« — 5a: + 2 and 4a;3 — 4a? — a? + 1. 

Ans. (3a; ^ 2) (4a;» — 4a;8 — a; + 1). 
^— Br 6z« — a; — 1 and 2ix? + Zx — 2, 

Ans. (3a; + 1) (2ar* + 3a; — 2). 

60. To find the least common multiple of several quanti- 
ties. Find the least common multiple of the first and second ; 
then of that result and the third, and so on to the last 

Find the least common multiple of the following: 

4. x^ — Ca;^ + 11^ — G, a.-^ — 9ar« -|- 26a; — 24, and a? — 8a;« 
+ 19a; — 12. Ans. {x — 1) (a; — 2) {x — 3) (a; — 4). 

5. a;< — lOa^ +9, a:^ + lOa;^ + '^^^ — 10a; — 21, and 
a:* + 4a:3 _ 22a?" — 4a; + 21. Ans. (ar» — 1) (a;» — 9) (x + 7). 

G. a? —{a-\-l)x-\-ah, x*'—{b-\-c)x+lcy and a?— (c+a) x+ca. 

Ans. {x — a){x — h) {x — c). 

^. 6 (/r'^- J^) (a- J)», 9 (a^-&0 («-<^0^ and Vil{a^--W)\ 

Ans. 36 {c^ - V) {a^ - I?) (a» - V^)\ 
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I. Definitions and Principles. 

61. Fractional Units. — If the unit 1 be divided into 

any number of equal parts, each part is a fractional unit, 

1111 
Thus, -, tj -j and - are fractional units. 
2 4 X a 

62. An Algebraic Fraction is an algebraic expression 
for one or more fractional units. Thus, y> -^ are 

c 

algebraic fractions. The first indicates that the fractional unit 

T is taken a times, and the second indicates that the unit - 

c 

is taken (3a: + y) times. 

63. Terms. — ^Every fraction is composed of two parts, 
called terms: the denominator, written below the line, shows 
the number of equal parts into which the unit 1 is divided; 
and the numerator, written above, shows how many of these 

parts are taken. Thus, in the fraction -r, the denominator 

b shows that the unit 1 is divided into b equal parts, and 
the numerator a shows that a of these parts are taken. 
The fractional unit is always equal to the recij^rocal of the 
denominator. 

64. An Entire Quantity is one that contains no frac- 
tional part. Thus, a'^b + ex is entire. 
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An entire quantity may be regarded as a fraction whose 
denominator is 1. Thus, a'J + ex is equivalent to 
cfb + cx 

65. A Mixed Quantity is one that contsuns both entire 
and fractional parts, Thus, a% + -^ is a mixed quantity. 



d 



« .^A «? 



66. If we compare the two fractions j- and -^, we 

see that they have the common unit j, and that this unit 

is taken a times in the^r^^ and aq times in the second; 

that is, 

ag a 

Hence, multiplying the numerator of a fraction by any 
number is equivalent to multiplying the fraction by that 
number, 

67. K we compare the two fractions r and ^, we 

see that the fractional unit of the first is q times as great 
as the fractional unit of the second, and that the number of 
times the fractional unit is taken is the same in both; con- 
sequently, the first fraction is equal to q times the second, 

that is, 

a _^a 

Fq-'b'^^' 

Hence, multiplying the denominator of a fraction by any 
number is equivalent to dividing the fraction by that number. 

68. Since we may multiply and divide any expression by 
the same quantity, without altering its value, it follows 
(Arts. 66 and 67) that : 

Both numerator and denominator of a fraction may be 
multiplied by the same number, without changing the value 
of the fraction. 
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In like manner^ it is evident that: 

Both numerator and denominator of a fraction may he 
divided by the same number, without changing the value of 
the fraction, 

69. From the preceding article we see that we may in- 
troduce any factor into both tenns of a fraction, or, that we 
may strike out apy factor that is common to both terms, 
without changing the value of the fraction. Hence, we may 
change the signs of both terms of a fraction; for, chang- 
ing the sign of a quantity is equivalent to introducing the 
factor — 1 . 

We may also reduce an entire quantity to a fractional 
form, having a given denominator, by introducing the de- 
nominator both as a factor and a divisor. Thus, the quan- 
tity c being given, to reduce it to a fractional form whose 
denominator is b, we have, 

__c _bc 

If the denominator is a fector of the numerator, the 
fraction may be reduced to an entire form by striking out 
the factor common to both terms. Thus, we have, 

be c 




II. Transformation of Fractions. 

70. The Transformation of a Fraction, is the opera- 
tion of changing its form without altering its value. The 
term, transformation, in Algebra, corresponds to the term, 
rediiction, in Arithmetic. 

Fractions are transformed by the aid of the principles 
deduced in the preceding articles. 

71. First Transformation. — To reduce a fraction to its 
nlest form. 
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A fraction is in its simplest form when its terms have no 
common factor. Hence, we have for the reduction of a jfrao- 
tion to its simplest form, the following 

RULE. 

Resolve both terms into their prime factors, and 
then suppress all that are common to both. 

TiVhen the quantities cannot be factored by inspection, 
we may find the greatest common divisor of both terms, and 
then divide both numerator and denominator by it. 

EXAMPLES. 

1. Eeduce the fraction ;r— ^ — ^77- to its simplest form. 

dad + l2a ^ 

Factoring and suppressing the common factor, we have, 

Zah -f 6gg _ 3g(S + 2g) _ } + 2c . 
'dad + VZa " 3a(rf + 4) d + 4 ^*' 

Beduce the following fractions to their simplest forms: 

^ U% + 3gg . 'Zah + c 

^' ^ab + Zad' ^'.' ^'^^^ 3* + d- 

« 25Sg + bbf . 5g+/ 

35d^+15J- ■^'**- 7^ + 3- 

Z%a% -h nabf da+f 

12acd -- 4ccP . Sa^d 

^'i2cdf + ^d' '^^^' 3/+a: 

ISg^gg — Sacf eac-^f 

^•27flc^ -6ac«- '^^' 9c-2c»* 

6ar^— ya; — 20 . 3a; + 4 

a-» + a;-^2 ^+2 

^'2a^^dx + l' '*''*• 2a;- 1' 
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3a^ — 22a; — 15 3a? + 9.r + 5 

5a?* - IW + 18a:" ^^** 5x« - 2ar^ - 6a; * 

sfi^ + a»n_2 . a;^" -t- 2a;" + 2 

a^m^a4n_2 a;°» + 2 

72. Seoond Transforxaation. — To reduce a mixed quan- 
tity to a fractional form. 

From what was shown (Art. 69), it follows that we may 
reduce the entire part to a fractional form having the same 
unit as the fractional part, by multiplying and dividing by 
the denominator of the fractional part. The two parts hav- 
ing then the same fractional unit, may be reduced by adding 
their numerators and writing the sum over the common de- 
nominator. 

Hence, to reduce a mixed quantity to a fractional form, 
we have the following 

RULE. 

Multiply the entire part hy the denominator of 
the fraction; to the product anneoo the numerator 
with its si^n, and under the result write the de- 
nominator, 

EXAMPLES. 

1 Reduce x — ^^^^^ — ^ to the form of a fitiction. 

X 

Here, x ^— = — ^— * 

Reduce the following quantities to fiactional forms : 

a •* 
a;-3 . lOir' + 4a; + 3 
*• 1 + ^* W "*"*• 6^ • 
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^•^^-^-3^^' ^«'- 3^^ • 

x+y x+y 

3 3x^ 

7. 3 + ^-j. ^««-^:ri- 

8. cfi'-ax + a? ^ . Ans, . 

a -\- X a + X 

We shall hereafter treat mixed quantities as though they 
were fractional^ supposing them to have been reduced to a 
fractional form by the preceding rule. 

73. Third TraiiBfonnatioxi. — To reduce a fraction to 
the form of a mixed quantity. 

This transformation is . the converse of the preceding ; 
hence, we have the following 

« 

RULE. 

Divide the numerator hy the denominator, and 
continue the operation as far as possible ; to the en- 
tire part thus found, annex the fractional part, 
formed bj/ ivriting the remainder over the denomi- 
nator. 

EXAMPLES. 

Reduce the following fractions to mixed forms: 
l.??±^. Arts, a + -^. 

X * 

3.^^-^^ + ^ Ans.2x-l+l. 

5z ox 

a* + fig + 12y - 5y» Amx + Hv ^ • 
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5. — —-. Ans. X + 2 + 



X--V ^,co. -.-r^-r^_-^ 



2a — X )ia — X 

74. Fourth Transformation.— To reduce fractions hav- 
ing diflPerent denominators to equivalent ones having a com- 
mon denominator. 

Let T 5 -)i and ^ be any three fractions. If we mul- 

tiply both tenns of the first fraction by df (Art 68), both 
terms of the second by bf, and both terms of the third by 
bd, we have the equivalent fractions, 

adf hcf , hde 

which are of the required form. And since we may treat all 
fractions in a similar manner, we have the following 

RULE. 

Multiply each numerator into all the denonbincL- 
tors except its own, for new numerators, and all the 
denominators together for a common denominator, 

EXAMPLES. 

Reduce the following groups of fractions to equivalent 
ones, having a common denominator: 

^ a ,a + J jflc ,«^ + A* 

L T and Ans. -- and — r — • 

DC Oc be 

- 1 fl» , a' + a? 

, S a + Sx 2c? + 2a\c 6a» + 6a^ 

'*''^' 6^T65' %a + ^x ' '''''^ 6o -h 6a; • 

o. 7, — , ana -. 

a —■ b ax c 
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Ans. 


c?cx 
a^cx^ abcx' 


ac^ 


-^abc- 
d^cx — 


abcx ' 


and 


a^bx- 
a^cx - 


- al^x 

-abcx' 



73 



75- Least Common Denominator.-— The preceding 
rule covers all ciSes ; but if the denominators of the frac- 
tions have any common factors, the operations may be sim- 
plified. 

Take the fractions 

13a; 2bx , 5a? 

and 



ea' Aay' 2ay 

Here 2a is a common factor of the denominators, and the 
least common multiple of the denominators is 12ay. This is 
to be taken as the least common denominator of the fractions. 
K we multiply both terms of each fraction by the quotient 
of 12ay by the corresponding denominator, we have, 

"H^axy^ 6abxy 30r^ 



12dY' 12aY' l^«y it, . ? 

» 

These fractions have the least possible common denomina- 
tor; and as all similar cases may be treated in the same 
way, we have the following 

RULE. 

Find the least common multiple of all the de- 
nominators for a common denominator: divide this 
by each denom^inator, separately, and vtultiply the 
quotients by the corresponding numerators for new 
numerators. 

EXAMPLES. 

.Reduce the following groups of fractions to their least 
common denominator: 

1. and -5 5. Ans. -n n and 



a — x d? — Q^' ' c^ — 7? a^ — a? 

3. -5-. — : — r-, -K-. r, and 



€fi{a + x) ' a^(a — xy a^{a^ — a?)' 

Ans "^^^ a{a + x) 2a 

"^^^^ c^ia'^x^y a^a^-^x^y ^^"^ d^d'-^x^y 



^ 







•\ 
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X y 



3. =-• o ^ ^ . and 



a-V c^ — V a'^u + V 



Ana. 7 — : ^v . — -zr^^ 7 — —rr-: — ^"tto, and 



(a + l)(a-l)2> (a+l)(a-l)2' ""- (a+l)(a-l)^- 

. X -{-1 a? + 1 , ar^ 

4. Z-, -jT— —=■% ana 



. (g; 4- 1) (ar^ 4- a ? + 1) (^ + l)(a;-l) , a? 

III. Addition of Fractions. 

76. Quantities can only be added when they have the 
same unit. Hence, all fractions must first be reduced to 
equivalent ones having the same fractional unit; then the 
sum of the numerators will designate the number of times 
this unit is to be taken. We have, therefore, for the addi- 
tion of fractions, the following 

RULE. 

Reduce the fractions to a cormnon denominator; 
then add the numerators together, and place their 
sum over the common denominator. 

EXAMPLES. 

1. Find the sum of t, 3j and -j,. 

a f 

Eeducing and adding, we have, 

adf cbf ehd __ adf 4- cbf + eld . 
Mf^hdf^hdf^ hdf ^^*' 

Add the following groups: 

x>. a =- and o -{ . An8,a + o-\ ^ • 

be oc 

XXX X 

3. ^, g and |. Ans, ^ + j^- 
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. x — 2 , 4x 

— 3 — ™^ y 



Ans. 



5. a; H j^ — and 3x -\ — . Ans. 4iC 4- 



19a; — 14 
5^1 

10a; — ir 



In adding mixed quantities, as in examples 2d and dth^ 
we may add the entire parts and the fractional parts eepa- 
rately, and then take the sum of the results. 



o. 4a;, -;;— , ana 



2a' 



2x 



Ans. 4a; + 



7. 



8. 



a 



a -{- b 
1 



and 



4r3? + ax -^ c? 
2ax 
a2 + ja 



a — b' 
1 



Ans. 



d'^V 



4a^(a-f-a^)' 4fl=*(a — a;)' 



and 



2d^(d^-^Q^y 
1 



Ans. 



a'(a' — a^y 



9. 



x{a -\- x) box — 7^ 



10. 



a — X 



a — X 



X — a 



and 



2a^ 



a — a; 



Ans. 2(a — x). 



a — b' a'\-b' 



and 



a + X 



. €fi-\-a^{b'\'C-\-d)'^a{2?'~cx + bc) — b{a? + cx + bd) 

c^ + dhi—aV^'—b^x 



IV. Subtraction of Fractions. 

77- From what precedes, it is obvious that we must first 
reduce the fractions to a common unit; then, the difference 
of their numerators, written over the common denominator, 
will indicate the difference of the fractions. Hence, the fol- 
lowing 

RULE. 

I. Reduce the fractions to a coTrnnon denonvU 
nator : 

II. Subtract the numerator of the subtrahend 
from the numerator of the minuend, and place the 
difference over the cow/mon denominator. 
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EXAMPLES. 

1. From ^ subtract ?^^. 

2b dc 

Eeducing to a common denominator and indicating the 
subtraction, we have, 

3cx — Sac ^db — Sbx 
6bc 6^c * 

Hence, we have for the remainder, 

dcx — Sac — 4^b + Sbx 

Perform the subtractions indicated below: * 

Sx 2x J 13a? 

„ a: + 05 c . dx -j- ad — be 

b d bd . 

'' S x + a 2x + 7 , 24a? + 8a — lObx — 35b 

^ ex -\-bx — ab 

Ans. 2x -\ 7 . 

be 

Perform the additions and subtractions indicated below : 

^' ^T^^WT^'^J^TW)' '^^^' (a;-l)(a? + 2)^" 

2 g' ( ^ I ^^ ^ 

2(a? -I- 1) \10(a? — 1) "^ 6 (2a: -I- 3)/' 

2a; — 3 

Ans. 



(ar* — 1) (2a; + 3)* 



^ 3H-2a? 16a? — a;» 2 — 3a; .. 1 

3. ^r 1 7, z :z . Ans, 



2 — a?^ x' — 4: 2-f-a;' a; + 2" 

3 7 4- 20a; 



i — 2a; l + 2a? 4a?^-l' 



Ans. 0. 



\ 1 . b a . 2al? 




/, ' 
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. Multiplication of Fractions. 

78. Let T and -^ represent any two fractions; and let 
it be required to find their product. 

K we multiply v by c, the product will be -7-, obtained 
by multiplying the numerator by q (Art. 66); but this pro- 
duct is d times too great, since we multiplied ^ by a quan- 
tity^ d times too great Hence, to obtain the true product 
we must divide by d, which is done (Art. 67), by multiply- 
ing the douominator by d. We have then, 

h ^ d~M' 
If the numerator and denominator of the indicated pro- 
duct have common factors, they must be cancelled before 
the multiplication. Hence, we have the following 

RULE. 

/. Indidate the required product: 

IL Cancel all factors coimnon to the numerator 
and denominator f and then multiply together the re- 
maining numerators for a new nujnerator, and the 
remaining denominators for a new denominator. 

The above rule holds good for forming the continued 
product of any number of fi'actions. 

EXAMPLES* 
uOC C 

1. Multiply « + — ^y 3' 

First, a4-- = — ^, 

t^ + bx c a'e + ic!t 
hence, —-^x^^ -^ . 



78 
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Perform the multiplications indicated below: 



^ 2x Sab Sac 
a c %b 



8. (j + ?^)x^ 

x^ — V^ <^ + V 



^ / , x+l\ a? — 1 

6. (x H ' — I X — — T. 

\ a / a + 



Ans. 9(zXm 



Am. 



ah + bx 



Ans. 7^ 



a?* — ^ 



l^c-\-b(?* 



Ana. 



^ I ax \ c? — 

6. (a -h ) X — - 

\ a — xj X + 



a^ — a? 



b + a x{a — b) 



8. :i^ X <« -*- *> 



(a - ^>)2* 
Q a? + xy ^ ^ — y^ 

' 7? + f ^y{x + yy 
^ ^ 3aa; a^ — a;^ J<? + Ja; ^ 

10* -T^r^ X -^ 3 X o ■ ■ X 



ax**' — ax + a? — 1 
— 1— -*— . 

a^ + ab 

. a^a + x) 
Ans. ; ■• , — (. 
a; (1 + a?) 

x{a -{- b) 
Ans. f- fr. 



Ans. 



— « 



4 Jy (^ — a? a^ :\- ax a — 



X 



a;*— w® 

. 3a? 

4y 



1-ar^ 1-y^ 
* 1 + y a: 4- ar^ 



x(^+T^)- 



Ans. 



1 — 
a; 



a? (fl — a;) Q^ (fl^ + a^) 

a^ + 2aa; + ar^ ^ a^ ^2ax + a?' 



Ans. 



ax 
d? — a:*' 



13. 



a^^5* 






15. (a?-a:+l)x(^+i + l) 



J-. ^^ + y 

a 

-4n«. rr + -? + !• 



Ans. a? + 1 + p . 
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VI. Division of Fractions. 

79. Let T and -r be any two fractions, and let it be 

leqnired to divide the first by the second. The quotient 
may be indicated thus: 

(t) 



(7) 



If we multiply both terms of this complex fraction by 

-, which will not change the value of the fraction (Art 68), 
c 

the new numerator will be 1—, and the new denominator -7-, 

be dc 

which is equal to L 

(a\ /ad\ 
h ) \hc) ad 
Hence, —-7--^=:- — - = -^-- = t~. 

h a / c\ 1 be 



(t) 



This last result might have been obtained by simply in- 
verting the terms of the divisor and multiplying the dividend 
by the resulting fraction. Hence, for the division of frac- 
tions, we have the following 

RULE. 

Invert the terms of the divisor, and proceed as in 
multiplioation of fractions (Art. 1B)» 



1. Divide, 



Here, 



EXAMPLfiS. 




-i ^ f 








f _««c-* , 


_%acg — 'bg 
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Perform the divisions indicated below: 
2. -^ -r- 5aj. 






8. 



4. 



6. 



x + 1 ^2x 
6 "^ 3 • 



X 



X 



a; — J ^ dcx 



Am. 


X 




1 

• 


Ans. 


X 


2 


i* 


A ns. 


X 


— 


b 



6. ^ 



aj*-&* 



7. 



8. 



9. 



10. 



11. 



x*'-\-hx 
aa; — 1 ^ a 

a+ 1 ^ 1 + ^ 
a — 1"^1 



-4 7? 5. 



a' 



Ans. X -{ . > 

X ^ 

ax{\ 4- a:) — a: — 1 
a 

Am. — (1 + a). 



ax — X' 



J? 



(a 4- xy ' d^ ^ 7? 



Ans. 



2^ . y 



{a — x)^ 
x(a -\- x)' 

Ans ^ ^^ - ^)' 



!>^ + f ' y + ^' 

12. (^ + 1)^(^-1 + 1) 

\i/^ x) ' \y^ y xf 

13. (_^ + _L-)^(_^ 
\a -{- a — hi \a — 

rr+ 2;/ x\ lx-\- %y 



Ans. 



^y 



a -\- b 



)■ 



x^^xy-\-y^' 
Ans. ^ . 

y 

Ans. 1. 



a:\ /^M-_2y ^\ 

y) \ y x-\- yl' 



^ + y 

— ^6. (a^ + ^ + l)^>(l-l+a:). 



Ans. 1. 



-4^5. «^ — a; 4 5 . 

a? a^ 



Ans. a; 4- 1 4- - . 

X 
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6a3 



Ans. o^ — y + (? — 2ac. 



)^ (£-¥)• ^«*- 



02; 



GENERAL EXAMPLES. 



1. Add 4-^ to ^'^^ 



2. Add 



1 — a?- 

1 

1 -I- a; 



to 



1 + ^' 
1 



l—x 



3. Prom -~ — r subtract 



a — b 

4. From :; 5 subtract 

1 — ar 



a -^ b 



A 2 (1 + a:^) 
1 — ar* 



^^^. 



uilns. 



1 — a:' * 
4a?^ 



e HT IX- 1 a;2 — 9ar + 20 , ar^ — 13a; + 42 
5- Multiply —3 — ^-- by 



ar^ — Ca; 



X' — bx 

a« — 11a; + 28 



Ans, 



a? 



6. Multiply 



a:^-J* 



ar^ + 2^>a; + ^ 



by ^ ^ . -4ws. ar+J^a^ 



a; 



f. Divide — ' by 

a — X a -\- X "^ 



fl + a; a — x 
a — x a -\- X 



k- Divide 1 + 



n — l 
n -i- 1 




1 +a; 1 — a?* 



a + b 







Ans, 



by 1- 



w 4- 1 



a^ + a;^ 
2aa: 

-4/? 5. w. 



Ans, 



2(1+ a;*) 



1 — a;' 



Ans, 



2 



Ans. 



— ar- 
Anb 
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4a? 



n. 


1+3? 
1-3?' 


1-3? 
1 + 3? 


• 


13. 


1 + a? 

1-3? 


1 — ar" 

• l + a?* 




M. 


a?«- 


• 


a? -\-hx 



Ans. 



1-a?* 



A ^ + ^ 



VII. Of the Symbols 0, oo and 2 

80. The symbol is called zero. It sometimes stands 
for no quantity, and sometimes for a quantity less than any 
assignable quantity. If we subtract a from a, we have 
a — a = ; the result of this subtraction is no quantity, and 
the that indicates this result, is the absoli^te of arith- 
metic. 

K in the fraction - we suppose a to remain fixed in 

value while x increases, the value of the fraction will 
decrease. When x becomes exceedingly great, the value of 
the fraction becomes exceedingly small; and, finally, when x 
becomes greater than any assignable quantity, the corres- 
ponding value of a becomes less than any assignable quan- 
tity. This quantity is said to become 0, though in reality it 
is an infinitesimal; that is, it is a quantity so small that 
it cannot be compared with a finite quantity; and hence its 
numerical value is 0. 

The symbol oo is called infinity. It stands for a quan- 
tity greater than any assignable quantity. If in the frac- 
tion - we suppose a to remain fixed in value whilst x con- 

X 

tinually diminishes, the value of the fraction will increase. 
When X becomes exceedingly small, the value of the fraction 
becomes exceedingly large; and, finally, when x becomes le%$ 
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than any assignable quantity^ the value of the fraction be- 
comes greater than any assignable quantity, and is said to 
become infinite, Tiiis is the infinity of algebra, and is not 
to be confounded with the infinity of common language. 

We say in algebra that a finite quantity divided by zero 
is infinite^ and that a finite quantity divided by infinity is 

zero. The two symbols ^ and oo are then equivalent; as 

are also the two symbols — and 0. It will be seen that 

both and oo , as here explained, may be proper and legiti- 
mate answers to certain mathematical questions. 

The symbol ^ is called the symbol of indetermination ; 

because it may designate a quantity which has an infinite 
number of values. 

But the symbol does not always indicate indetermination. 
It may arise from the existence of a common factor in both 
terms of a fraction, which factor becomes under a particu- 
lar hypothesis. Such fractions are called vanishing fractions. 

To illustrate, let us consider three cases : 



V. Let z = 



d'-l^' 



K we suppose a = 5, this reduces to ^r ; but if we strike 

out the common factor {a — J), we have, 

a2 -I- aJ + J2 

X = r — • 

a -^b 

3a 
If we now suppose a = 5, we find a; = -^Z which is the 

true value of x for the particular supposition. 

fto Ti- i_ a^ — V^ 

2 . XI we have x = y- za2 > 

(a — by 

and make a = &, we find ^ = t^ ; but if we strike out the 
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factor (a — b), and then make a = J, we find a; = — = oo ; 
this is the true value of the fraction. * 

3°. Kwe have x = ^^..^^^ , 

and make a = J, we find a: = - ; but if we strike ont the 

factor {a — J), and then make a = b, we find re = ^ = 0, 

which is the true value of x. 

In these cases we see that the true value of a vanishing 
fraction may be eithev finUe, infinite, or zero. 

Hence, we may have 

^ equal to a finite quantity; 

- equal to an infinite quantity; or, 

- equal to zero. 

Therefore, before pronouncing upon the nature of the ex- 
pression, -, it is necessary to ascertain whether it does not 

arise from the existence of a common factor in both numer- 
ator and denominator, which becomes under a particular 
hypothesis. If it does not arise from the existence of such a 
factor, we conclude that the expression is indeterminate. If 
it does arise from the existence of such a factor, strike it 
out, and then make the particular supposition. ' 

In general, it will be found that when a fraction reduces 

to -, for a particular hypothesis, the symbol is not the 

true symbol of indetermination. But when the symbol - re- 

suits from two independent hypotheses, it is then a true sym- 
bol of indetermination (Art. 101, 6°). 



CHAPTER IV. 



EQUATIONS OF THE FIRST DEGREE. 



I. Definitions and Principles. 

81. An [Equation is an algebraic expression of equality 
between two quantities. Thus, 

is an equation; it expresses that the quantity denoted by x 
* is equal to the sum of the quantities represented by a and h. 
An equation is composed of two parts, connected by the 
sign of equality. The part on the left of this sign is called 
the first member ; that on the right, the second member. 
The second member of an equation is often 0. 

82. . An equation may contain one unknown quantity 
only, or it may contain more than one. Equations are also 
classified according to degrees. The degrees are indicated by 
the exponents of the unh^iown quantities. 

In equations containing but one unknown quantity, the 
degree is denoted by the greatest exponent of that quantity in 
any term. 

In equaiions containing more than one unknown quantity, 
the degree is denoted by the greatest sum of the exponents of 
the unknown quantities in any term. Thus, 

~ ^ , ^ [^ are equations of the first degree. 

o^ + ^by + cz + M=zO ) ^ ^ 
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. _ o -f /x r *"^ equations of the second degree. 

oar + oxy + cjf + a = ) 

^ ^ , « f are equations of the third degree, 

^axt/^ — 2cy^ + aoxy = 33 

and so on. 

Equations of the first degree are also called Simple Equa- 
tions. 

83. Numerical Equations. — Equations are distinguished 
as numerical equations and literal equations. 

A numerical equation is one that contains no literal part^ 
with the exception of the unknown quantity, which is. always 
denoted by a letter. Thus, 

4a: — 3 = 2a; + 6, 3«' — a; = 8, 

are numerical equations. 

A Literal Equation is one in which a part, or all of 
the known quantities, are represented by letters. Thus, 

Ja;^ + oa? — 3a? = 5, and cx + doi?^c+fy 

are literal equations. 

84. An Identical Equation is one in which the two 
members are absolutely the same, or in which one member 
is the result of certain operations indicated in the other. In 
either case, the equation is true for all possible values of- the 
unknown quantities that enter it. Thus, 

0^ — 11^ 

ax + b = ax + by {x + af=: 0?+ 2ax + a% ^ = a: — y, 

X -\- y 

are identical equations. 

85. From the nature of an equation, it must possess the 
following properties: 

1°. The two members must be composed of quantities of 
the same kind. 

2°. The two members must be equal to each other. 



/zC^liJ^^ 




\ 
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3°. The essential sign of the two members must be the 
same. 

86. An Axiom is a self-evident proposition. 
The following axioms are employed in the transformation 
and solution of equations: 

1. If equal quantities be added to both members of an 
equation^ the equality of the members wiU not be destroyed, 

2. If equal quantities be subtracted from both members 
of an equation, the equality will not be destroyed. 

3. K both members of an equation be multiplied by equal 
quantities, the products will be equal. 

4. K both members of an equation be divided by equal 
quantities, the quotients will be equal 

5. like powers of the two members of an equation are 
equal 

C. Like roots of the two members of an equation are 
al 

II. Solution of Equations. 

' 87. SolTition. — The solution of an equation is the opera- 
X^tion of finding such a value for the unknown quantity as, 
^ 1)eing substituted for it, will satisfy the equation — that is, 
^ make the two members equal Every such value is called 
\ a root of the equation. 

Verification. — The verification of an equation is the 
operation of proving the equality of the two members, by 
simply substituting the root found for the unknown quantity. 

Transformation. — The transformation of an equation is 
any operation by which we change its form, without destroy- 
ing the equality of its members. 

88. First Transformation. — To reduce an equation, 
some of whose terms are fractional, to one in which all of 
the terms shall be entire. 




'^ 



9 
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Take the equation, 

2x 3x X ^^ 

Reducing the fractions to their least common denomina- 
tor, we have, 

12 ■" 12 "^ 12 "■ 

Multiplying hoth members of this equation by 12, we have, 

8a; — 9a; + 2a; = 132. 

Since all similar cases may be treated in the same man- 
ner, we have the following 

RULE. 

Form the least comnvon multiple of all the denorrv- 
inatorSf and mijiltiply hoth members of the equatiorv 
by it, reducing fractional to entire terms. 

This operation is called clearing of fractions. 

EXAMPLES. 
X X 

1. Reduce ^ + t — 3 = 20, to an equation containing 

only entire terms. 

The least common multiple of the denominators is 20; 

multiplying both members by this number, and reducing, we 

have, 

4a: + 5a; — 60 = 400. 

In this example, we clear the equation of fractions by 
multiplying each numerator into the quotient of the least com- 
mon multiple of the denominators by the corresponding de- 
nominator, and omitting all the denominators. 

Clear the following equations of fractions: 

2. I + ? _ 4 = 3. Ans. 7a; + 5a; — 140 = 105. 

u 7 



• 
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3. ? — ? J^f^=.g. Ans. ad — lx + ldfz=. bdg, 

^ ax %c^x , . ^b(?x be? ^ %(? „. 

4.-7 7- + 4=fl = --5 T5- H 36. 

b ab c? V a 

Ans. (^bX'-Wbi?x-\-^V^^<?X'^b(f+%iJ?V<?-'^aW, 

g 5^+8_2£-9_^^ ^w«. 5a: + 8-4a; + 18=24. 
u o 



/» 



89. Second Transformation. — To transpose a term 
^i^m one member to the other. 
Let us take the equation. 

If we add to both members the quantity ex — J, and 
reduce the result to its simplest form, we have 

ax •\- ex -=■ d — S. 

Here ex has been transposed from the second member to 
the first, and b from the first member to the second, by 
changing their signs. Since we may treat all like cases in a 
similar manner, we have for the transposition of terms the 
following 

RULE. 

Any term of an equation may he transposed from 
one mejnjher to the other, provided we change its 
sign, 

90. Solution of Equations. — To deduce a rule for solv- 
ing equations of the first degree containing but one unknown 
quantity, let us solve the equation, 

c a 

Clearing ojfcfractions, we have 

a(a + b)x — acd = abcx ^c{a + d). 

Performing the indicated multiplications, we have 

€?x + abx — acd = obex — ca — cd» 
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Transposing all the terms containing x to the first mem- 
ber, and all the known terms to the second, we have 

ci^x + dbx — obex = acd — ac — cd. 
Factoring the first member, we obtain 

(a^ + flj — dbc)x = acd ^ac-^cd. 
Dividing both members by the coefficient of Xy we have 

acd — ac — cd 






X = 



d^ -\' ab — abc ' 



Any other equation of the first degree may be solved in 
a similar manner; hence, to solve an equation of the first 
degree, we have the following 

RULE. 

L Clear the equation of fractions, and perfomrv 
all the operations indicated: 

IL Transpose all the terms containing the zltv- 
hnown quantity to the first member, and all Jcnozvii 
terms to the second mernber, reducing both meTrvbers 
to their simplest form: 

III, Resolve the first member into two factors, one 
of which is the unknown quantity; the other one 
will be the algebraic sum of its several coefficients : 

TV. Divide both members by the coefficient of fhc 
uunlcnown quantity ; the second member of the re- 
sulting equation will be the value of the unhnozun 
quantity, 

EXAMPLES. 

Solve the following equations: 

Clearing of fractions, 

10a; — 32c — 312 = 21 — 62a:. 
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I 

Transposiiig and reducing, 

30z = 333 ; 
a; = 11.1 Ans. 
This result may be verified by substituting 11.1 for x in 
the given equation. It will be found that it will make the 
two members equal. Every equation, after solution, may bo 
rerified. 

2. 2; + 18 = 3a: — 5. Ans. x = llf 

3. 6 — 2a; + 10 = 20 — 3a; — 2. Ans, a; = 2. 

4 a; + -a: + -a: = 11. Atis, x = 6. 

A 6 

6. 2a; — -a; -h 1 = 5a; — 2. Ans, a; = ^. 

6. 3aa; + ^ — 3 = Ja; — a. Ans. x = ^ . 

2 6a — 2 J 

-.a? — 3 a; -,. a; — 19 . ^„, 

7. —5 — + - = 20 — . Ans. X = 23f. 

a ^ ^ '+ 1 = 4 — ^-^- ^^«- ^ = 3A- 

^ o^ — ^ a _^l)x hx — a . __ 35 

-^ 3aa; 25a; . ^ . cdf -j- 4:cd 

10. ;^ 4 =/. Ans. X = jr^ ^rj- . 

' ^ ^ -^ Sad — 2bc 



lj(f' 7 2 -^ *• 



, 66 + 95 - 7c 

Ans. X = -7; 

16a 



^(, X x — 2 X 13 . 

13. ^ — g — ^ 2 " y ^^* ^ ~ 

13. 5-1 + 5-^=/ 
a 5 c ^ -^ 

dbcdf 



Ans. X = 



bed — acd + abd — ahc' 



.. 3a; — 6 . 4a;— 2 

13 ' IF" = ^ + ^ ^^^' 2? = 6. 



92 



ELEMENTS OF ALQEBBA. 



[CHAP. 



a I 



^ a; 8a; x 



= - 12H. 



16. 2a; — 



4a: — 2 3a; 



5 2 

17. 3af H — = a; 4- «. 



^W5. a; = 14. 



^W5. a; = 3. 



-4w«. a; = - 



3a -h ^ 







6 +'^ 
a^ — ia: 



Ans. X = 



a* 4_ 3a8j 4_ 4a252 _ 6a^ + 2b^ 



2b {2a' ^ab-'i^) 




19. a;=:3a;-^(,4-a;) + g. 



3iP^7 , 25 — 4a; _ 5a; — 14 
"■ 5 ■*" 9 - 3 



„, 2a; + 5 , 40 — a; 10a; — 427 



13 



8 



19 



Ans. a; = ^ . 
o 



Ans, a; = 4. 



^7W. a; = 56. 



X — 5 



"^^^ — ^-jj- + 5 = a; — (^ + ij. ^w«. a; = 7. 

23. ^i;il + ^ = ^ + l±i + l. ^;^..:^ = 8|. 




6 



1 a; — 2 X — 5 a; — 6 




x — 2 a; — 3""a; — 6 a;— 7* 



A71S. X = 4^. 



— »&r^ + |)(a;- I) _ (a; + 5)(a;-3) + I = 0. 

^n5. X = 12. 



"^ze. 


15 7a; 6"" 5 • 






Ans. x — 3. 


— 8¥r 


111 
X — 2 a; — 4"~a; — 6 a; 


1 


8- 


Ans. X 5. 


28. 


(a; +1)2 = (5 +a;)a;-2. 






Ans. x = l. 


29 


2 1 6 






79 


n/V* 


2a; 5 ' a; 3 "" 3a; 1' 


30. 


XX __ a 




Ans. 


^_a>if>-a) 


a b — a^ b -i-a' 


b{b + ay 



7 



\ 
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* • 

[.^-^er-±r2a; — -^^^7"^^ = .4a; + 8.9. Ans. x = 20. 

.0 

.72a: — .05 ^ ^ o ^ - ^ • 

z = 1.62; + 8.9. • ^?i&a?=5. 

.0 




III. Solution of PaoBLEMa . 

91. A Problem, in Algebra, is a question proposed. Its 
[solution requires the values of certain unknown quantities in* 
terms of those that are given, or known. ' 

Solution. — The solution consists of two parts : 

1°. The statement of the problem; and 

2°. The solution of the equation of the problem. 

Statement. — The statement of a problem is the opera- 
tion of expressing, in algebraic language, the relations between 
the known and unknown quantities of the problem. This 
expression is called the equation of the problem. 

No definite rules can be laid down for" stating a problem. 
Sometimes the enunciation of the problem furnishes the equa- 
tion immediately; and sometimes it is necessary to discover, 
from the enunciation, new conditions from which an equa- 
tion may be formed. The conditions laid down in the enun- 
ciation of the problem are called explicit; those deduced 
from them are called implicit. 

In most cases we may find the equation of a problem by 
the following 

RULE. 

Denote the unknown quantity hy one of the final 
letters of the alphabet, and then indicate, hy alge- 
braic signs, the same operations on the hnown and 
unhnown quantities, as would be necessary to verify 
the value of the unhnown quantity, were it hnown. 



. 
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PROBLEMS. 

1. Find a number such, that the sum of one half, one 
third, and one fourth of it, augmented by 45, shall be equal 
to 448. 

Let the required number be denoted by .... a:. 

Then, one half of it will be denoted by . . • • -, 
one third of it by .... ^> 

one fourth of it by .... ^, 

m x cc 
and by the conditions, i^ H- « + t + 4:5 = 448. 
J 2 3 4 

This is the equation of the problem, and it may be solved 
as already explained. Solving it, we find 

X = 372. 

Hence, the required nnmber is 372. 

This number may be verified as follows: 

372 ^ 372 ^ 372 ^ .. .,_ 

2. What number is it whose third part exceeds its fourth 
part by 16? 

Let the number be denoted by x. 

Than will its third part be denoted by . . . . ^, 



and its fourth part by . 

Hence, from the condition of the problem : 



X 

4 



Solving, wo have, x = 192. Hence, the required number 
is 192. 



CHAP. IV.] EQUATIOKB OF THE FIRST DEGBEE. 95 

3. Ont of a cask of wine which had leaked away a third 
part, 21 gallons were afterward drawn, and the cask was then 
half full : how mnch did it hold ? 

Let the number of gallons originally in the cask be de- 
noted by x; 

Then will the number of gallons that leaked out be de- 

noted by ^. 

From the conditions of the problem, we hare, 
§ 4-21=^2;; .-. a; = 126. 

That is, the cask held 126 gallons. 

4. A fish was caught whose tail weighed 9 lbs.; his head 
weighed as much as his tail and half his body; his body 
weighed as much as his head and tail together: what was 
the weight of the fish? 

Let X denote the weight of the body, in pounds ; 
Then, from the conditions of the problem, we have, 

9 + (9 -j-^) =a;; .-. a; = 36. 

That is, the fish weighed 72 pounds. 

6. A person engaged a workman for 48 days. For each 
day that he labored, he received 24 cents; and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days the account was settled, when the laborer 
received 504 cents. Required the number of working daysy 
and the number of dtiys he was idU. 

Let the number of working days be denoted by a;; 

then will the numbw of idle days be denoted by 48 —a:; 

the number of cents he earned will be 24a;; 

the number of cents he paid for board will be 12 (48 — x). 

From the conditions of the problem, we have, 

24a; — 12 (48 — a;) = 504 .-. a; = 30. 

That is, he ^vrought 30 days and was idle 18 days. 
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6. A fox, pursued by a greyhound, has a start of 60 leaps. 
He makes 9 leaps while the greyhound makes but 6; but 3 
leaps of the greyhound are equivalent to 7 leaps of the fox. 
How many leaps must the greyhound make to overtake the 
fox? 

Let us take one of the fox leaps as the unit of distance ; 

then, 3 leaps of the greyhound being equal to 7 leaps of the 

7 
fox, one of the greyhound leaps will be equal to ^ 

o 

Let X denote the number of leaps the greyhound ranet 
make before overtaking the fox ; 

Then, since the fox makes 9 leaps while the hound 

makes 6, 

9 3 

— X or —X 
6 2 

will denote the number of leaps the fox makes in the same 

time. Therefore, 

7 

-X will denote the distance passed over by the 

hound ; and 

-X the whole distance passed over by the fox. 

Then, from the conditions of the problem, we have 

7 3 

^x^QO + ^x. .-. x = TZ. 

That is, the greyhound must make 72 leaps. The fox makes 
108 leaps. 

7. A can do a piece of work alone in 10 days, and B in 
13 days : in what time can they do it if they work together ? 

Denote the number of days by x, and the work to be 
done by 1. Then, in 

1 day A can do ^a ^^ ^^^® ^^^^ 5 ^^^ ^ 
1 day B can do :r^ of the work ; hence, in 
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OS 

X days A can do — Df the work ; and in 

X 

X days B can do -^ of the work, 
From the conditions of the problem, we have 

That is, it will take them both 5fJ days to do the work. 

8. Divide $1000 between A, B, and C, so that A shall 
have $72 more than B, and C $100 more than A. 

Ans. A's share, $324; B's, $252; C's, $424. 

9. A and B play together at cards. A gits down with 
184 and B with $48. Each loses and wins in turn, when it 
appears that A has five times as much as B. How much 
did A win? ^ Ans. $26. 

10. A person dying, leaves half of his property to liis 
wife, one sixth to each of two daughters, one twelfth to a 
servant, and the remaining $600 to the poor: what was the 
amount of his property ? Ans. $7200. 

11. A father leaves his property, amounting to $2520, to 
four sons, A, B, C, and D. C is to have $360, B as much 
as C and D together, and A twice as much as B less $1000 : 
how much do A, B, and D receive? 

Ans. A, $760; B, $880; D, $520. 

12. An estate of $7500 is to be divided between a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children: what was her share, and what 
the diare of each child ? i Widow^s share, $4000. 

Ans. < Each son, $1000. 

( Each daughter, $500. 

18. A company of 180 persons consists of men, women, 

£nd children. The men are 8 more in number than the 

7 
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women, and the children 20 more than ^e men and women 
together : how many of each sort m the company ? 

Ans. 44 men, 36 women, 100 children. 

14. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger brother : 
what is the share of the youngest ? Ans. $320, 

15. A purse of $2850 is to be divided among three per- 
sons, A, B, and C ; A's share is to be ^ of B's share, and C 
is to have $300 more than A and B together: what is each 
one's share ? Ans. A's, $450 ; B's, $825 ; C's, $1575. 

16. Two pedestrians start from the same point; the first 
steps twice as far as the second, but the second makes 5 
steps while the first makes but one. At the end of a cer- 
tain time they are 300 feet apart. Now, allowing each of the 
longer paces to be 3 feet, how far will each have traveled ? 

Ans. Ist, 200 feet; 2d, 500 feet. 

17. Two carpenters, 24 journeymen, and 8 apprentices, 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman half a dollar, and each 
apprentice 25 cents : how many days were they employed ? 

Ans. 9 days.- 

18. A capitalist receives a yearly income of $2940: four 
fifths of his money bears an interest of 4 per cent., and the 
remainder of 5 per cent : how much has he at interest ? 

Ans, $70000. 

19. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it in 
one hour, the second in two hours, and the third in three 
hours: in what time will the cistetn be emptied if they all 
run together? Ans. 32-^ minutes. 

/ 20. In a certain orchard ^ are apple-trees, J peach-trees, 
^ A/ plum-trees, 120 cherry-trees, and 80 pear-trees : how many 
' jAx^^ in the orchard ? Ans. 2400. 
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21. A. fanner being asked how many sheep he had, aur 
Bweied that he had them in five fields; in the 1st, he had 
i; in the 2d, ^; in the 3d, ^; in the 4th, ^; and m th^ 
fith, 450 : how many had he ? Ans. 1200. 

22. My horse and saddle together are worth 1132, and 
the horse is worth ten times as much as the saddle : what 
is the yalne of the horse ? Ans. $120. 

23. The rent of an estate is this year 8 per cent greater 
ihan it was last year. This year it is $1890 : what was it 
kstyear? Ans. $1750. 

24 What number is that from which, if 5 be subtracted, 
} of the remainder will be 40 ? Ans. 65. 

25. A post is i in the mud, \ in the water, and 10 feet 
»ve the water : what is the whole length of the post ? 

Ans. 24 feet 

26. After paying i and \ of my money, I had 66 guineas 
left in my purse: how many guineas were in it at first? 

Ans. 120. 

27. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence; he therefore gave them each two pence 
and had 3 pence remaining : required the number of beggars. 

Ans. 11. 

28. A person in play lost } of his money, and then won 
3 shillings ; after which he lost ^ of what he then had ; and 
this done, found that he had but 12 shillings remaining: 
what had he at first ? Ans. 20s. 

29. Two persons, A and B, lay out equal sums of money 
in trade ; A gains $126, and B loses $87, and A's money is 
now double B's : what did each lay out ? Ans. $300. 

30. A person goes to a tavern with/ a certain sum of 
money in his pocket, where he spends 2 shillings; he then 
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borrows as much money aa be bad left^ and going to another 
tavem be tbere spends 2 sbillings also; tben borrowing 
again as mucb money ^s was left, be went to a tbird tavern, 
where, likewise, be spent 2 sbillings, and borrowed as much 
as be bad left; and again spending 2 sbillings at a fourth 
tavern, be tben bad notbing remaining. Wbat bad he at 
firsts? Ans. Ss. dd, 

^31. A farmer bought a basket of eggs, and offered them 

it 7 cents a dozen. But before he sold any, 5 dozen were 

^ • broken by a careless boy, for which he was paid. He then 

0^ sold the remainder at 8 cents a dozen, and received as much 

as be would have got for the whole at the first price. How 

many eggs bad be in bis basket ? Ans, 40 dozen. 

32. A cask A, contains a mixture of 12 gallons of wine 
and 18 gallons of water; another cask B contains a mix- 
ture of 9 gallons of wine and 3 gallons of water. How 
Itnany gallons must be drawn from each to produce a mixture 
of 7 gallons of wine and 7 gallons of water ? 

Ans. From A, 10 gals. ; from B, 4 gals, 

33. At wbat time between 1 and 2 ^o'clock is the minute 
hand of a clock just 1 minute space ahead of the hour 
band? Ans. At Ih. 6^m. 

34. A person having a hours at bis disposal, bow far can 
he ride in a coach that travels b miles per hour, and return 

on foot at the rate of c miles per hour ? 

J dbc ., 
Ans. -J— — mues. 
+ c 

35. A can do a piece of work in one half the time that 
B can; and B can do it in two thirds the time that C can; 
all together can do it in six days. How many days would it 

\ take each to do it singly? 

Ans. A in IJl days, B in 22 days, and C in 33 days. 



/ 
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\ 

I IV. Simultaneous EauATiONa 

■ 

92. Simultaneous Equations are those in which the 
Takes of the unknown quantities are the same in each. 

If we have a single equation containing two unknown 
quantities, we may find an expression for one of them in 
terms of the other. Thus, from the equation, 

x + 2y:=4: (1) 

ve may deduce the equation, 

but the value of x will not be known, unless we know the 
value of y. Hence,. a single equation containing two un- 
known quantities is not sufficient to determine the value of 
either. 

If we have a second equation, as 

x + dy = 6 (2) 

we may, as before, find 

a; = 5 — 3y. 

If we place the value of x, before found, equal to this 

TsJue, W0 have, 

4 - 2y = 6 - 3y, 

from which we find, y = 1. 

This value of y, substituted in either of the given equa- 
tions, gives a: = 2. 

Hence, x = 2 and y = 1 satisfy both equations. 

In order to find the values of two unknown quantitieci^ 
we must therefore have two independent equations. 

Since equations (1) and (2) are satisfied by the same 
Talaes of x and y, they are simultaneous. 
"•' It has been shown that two equations are necessary to de- 
termine the values of two unknown quantities ; in like man- 
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■ 

ner^ it may be shown that three equations are necessary to 
determine three unknown quantities; and so on. The nutn- 
der of equations must always be equal to the number of un- 
known quantities. 

A Q-roup is a collection of simultaneous equations, from 
ij^hich the values of the unknown quantities may be found. 

V. Elimination. 

93. Elimination is the operation of combining groups 
of simultaneous equations in such a manner as to cause one 
of the unknown quantities to disappear ; and finally, of find- 
ing an equation containing but a single unknown quantity. 

There are three principal methods of elimination : 
1°. By addition or subtraction; 2"^. By substitution; and 
3°. By comparison. ' 

94. Elimination by Addition or Subtraction.— Take 

the equations, 

4fl; — 6y= 5 ....... (1) 

• 3x + 2y=z21 . . ... . > . . (») 

Multiplying both members of (1) by 3, and both members 

of (2) by 5, we have, 

8a? — lOyrr: 10. . . . ... (3) 

16a; + lOy = 106 . .... ''V . (4) 

Adding (3) and (4J, member to member^ we have, 

23a; = 116. 

Here, y has been eliminated by addition. 
Take the equations, 

2a? + % = 26 ....... (5) 

a? + 6y = 20^ ...... . (6) 

i Multiplymg both members of (6) by 6,^ and b(rf;h mem- 
bers of (6) by 4, we have, 

12a? -f 24y = 166 . . . . . . . (7) 

4a? + 24y= 80. . . . . / . (8) 
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Subiaacting (8) from (7), member from member, we have, 

8a: = 76. 

Here, y has been elimioated by subtraction. 

« 

In like sianner, an nnknown quantity may be eliminated 
from any two equations. Hence, the following 

RULE. 

Prepare the equations so that the coefficients of 
the quantity to be eliminated shall be numerically 
equal in both; then, if the coefficients have contrary 
signs, add the equations, member to member ; if they 
have the same sign, subtract them member from 
member. 

in the above examples we prepared the equations by mul- 
tiplying both members of each by the coefl&cient of the quan- 
tity to be eliminated in the other. The resulting equations 
will generally be simpler, if we find the least common mul- 
tiple of the coefficients of the quantity to be eliminated, 
and then multiply both members of each equation into 
the quotient of this multiple by the coefficient of the 
quantity to be eUminated in that equation. Thus, in the 
last ei^^mple, the least common multiple of the coefficients 
of y in equations (5) and (6) is 12. Multiplying both 

12 
members of equation (5) by -^, or 3, and both members of 

12 
equation (6) by -^, or 2, we have, 

6x + 12y = 78, 
2aj + 12y = 40. 
Whence, by subtraction, 

4a: = 38. 

95. Elimination by Substitution. — Take the equa- 
tions, 

5a? + 7y = 43 (1) 

11a? + 9^ = 69 (2) 
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From (1) we find the valae of 2; in tenns of y; 

43 -7y 

X =: -I 

6 ' 

substitating this for x, in equation (2), we haye, 

ii^^V^ + 9, = 69 (3) 

Here x has been eliminated by substitution. 

In a similar manner one unknown quantity may be elim- 
inated firom any two equations. Hence, the following 

RULE. 

Find from one of the equations the value of the 
quantity to be eliminated in terms of the other/ 
substitute this value for that quantity in the other 
equation. 

96. Elimination by Comparison. — Take the eqna- 

tionsy 

bx + 7y = 43, 

11a: -f % = 69. 

Finding the value of x in terms of y, from both equa- 
tions, we have, 

43-7y 

^- 5 ' 

_ 69 — 9y 
^- 11 • 

Placing these values equal to each other, we have, 

43 — 7y _ 69 — 9y 
6 " 11 • 

Bere x has been eliminated by comparison. 

In like manner one unknown quantity may be eliminated 
'■om any two equations. Hence, the following 



I 
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RULE. 

FirvA the value of the quantity to he eliminated 
in temrbs of the others from each equation; then 
plac& tKetr values equal to each other. 

Either of these methods may be used, according to cir- 
cumstances. In some cases one will be most simple; in 
other ccLses another may be preferable. As a rule, the method 
by addition or subtraction is most commonly employed. 

97. Applications. — To apply the methods of elimina- 
tion in the solution of groups of simultaneous equations, let 
us take the following group of three equations: 

5a; — 6y -f- 4j2; = 15 (1) 

7a:4.4y-35? = 19 (2) 

2a; + y + 6;!; = 46 (3) 

Combining (1) and (2), eliminating Zy we have, 

43a: — 2y = 121 (4) 

Combining (2) and (3), eliminating «, we have, 

16a; 4- 9y = 84 (5) 

Equations (4) and (5) constitute a new group of two 
equations containing two unknown quantities. 
Combining (4) and (5), eliminating y, we have, 

419a; = 1257; .*. a; = 3. 

Substituting a; = 3, in either (4) or (5), we find y = 4. 
Substituting a: = 3 and y = 4, in either (1), (2), or (3), we 
find 2 = 6. Hence, a; = 3, y = 4, and z = ^ are the re- 
quired values of the unknown quantities in the given group. 

In like manner any group of simultaneous equations may 
be solved. Hence, the following 



2' ^ 3 



X ^ .. , y^^^_ 



3* Given ^ + 7y = 99, and | + 7a? = 61 to find the 
values of x and y. Ans. a; = 7, y = 14. 

4. Given |-12=f+8, and ^-y+f_8=fc?+27 

>^ 4 o d 4 



to find the values of x and y. Ans. x = 60, y 
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RULE. 

/• Combine one equation of the grouup with ecbch of 
the others, eliminating one unJcnown quantity : there' 
will result a new group containing one equation leas 
than the original group : 

IL Combine one equation of this group with each 
of the others, eliminating a second unknown quan- 
tity : there will result a new group^ containing two 
equations less than the original group : 

III. Continue the operation until a single equatioih 
is found, containing but one unJcnown quantity : 

IV. Find the value of this unJcnown quantity hy 
the preceding rules ; substitute this in either one of 
the group of two equations, and find the value of a 
second unJcnown quantity; substitute these in either 
of the group of three, finding a third unJcnown 
quantity ; and so on, till the values of all are founcL. 

In making the combinations, care should be taken ix> 
make them in such a way as to obtain as simple equations 
as possible. When any unknown quantity does not enter all 
of the equations, it will in general be best to eliminate that 
quantity first. 

EXAMPLES. 

1. Given 2a; + 3y = 16, and 3a; — 2y = 11 to find 
the values of x and y. Ans. a; = 5, y = 2. 

^ ^. 2a? . 3y 9 ;, 3a; . 2y 61 . ^ , 

2. Given y + f = ^, and :^ + f = j2o ^ ^^ 

the values of x and y. Av^, a; = ^, y = o- 
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5. Given ^ 



6. Oiven 



7. Given 



8. Given 



^ x+ y+ z = 29^ 

x+ 2y + dz = 62 

1 ,1 , 1 
2^ + 3^ + 1' 



= 10 



"to find X, if, and z. 



Ans. a? = 8, y = 9, « = 12, 



3z + 4y — 3« = 22 
4a; -^ 2y + 5« = 18 
6a; -H 7y — « = 63 



»to«find X, ffy and is. 



Ans. x = 3, y = 7, « = 4 



af + |y + |« = 32 

3^ + 4^ + 5^ = 15 



»to find X, y, and & 



Ans. a; = 18, y = 20, «;;=30. 



" 7a: — 22? + 3u . 

4y— 22? + ^ 

5y — 3a; — 2w 

4y — 3w + 2^ 
32? + 8w 
Ans. a? = 2, 



»to find a;, y, z, u, and /• 



= 17^ 

= 11 

= 8 

= 9 

= 33 

y = 4, « = 3, 1^ = 3, ^ = 1. 



Solve the following groups of simultaneous equations: 

3a; + 2y -- 4it; = 16 ' 
9. Given I 6a; -^ 3y + 2z =± 28 - 
3y + 42? — a; = 24 ^ 



Ans. < y = 6; 



21 = 4 



10. Given •< 



a; y 
X z 



=1 



= 3 



3 



35 = ;r 



4 

3' 



An8. ' 



y = 



4; 

4 



2= ^ 



6' 
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11. Given 



X y 

« y 

X Z 



_3 

"~ z 

= 2 



r 



X=L - 



7 
6' 



Ans. -( t/ = — T^ 



y 



7 
2' 



z = 



21 

lo* 



12. Given 



' 3y^l _6ig_g 9 

4 ""5 2"^5 
5ar . 4;? 



4+T 
3ar+ 1 



14 ^ 6 ~" 21 "^ 3 • 



► Am. 1 



y = 



2; 
3; 
1. 



13. Given -< 






= 1 

= 1 
= 1. 



14. Given -< 



r 7a: 

11^5 

19a; 



3y 

7t^ 

7y 
3t^ 



1 ^ 

I 

1 



— 3w = 1. 



Ans. i y = H 



Ans. « 



X 


a 
~P 


y 


b 
~2' 


z 


c 
-2' 


X 


= 4; 


y 


tf; 


Z: 


= 16; 


U 


= 25. 



.i 



16, Given -< 



^ 



3a? — 5y 



_ 2a; + y 
5 



x-^2y _ 
8 ^-- 



2 "^3' 



»- Ans. -« 



a; = 12; 

y = 6. 



16. Given -« 



f3a: 
10 



1. 
15 

8 
3 



4 
9 



2a?-^ = ^- 



X 

12 



^ y 1 


^ 


12 18 




^ ^ 


^ -4/w. < 


y , 11 




15"*" 10- 

• 


V 



x=z2; 



y=-i. 
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VI. PrA^CTICAL PROBLEMa 

1. What fraction is that, to the numerator of whicV^ if 1 
be added, its value will be one third; but if 1 be added to 
its denominator, its value will be one fourth? 

Let z denote the numerator, and 
y the denominator. 

From the conditions of the problem^ 

a?-f 1 _1 

X 1 



Solving, we have a; = 4 and y = 16. Hence, the re- 

4 

quired fraction is 7^. 

15 

3. Find two numbers whose sum is a and whose differ- 
ence is b. 

Let X denote the greater, and 

y the less number. 
From the conditions of the problem, we havb^ 

x + yz=a, 
X '^y=ib. 

Solving, we have, x = 7"- , the greater, and, 

y = — ^ — , the less number. 

3. A person possessed a capital of 30,000 dollars, for which 
he drew a certain interest per annum ; but he owed the sum 
of 20,000 dollars, for which he paid a certain interest. The 
interest that he received exceeded that which he paid by 800 
dollars. Another person possessed 35,000 dollars, for which 
he received interest at the second of the above rates ; but he 
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owed 24,000 dollars, for which he paid interest at the first 
of the above rates. The interest that he received exceeded 
that which he paid by 310 dollars. Bequired the two rates 
of interest. 

Let X denote the first rate, and 
y the second rate. 

Then, the interest on $30,000 at x per cent for one year 

will be 

$30,000x 



100 



or $30007. 



The interest on $20,000 at y per cent for one year 
will be 

IQQ or 9200y. 

From the conditions of the problem, we have, 

300a: — 200y = 800 

35y— 24a; = 3L 
Solving, we have, 

y = 6 and a; = 6. 

Hence, the two rates are 5 per cent and 6 per cent. 

4. There are three ingots formed by mixing three metals 
in different proportions. 

One pound of the first contains 7 ounces of silver, 3 
ounces of copper, and 6 ounces of pewter; 

One pound of the second contains 12 ounces of silver, 
3 ounces of copper, and 1 ounce of pewter; 

One pound of the third contains 4 ounces of silver, 7 
ounces of copper, and 6 ounces of pewter. 

It is required to form from these three, 1 pound of a 
fourth ingot which shall contain 8 ounces of silver, 3f ounces 
of copper, and 4J ounces of pewter. 

Let X denote the number of ounces taken from the first; 
y the number of ounces taken from the second ; 
z the number of ounces taken from the third. 
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N0W9 smce 1 pound or 16 ounces of the first ingot con- 
tains 7 ounces of silver, one ounce will contain r^ of 7 ounces : 

lo 

7 
that is, :r^ ounces: and 
lo 

7x 
X ounces will contain zr^ ounces of sQver, 

10 

y ounces will contain -^J^ ounces of silver, 

16 

4« 
z ounces will contain —^^ ounces of silver. 

lo 

But since 1 pound of the new ingot is to contain 8 ounces 

of silver, we have, 

7£ 12y ^ 

16^ 16 ^16 ^^ 

In like manner, we find the two equations, 

16 + 16 + 16-^* ^^^ 

16 ^ 16 ^ 16 ^ ^ ' 

Solving (1), (2), and (3), we have, 

a; = 8, the number of ounces taken from the first. 
y = 5 *' « ^ « « « second. 

2 = 3"*" " " " " third. 

I 5. What two numbers are they, whose sum is 33 and 
whose difTerence is 7? Arts. 20 and 13. 

\ 6. Divide the number 75 into such parts, that three times 
the greater may exceed seven times the less by 15. 

Ans. 54 and 21. 

7. In a mixture of wine and cider, \ of the whole plus 
25 gallons was wine, and \ part minus 5 gallons was cider: 
how many gallons were there of each ? 

Ans. 85 of wine, and 35 of cider. 
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8. A bill of £120 was paid in guineas and moidores, and 
the number of pieces of both sorts that were used was just 
100 ; if the guinea were estimated at 21s., and' the moidore 
at 27s.y how many were there of each ? Ans. 50. 

9. Two travelers set out at the same time from London 
and York, whose distance apart is 150 miles; they travel 
toward each other ; one of them goes 8 miles a day, and the 
other 7; in what time will they meet? Ans. In 10 days. 

10. At a certain election, 375 persons voted for two can- 
didates, and the candidate chosen had a majority of 91 : how 
many voted for each? 

Ans. 233 for one, and 142 for the other. 

11. A's age is double B's, and B's is triple C's, and the 
sum of all their ages is 140 : what is the age of each ? 

Ans. A's = 84, B's = 42, and C's = 14. 

12. A person bought a chaise, horse, and harness, for £60 ; 
the, horse came to twice the price of the harness, and the 
chaise to twice the price of the horse and harness : what did 
he give for each ? / £13 65. Sd. for the horee. 

Ans. < £6 135, 4rf. for tlie harness. 
' £40 for the chaise. 

13. A person has two horses, and a saddle worth £50 ; 
now, if the saddle be put on the back of the first horse, it 
will make his value double that of the second ; but if it be 
put on the back of the second, it will make his value triple 
that of the first: what is the value of each horse? 

Ans. One £30, and the other £40. 

14. Two persons, A and B, have each the same income. 
A saves | of his yearly ; but B, by spending £50 per annum 
more than A, at the end of four years finds himself £100 in 
debt : what is the income of each ? A7is. £125. 



1^ 
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1$. To divide the number 36 into three such parts that 
} of the first, ^ of the second, and i of the third may be all 
equal to each other. A718. 8, 12, and 16. 

16. A footman agreed to serve his master for £8 a year 
and a livery, but was turned away at the end of 7 months, 
and received only £2 13s. 4d. and his livery: what was its 
value? An8. £A 16^. 

17. To divide the number 90 into four such parts that 
if the first be increased by 2, the second diminished by 2, 
the third multiplied by 2, and the fourth divided by 2, the 
sum, difference, product, and quotient, so obtained, will be all 
equal to each other. 

Ans. The parts are IS, 22, 10, and 40. 

18. The hour and minute hands of a clock are exactly 
together at 12 o'clock: when are they next together? 

Ans, Ih. 5^min. 

19. A man and his wife usually drank out a cask of beer 
in 12 days; but when the man was from home, it lasted the 
woman 30 days : how many days would the man bo in drink- 
ing it alone? Ans. 20 days. 

20. If A and B together can perform a piece of work in 
8 days, A and C together in days, and B and C in 10 
days, how many days would it take each person to perform 
the same work alone? 

Ans. A, 14|4 days; B, 17ff days; and C, 23-^ days. 

21. A laborer can do a certain work expressed by a m ^ 
time expressed by S; a second laborer, the work c in a time 
d\ a third, the work e in a time /. Required the time it 
would take the three laborers, working together, to perform 

the work g. ^^ hdfg 

adf + bcf+ bde' 
8 
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22. If 32 pounds of sea water contains 1 pound of salt, 
how much fresh water must be added to those 32 pounds in. 
order that the quantity of salt contained in 32 pounds of 
the new mixture shall be reduced to 2 ounces, or ^ of a 
pound? Ang, 224 lbs. 

23. A number is expressed by three figures; the sum of 
these figures is 11 ; the figure in the place of units is doable 
that in the place of hundreds; and when 297 is added to 
this number, the sum obtained is expressed by the figures of 
this number reversed. What is the number? Ana, 326. 

24. A person who possessed $100,000, placed the greater 
part of it out at 5 per cent, interest, and the other part at 
4 per cent The interest which he received for the whole 
amounted to $4640. Bequired the two parts. 

Ans. $64,000 and $36,000. 

25. A person possessed a certain capital, which he placed 
out at a certain interest Another person possessed $10,000 
more than the first, and putting out his capital 1 per cent, 
more advantageously, had an income greater by $800. A 
third possessed $15,000 more than the first, and putting out 
his capital 2 per cent, more advantageously, had an income 
greater by $1500. Bequired the capitals, and the three rates 
of interest. 

Sums at interest, $30/)00, $40,000, $45,000. 

Bates of interest, 4 5 6 per cent 

26. A cistern may be filled by three pipes, A, B, 0. By 
the two first it can be filled in 70 minutes; by the first and 
third it can be filled in 84 minutes; and by the second and 
third in 140 minutes. What time will each pipe take to 
fill it? What time will be required, if the three pipes run 
together ? r A in 105 minutes. 

Ans. x B in 210 minutes, 
will fill it in one hour. ( C in 420 minutes. 




27. A has 3 purses, each contaimng a certain sam of 
money. If 120 be taken out of the first and put into the 
second, it will contain four times as much as remains in the 

'first. If 160 he taken from the second and put into the 
^ird, then this will contain If times as much as there re- 
mains in the second. Again, if $40 be taken from the third 
a&d put into the first, then the third will contain 2f times 
as much as the first What were the contents of each purse ? 

ilst.. $120. 
2d. 1380. 
3d. $500. 

28. A banker has two kinds of money ; it takes a pieces 
of the first to make a crewn, and b of the second to make 
the same sum. Some one offers him a crown for c piece& 
How many of each kind must the banker give him ? 

Ans, 1st kind, — ^^ ~; 2d kind, -^ r^. 

a— a— 

29. Find what each of three persons, A, B, C, is worth, 
knowing, 1st, that what A is "worth added to I times what 
B and G are worth, is equal to ^ ; 2d, that what B is worth 
added to m times what A and C are worth, is equal to q; 
3d, that what G is worth added to n times what A and B 
are worth, is equal to r. 

If we denote by s what A, B, and G are worth, we in- 
troduce an auxiliary unknown qua^itity, and resolve the ques- 
tion in a very simple manner. 

30. Find the values of the estates of six persons. A, B, C, 
D, E, F, from the following conditions: 1st. The sum of the 
estates of A and B is equal to a ; that of G and D is equal 
to b; and that of £ and F is equal to c. 2d. The estate of A 
is worth m times that of C ; the estate of D is worth n times 
that of E, and the estate of F is worth p times that of B. 

This problem may be solved by means of a single equa- 
tion, involving but one unknown quantity. 



ELEUEHTS OB ALBEBBA. 



VII. Indeterminate Equations. 

98. An Indeterminate Equation is one that may be 
satisfied by an infiaite namber of sets of values of the iiu~ 
IcaowQ qoaDtitics that eater it. 

Everi/ equation containing two unknown quantities ia s'ft- 
determinate. 

For, let as take tbe equation, 

5x — 3y = la. 

Making if successiTelj equal to 

1, 2, 3, i, 5, 6, et&, 

we find from the eqnatioa the corresponding yaluea of ^ 

18 21 84 27 „ 

3' T' -W' -n' -K' ^' etc. 
5 6 

Now, any two corresponding values of x and t/, when 
eubstltuted in the given equation, will satisfy it; that is, the 
^ven equation may be satined by an infinite number of 
. sets of values of x and i/. Hence, it is indeterminate. 

Every equation containing more than one unknown quan- 
tity is indeterminate. 

For, we may assume values at pleasure for all the un- 
known quantities except one, and the value of this one may 
then be found from the equation. Hence, the equation may 
be satisfied by an infinite number of sets of values of the 
unknown quantities that enter it ; that is, it is indeterminate. 

Every gnmp of eqtutiums that contains more unknown 
quantities than there are equations, is indeterminate. 

For, we may, by combination and elimination, reduce them 
tfl a single equation containing more than one unknown quan- 
tity, which we have already seen is indeterminate. 
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Dependent Equations. — If we have a greater number 
of equations than there are unknown quantities, they cannot 
all be satisfied, unless some of them are dependent on the 
others. If we combine them, and eliminate all the unknown 
quantities, the resulting equations, which will then contain 
only known quantities,, will be equations of condition — ^that 
is, which must be satisfied in order that the given equations 
may admit of solution. . 

For example, if we have 

x + y=:ay x — y^Cy and xy^d\ 

we may combine the first Woy and find, 

a , c ., a c 

^ = 2 + 2 and V^r^-p 

by snbstitnting these in the third, we find 

which expresses the relation between a, c, and d, that must 
exist, in order that the three equations may be simultaneous. 

An Indeterminate Problem is oile which admits of an 
infinite number of solutions. A problem will always be inde- 
terminate when its enunciation involves more unknown quan- 
tities than there are given conditions; since, in that case, 
the statement of the problem will give rise to a less number 
of equations than there are unknown quantities. 

EXAMPLES. 

1. Let it be required to find two numbers such that 5 
times the first diminished by 3 times the second shall be 
equal to A2, .... 

K we denote ,the numbers by x and y, the conditions of 
the problem will give the equation 

5a? — 3y = 12, 
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wjiich we have seen is indeterminate. Hence, the problem 
admits of an infinite number of Bolutions, or is indeterminate. 

2. Find a quantity such that if it be multipUed by a and 
the product increased by hy the result will be equal to c 
tilnes the quantity increased by d. 

Let X denote the required quantity. Then, from the con- 
dition of the problem, we hare 

a + h-=-cz + dy 
d-'h 



whence, x = 



a — c 



If we make the suppositions that (f = i and a = ^, the 
yalue of x becomes ^^ which is a symbol of indetermination. 

If we make these substitutions in the first equation, it 

becomes 

ax ■\-h^=^ax + hy 

which is an identical equation (Ari 84) ; that is, an equa- 
tion that must be satisfied for all yalues of x. These suppo- 
sitions render the conditions of the problem so dependent ob^ 
each other, that any quantity whaterer will satisfy them alL 

Hence, the result jr indicates that a problem admits of 

an infinite number of solutions. 

3. Find two quantities such that a times the first in-, 
creased by h times the second shall be equal to c, and that 
d times the first increased by / times the second shall be 
equal to g. 
. If we denote the quantities by x and y, we shall have 
from the conditions of the problem, 

ax + hy=.c (1) 

dxJrfy = g (2) 

- cd — ag , ig — cf 

whence, y = o > and a? = i^ — i 

' ^ bd — af hd—af 
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If now we make 

cd = ag, . . . (S) and af=bdy . • • (4)* 

we shaJl find by multiplying these equations together, mem- 
ber by member. 

These suppositions reduce the values of both x and y to ^ . 
From (3) we find, d = ^, and fi-om (4)/=* x rf = -^, 

C CL C 

which substituted in (2), reduce it to 

ax + hyz=zef 

an equation identical with (1). 

The suppositions made, render the conditions of the prob- 
lem so dependent on each other, that there is, in reaUty, but 
one equation, which ought, therefore, to give an indetermi- 
nate result. 

The result -, with the exception of the cases considered 

in Art. 80, generally arises from some supposition on the 
quantities entering a problem, which makes the conditions 
of the problem so dependent on each other as to give rise 
to more unknown quantities than there are independent con- 
ditions. In these cases the result t^ is a true answer to the 

problem ; it indicates that the problem admits of an infinite 
number of solutions. 

VIII. Interpretation of Negative Results. 

99. From the nature of the signs + and ^, as ex- 
plained in Art 7, we must give to a quantity preceded by 
the sign ^, an interpretation diametrically opposite to that 
which it would receive were it preceded* by the sign +. 
This will be better illustrated by a few 



J 
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EXAMPLES. 

1, To .find a number, which added . to J, will give a sum 
equal to a. 

L§t X denote the required number. Then from the con- 
ditions 

X + b =za, whence, • x = a — b. 

This formula gires the algebraic value of x for all eases 
of the problem. 

If we make a = 47 and b = 29, we have i = + 18. 
In this case a; is +, and we interpret it as requiring that 
18 shall actually be added to 29 to produce 47. 

If we make a = 24 and b = 31, we have x = — 7. 
In this case x is — , and we interpret it as showing that 7 
is to be subtracted from 31 to make the algebraic sum equal 
to 24. 

2. At a certain epoch a father has lived a years, and his 
son b years. Find the number of years from the epoch 
when the father is four times as old as the son. 

Let X denote the number of years required. 
Then will a + x be the age of the father, 
and b + X the age of the son, at the time required. 

From the conditions of the problem, we have, 

a + x __ j^ , , . __ a — 4& 

^ — O-jrX] .*. X — — ^ — • 

If we suppose a = 54 and b = 9, we have a? = -f- d. 
We agree to call time after the epoch +, and consequently 
interpret this result as showing that the required time is b 
years after the epoch — ^a conclueion which is readily verified. 

If we make a = 45 and & = 15, we have a; = — 5. 
Since the time is +, after the epoch; it must be — , before 
the epoch. Hence, we interpret the negative result as showing 
that the farther was four times as old as the son five years 
before the epoch. This conclusion is also easily verified. 



CHAP. IT.J EQUATI0I7S OF TEE PIBST DEOBEB. 121 



IX. Discussion of PnoBLEMa 

100. The Discussion of a problem consists in making 
every possible supposition on tlie arbitrary quantities that 
enter it, and interpreting the results. 

An Arbitrary Quantity is a quantity to which a value 
may be given at pleasure. 

The discussion of the following problem indicates the 
general method of discussion, as well as illustrates the mean- 
ing of the plus and minus signs, as signs of interpreta- 
tion, together with the jideas to be attached to the symbols, 

0,00, and -. 

101. Problem of the Couriers. — Two couriers, A and 
B, travel along the same hue, in the same direction, E' E, 
and at uniform rates; the courier A travels m miles per 
hour, and the courier B, n miles per hour. Now, supposing 
them to be separated by a distance a, at any epoch, say 12 
o'clock, when are they together? 

e;^ A B E. 

Let the position of the rearmost courier. A, be^ taken as 
the origin of distances, and suppose all distances estimated 
toward B to be positive. 

Denote the number of hours from the epoch to the time 
they are together, by t, and the distance the courier B tra- 
vels in the time /, by a?; then will the distance the courier 
A travels, in the same time, be denoted by a + x. 

Since the distance traveled is equal to the number of 
hours multiplied by the rate per hour, we have the equa- 
tions, 

mt = a -^- Xf and nt ^^ x, 

whence, by solving 

» a na ^ ma 

t = , X =: , and a? + a = 



m — w in— -w' m — n 
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To discuss these yalaes. The distance between the cou- 
riers at the epoch may be assumed at pleasure^ but from the 
suppositions akeadj made it cannot be negatiye. The rates 
of travel may also be assumed at pleasure. Hence, a^ m^ and 
n are arbitrary. The only hypotheses that can be made on 
a, are a > and a = ; the only hypotheses that can be 
made on m and ?» are m> n, m <in, and m z=n. By 
combining these, we have the following six cases : 

1°. a>0 and w>w. 4°. a = and w>n. 
2°. a > and w < w. 5°. a = and m <in. 
3°. a > and m = ». 6°. a = and m •=. n. 

We shall make each hypothesis separately. 

1**. a > and 7n > n. 

This hypothesis makes both terms of the fraction 



m — n 

positiye ; hence, the value of ^ is positive. 

We interpret this result as showing that the time re- 
quired is after the epoch 12 o'clock. 

This interpretation is in accordance with the supposition; 
for, if w > /I, the courier A travels faster than the courier 
B; hence, after the epoch, the distance between them con- 
tinually diminishes, and, consequently, at some time after the 
epoch they must be together. 

The same hypothesis makes both x and x + a positive, 
showing, as before, that the couriers are together somewhere 
to the right of the origin of distances. 

2°. a > and w < w. 

This hypothesis makes the numerator of the fraction 
a 




positive, and the denominator negative; hence, the 

value of t is negative. 

We interpret this result as showing that the time when 
they are together is before the epoch. 
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This interpretatipii is also in accordance with the suppo- 
sition ; for, if m < n, the courier B travels faster than the 
cooiier A; hence, alter the epoch, they continually separate. 
Before the epoch, they must have been together at some time, 
previous to virhich B waa approaching A, and after which the 
two were continually separating. 

This hypothesis makes both x and x + a negative, show- 
ing, as before, that the couriers are together at a point BV 
on the left of the origin of distances. 

3°. a > and mz=n. 

This hypothesis makes the numerator of the' fraction 
a 



finite, and the denominator 0; hence, the value of t 
m — n 

is equal to a finite quantity divided by 0, or to oo (Art. 80). 

This result is interpreted as showing that the time from 
the epoch when the couriers are together is greater than any 
asfflgnable time; that is, they are never together. 

This interpretation is also in accordance with the hy- 
pothesis ; for, it m = n, the couriers travel equally fest ; and 
since they are separated by a distance a, at the epoch, they 
always have been and always will be separated by the same 

interval; that is, they can never be together. 

The same supposition makes x and x + a, each equal to 

00, showing that the distance from the origin to the point 

where the couriers are together, is greater than any assignable 

distance. 

4° and 5°. a=zO, m>n, ahd a = 0, w < w. 
Either of these hypotheses makes the numerator of the 

fraction zero, and the denominator finite: hence, the 

value of ^ is equal* to divided by a finite quantity, or to 
(Art 80). 

This result is interpreted as showing that they are to- 
gether at the epoch. 
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This interpretation is in accordance with the supposition; 
for, since a = 0, they are together at the epoch ; and since 
m and n are unequal, they trarel at different rates; tjonee- 
quently, they can never be together after the epoch, nor 
could they ever have been together before the epoch. 

The same hypothesis makes both x and x + a equal to 0, 
showing that the distance &om the origin to the point where 
the couriers are together, is 0. 

6°. a = 0, and m^=n. 
This hypothesis makes both terms of the fraction 

equal to 0; hence, the value of ^ is ^, or, indeterminate 

(Art. 80). 

This result we interpret as showing that there is an i»- 
finife number of times when they are together. 

This interpretation is also in accordance with the suppo* 
sition made ; for, a being 0, they are together jat the epoch ; 
and m being equal to n, they travel at the same r^te; con- 
sequently, they will be together at all times, both bejfore 
after the epoch, 12 o'clock. 

The same hypothesis renders the values of x and x + a 
indeterminate, showing that there is an infinite number of 
distances, from the origin to the points where they are to- 
gether. 

102. The formula^ 

t= ^ 



ffi — u 



may be employed in many cases. As an example, let it be 
required to solve problem 33 of Article 91. In this case, 
a is the number of minute spaces the minute hand must 
gain on the hour hand from 12 o'clock ; hence, a = 61. 
The minute hand moves over 60 of these spaces in 1 hour, 
and the hour hand moves over 5 of them ; hence, wi = 60 
and 72 = 5. 
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Substituting these yalues, we haye, 

61 
g = gQ__g j or ^ = l^yA., or t = lh.^m. 

X. Of Inequalities. 

103. An Inequality is an algebraic expression of two 
unequal quantities, connected by the sign of inequality. 
Thus, a > d is an inequality, showing that a is greater than S. 

Of two unequal quantities, that one is the greater which 
is nearer to + oo, and that one is the less which is nearer 
.to — 00 . Hence, of two negative quantities, that one is the 
greater, algebraically, which has the fewer units. 

The part on the lefb of the sign is called the first mem- 
ber, and the part on the right, the second fn^dber oi the in- 
equality. 

Two inequalities subsist in the same sense when the 
greater quautity is in the first member of both, or in the 
second member of both; they subsist in a contrary sense 
when the greater quantity is in the first member of one and 
in the second member of the other. Thus, the inequalities 

25>30 and 18>10, 

subsist in the same €ense; and the inequalities 

15>13 and 12 < 14 

subsist in a contrary sense. 

The following principles enable us to transform inequalities : 

I*'. If we add the same quantity to, or subtract tlis same 
quantity from, both members of an inequality, the resulting 
inequality will subsist in the same sense. 

Thus, if we add 5 to, or subtract 5 from both members 
of the inequality 

we have, 

9 > 7 and — 1 > — 3. 
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This principle enables us to tranq)ose a term from one 
member of an inequality to the other by simply changing- 
its sign. Thus, from the inequality 

we find, by transposition, 

a; > a + 5. 

2°. If two members of an inequality be multiplied or 
divided by a positive quantity, the resulting inequality will 
subsist in tJie same sense. 

Thus, if we multiply or divide both members of the in- 
equality 

^ 12 > 8 

by + 4, we have 

48 > 32 and 3 > 2. 

This principle enables us to clear an inequality of frac- 
tions. Thus, if we multiply both members of the inequality 

4 "■ 3 -^6 
by 12, and reduce, we have 

9x — 8J>2a; — 84. 

The following precautions are to be observed in treating 
inequalities : 

3°. If both members of an inequality are positive^ they 
may be raised to like powers without changing the sense of 
the inequality. 

Thus, if both members of the inequality 

12 > 5 

be squared or cubed, we have 

144 > 25 and 1728 > 186. 
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4**. If the two members of an inequality be multiplied or 
divided by a negative quantity, the sense of the inequality 
must be reversed. 

Thus, if we mulidply or divide both members of the in- 
equality 

3<7 

by — 4, we have 

— 12> — 28. 

5°. If both members of an inequality are negative, they 
may be raised to any odd power, and the resulting inequality 
will subsist in the same sense; but if both members be raised 
to an even power, the sense of the resulting inequality wiU 
be reversed. 

ThxxB, if we square and cube both members of the in- 
equality 

— 3 > — :5, 
we have 

9<25 and — 27>— 125. 

By the aid of these pnnoiples we may solve an in- 
equality; that is^ we can find an inequality in which the 
unknown quantity shall form one member. 

EXAMPLES. 

1. 6a? — 6 > 19. Ans. a; > 6. 

14 

2. dx + -jr-x — 30 > 10. Ans. a; > 4. 

ax a^ 

4 -^ + &» — aJ>-r-. Ans. x'> a. 

6. -j^ — aa? + aJ < -=-. An^. a? < J. 



\^^,^ 
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CHAPTER V. 



SQUARE ROOT ANBT RADICALS OF THE SECOND DEGREE. 



I. Square Root of Numbers. 

104. The Square of a Number is tho product that 
arises from taking that number twice as a factor. Thus, 144 
is the square of 12, because, 12 x 12 = IM. 

The Square Root of a Number is one of its two equal 
factors. Thus, 12 is the square root of 144, because, if 144 
be resolved into two equal factors, one of those factors is 12. 

When a number can be resolved into two equal factors, 
which are entire, it is said to be a perfect square, and its 
sqiiare root can be exactly found. When a number cannot 
be resolved into two equal entire factors, it is said to be an 
imperfect square, and its square root can only be found ap- 
proximately. Thus, 144 is a perfect square, and 12 is its ex- 
act square root; but 40 is an imperfect square, and 6.324 is 
ita approximate square root. 

To deduce a rule for finding the square root of a whole 
number, let us write down the first ten whole numbers and 
their corresponding squares, as in the following 

TABLB. 

Numbers, 1^ 2, 3, 4, 5, 6, 7, 8, 9, 10; 
Squares, 1, 4, 9, 16, 26, 36, 49, 64, 81, 100. 

When a number is less than l6% look for it in the lower 
line of the table; if it is found there, the corresponding num- 
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1184 
1184 



ber in the upper line is its square root; if it is not found 
there, it will lie between two consecutive numbett of that 
line, and its square root will lie between the corresponding 
numbers in the upper line. 

When a number is greater than 100, its square root will 
be greater than 10; that is, it will contain more than one 
place of figures. In this case, denote the number by N, and 
let a denote the tens and b the units of its square root; we 
shall haye, 

ir = (a + J)» = aa + 2aJ+J«. 

Hence, every number is made up of the square of the tens of 
its root, plus twice the product of the tens by the units, plus 
the square of the units. 

This law enables us to find the 60 84 [78 

squftfe root of any number. ^^ 

1. Let us take the number 6084. 7 x 2 . . 148 
Since the. square of the tens cannot 
contain any significant figure of a less 
denomination than hundreds, we point off a period of two 
figures on the right, and look for the square of the tens in 
what remains. The greatest perfect square in 60 is 49, and 
its square root is 7; hence, there are 7 tens in the required 
root, Subtracting 49 from 60, and bringing down the period 
84, we have for a remainder 1184; this is made up of twice 
the product of the tens by the units, plus the square of the 
units ; hence, if we divide it by twice the tens — ^that is, by 
140— or, what is the same thing, if we divide 118 by 14, the 
quotient 8 will be the number of units, or some greater num- 
ber. As a test, we annex 8 to the trial divisor 14, and also 
to the root 7, and then multiply it into the augmented 
divisor 148 ; this multiplication gives tmce the product of the 
tens by 8, plus the sqtuzre of 8 ; and since this is found equal 
to 1184, we infer that 8 is the required number of units. 

Hence, the entire root is 78. Had the last multiplication 
9 







6714 
450 9 



12054 4 
12054 4 
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given a namber greater than 1184, we should have dimiiV' 
ished the figure to be tested until the product was equcU to 
j)r less than this number, 

/2. Let us next extract the square root of a number con- 
taining more than four figures. 

Let 66821444 be the number. 56 82 14 44 [7538. 

If we consider the root as made up 49 

of a certain number of tens and a 145 78 2 
certain number of units, the number _72 5 

will, as before, be equal to the square 150 3 
of the tens plus twice the product of 
the tens by the units plus the square 1506 8 

of the units. 

If then, as before, we point off a 
period of two figures, at the right, the square of the tens of 
the required root will be found in the number 568214, at 
the left; and the square root of the greatest perfect square 
in this number will express the tens of the root. 

But since this number, 568214, contains more than two 
figures, its root contains more than one; that is, the square 
root of the given number contains hundreds, and the square 
of the hundreds will be found in the figures 5682 ; hence, if 
we point off a second period of two figures, the square root 
of the greatest perfect square in what remains will be the 
hundreds of the required root. But since 5682 contains more 
than two figures, its root will contain more than one; that 
is, the root of the given number contains thousands, and the 
square of the thousands will be found in 56; hence, if we 
point off a third period of t^o figures, the square root of the 
greatest perfect square in what remains will be the thousands 
of the required root Hence, placing a point over 56, we 
proceed thus: 

The greatest perfect square in the first period is 49, and 

its square root is 7; hence, 7\ia the number of thousands of 

^e required root. Placing 7 on the right of the given num- 
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ber, and subtracting its square, 49, firom the left-hand period^ 
we find. 7 for a remaiuder, to which we annex the next 
period, 82. Separating the last figure on the right from the 
others by a point, and dividing the nunjiber on the left bj 
twice 7, or 14, we haye 5 for a quotient, which we place at 
the right of the figure already found, and also annex it to 
14. Multiplying 145 by 5, and subtracting the product from 
782, we find the remainder 57. Hence, 75 is the number of 
hundreds of the required square root Then bring down the 
next period, annex it to the second remainder, giving 5714, 
and divide 571 by twice 75, or 150. The quotient 3 annexed 
to 75 gives 753 for the number of tens in the root sought; 
find^ as before, the number of units, which in this case is 8. 
Hence, the required square root is 7538. 

A similar course of reasoning may be applied to any 
other number. Hence, for the extraction of the square root 
of whole numbers, we have the following 

RULE. 

I. Separate the given nuniber into periods of two 
figures each, beginning at the right hand: the 
period on the left will often contain hut one figure: 

IL Find the greatest perfect square in the first 
period on the left, and place its root on the right, 
after the manner of a quotient in division. Subtract 
the square of this root from the first period, and to 
the remainder bring dovm the second period for a 
dividend : j 

HI. Double the root already found and place it 
on the left for a divisor. See how many tirn^es the 
divisor is contained in the dividend, exclusive of the 
right-hand figure, and place the quotient in the root 
and also at the right of the divisor : 

IV, Multiply the divisor, thus augmented, by the, 
last figure of the root found, and subtract the pro- 
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duct from the dividend, and to the remainder bring 
down the next period for a new dividend: 

V. Double the whole root already found, for a neuu 
divisor, and continue as before, until all the periods 
are brought down and operated upon. 

If the final remainder is 0, tbe given number Is a perfect 
square ; if it is not 0, the root found is the mtire part of 
the required root. 

It is to be observed that the root contains as many places 
of figures as the given number contains periods. 

EXAMPLES. 

1. Find the square root of 7225. Afis. 85. ^ 

2. Find the square root of 17689. Ans. 133. 

3. Find the square root of 994009. Ans. 997. 

4. Find the square root of 85678973. Ans. 9256-^. 

5. Find the siquare root of 6781:?675. Ans. 8234+. 

6. Find the square root of 2792401. Ans. 1671 +. 

7. Find the square root of 3749^042. Ans, 6123 +. 

8. Find the square root of 3661,ob7049. Ans. 60507. 

9. Find the square root of 918741^67^704 Ans. 958510+. 
10. Find the square root of 746^84164* Ans. 8642. 

105. Imperfect Squaxes.— The square root of a whole 
number that is an imperfect square, is incommensurable 
with 1 ; that is, its value cannot be expressed in exact parts 
of 1. For, let & be a whole number that is an imperfect 

square, iand suppose that its square root is equal to ^, in 
which a and * are prime whole numbers. We shaQ have, 

but, by hypothesis a and h, have no common factor; hence, 
a^ and J2 have no common factor ; that is, we have a whole 
number equal to an irreducible fraction, which is absurd. 
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Hence, it is impoesible that the square root of an imperfect 
square should be expressed in exact parts of 1. 

In like manner, it may be shown that any root of an im- 
\perfect power cannot be expresseci in exact parts of 1. 

y^l06. Fractions* — Erom the principle of multiplication 
/ we see that a fraction can be squared by squaring its nume- 
rator and denominator separately. Beversing the operation, 
we find the following rule for extracting the square root of 
a fraction : 

• RULE. 

Extract the square root of the numerator for a 
new numerator, and the square root of the denomi- 
nator for a new denominator. 

EXAMPLES 

Extract the square root of the following fractions : 

4096 64 

^* 682169' ^^* 763* 

^ 273529 . 623 

^' 956484' ^^*' 978' 

3. 64H or 1||?. Ans. 7f 

Approximation. — If the numerator and denominator are 
not both perfect squares, the exact root of the firaction 
cannot be exactly found. We can, howeyer, find the root 
to within less than the frtictional unit. Thus, to extract 

the square root of ^ to within less than ^, multipqr both 

terms of the fraction by }, and we have -^. 

Let f« be the greatest perfect square in ah, then will ai 

be oontamed between r* and (r + 1)^, and ^ will be oon- 
tamed between *^ 

:!l and ^^ + ^)' '*' 
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ah a 

and the sqnaipe root of ^, or its equal ^, will be contained 

between 

— and — ^ — . 
I b 

T t* -4- 1 1 

But the difference between ^ <uid "T , is ? ; hence, either 

O 

will be the square root of ^ to within less than ^. We 
'haYCi then, the following 



RULE. 

Multiply the numerator by the denominator, and 
extract the square root of the product to within less 
than 1; divide the result by the denominator, and 
the quotient will be the approximate root. 

For example^ to extract the square root of ^9 we multi- 
ply 3 by 5, which gives 15 ; the perfect square nearest 15, 

4 

is 16^ and its square root is 4; hence, -= is the square root 

3 1 

of ^ to within less than ■=. 


107. Approximation for Integers.— To determine the 
square root of a whole number which is an imperfect square, 

to within less than a given fractional unit, as ^ 

Beduce the number to a fractional form*^aYing the given 
fractional unit, and then apply the preceding rule : or what 
is an equivalent, 

Multiply the given number by the square of the denomi- 
nator of the fraction which determines the degree of approxi- 
mation; then extract the square root of the product to the 
Hirest unity and divide this root by the denominator of the 
^ion. 
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EXAMPLES. 

1. Let it be required to extract the square root of 59, to 
withiu less than zr^ 

First, (12)» = 144; and 144 x 69 = 8496. 

Now, the square root of 8496, to the nearest unii^ is 92 : 
hence, 

92 1 

Y^ = 7tV* which is true to within less than js' 

2. Find the VlT to within less than j^. ^ns. 3^ 

3. Find the V^23 to within less than j^. Ans. 14fj^ 

To find the square root of a whole number to within 

111 
lO' 100' lOOO' ®^'' ^^ ^ ^^^^ necessary, according to the 

preceding rule, to multiply the number by (10)^ (100)', 
(1000)'; or, what is the same thing. 

Annex to the number, twOy four, six, etc., ciphers : tJien 
extract the root of the result to the nearest unit, and divide 
this root by 10, 100, 1000, etc., which is effected by pointing, 
off one, two, three, etc., decimal places. 



EXAMPLES. 

1' 

t. To find the square root of - 7 to within less than r^ 



Haying multiplied by (100)'; that is, 7 00 00 

having annexed four ciphers to the right 4 

hand of 7, it becomes 70000, whose root 46 300 

to the nearest unit, is 264; this divided | 276 

by 100 gives 2.64 for the answer, and 524 2400 

1 I 2096 
this is true to within less than 



2.64 



100' 304 Bem. 
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2. Find the V^O to within less than j^. Ana. 5.38. 



3. Find the V227 to within less than ^ . 

Ans. 15.0665. 

The number of ciphers to be annexed is always equal to 
double the number of decimal places required to be found in 
the root. 

108. Entire and Decimal. — The manner of extracting 
the square root of a number containing an entire part and 
decimals, follows immediately from the preceding. 

Let us take for example the number 3.425. This is 

equivalent to j?^- Now, the denominator is not a perfect 

square, but may be made such without altering the value of 
the fraction, by multiplying both terms by 10 ; this gives 

34250 34250 

10000 ^^ (100)3* 

Then, extracting the square root of 34250 to the nearest 

185 
unit, we find 185; hence, t^ or 1.86 is the required root 

-I 
to within less than 



100* 

^ If greater exactness is required, annex as many ciphers 
as will make the number of periods of decimals equal to the 
number of decimal places required. Hence^ to extract the 
square root of a mixed decimal : 

Annex ciphers until the whole number of decimal places 
Js equal to double the number required in the root Then, 
extract the root to the nearest unit, and point off the required 
numJber of decimal places, 

EXAMPLES. 

1. Find the V3271.4'r07 to within less than .01. 

A71S. 57.19. 
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2. Find the V31.027 to within less than .01. 

Am. 5.57. 
^ i , 

3. Fmd the VO. 01001 to within less than .OOOOi; 

/— ^5- '^S ^^' 0.10004. 

Vulgar Fractions. — To find the square root of a yulgar 
fraction in terms of decimals: 

Charge the vulgar fraction to a decimal and continue the 
division until the number of decimal places is double the 
number required in the root. Then, extract the root of tlie 
decimal by the last rule. 

EXAMPLES. 

1. Extract the square root of tj ]bo within less than .001. 

This number, reduced~to decimals, is 0.785714 to within 
less than 0.000001. The root of 0.785714, to the nearest 

unit, is 886; hence, 0.886 is the root of :rj to within less 

than .001. 

2. Find the Vm to within less than OiOOOl. Ans. 1.6931. 




II. Square Root of Aloebraic Quantities. 

109. Monomials. — ^To deduce a rule for extracting the 
square root of a monomial, let us examine the law of forma- 
tion of its square. Let us take, as an example, the mono- 
mial 6cfil^. By the rule for multiplication of monomials, we 

haye, 

{6aVf^cy = 5a»Wc x 6aWc = 25«*}«(J« ; 

that i^, to square a monomial, we square its coefficient, and 
double the exponent of each letter, 

Beyersing this operation, we haye for extracting the square 
toot of a monomial the following 




138 



SLEKIMirrS OF ALGEBBiL 



[CHAF. 



RULE. 

Extrcbct the square root of the coefficient for cu n&ija 
coefficient, and write after this, each letter, with cltl^ 
exponent equal to its original exponent divided hi/ 
two, 

A monomial is a perfect square when its coefficient is a 
perfect square and the exponents of all its letters are eTen 
numbers. 

EXAMPLES. 

Extract the square root of the following: 



1. \UVi^. 

2. 81«*J*. 

3. 625rf»J«^ 

6. 16cr-aj-« 

6. ?i«*'»-»d»c»P. 

4 

2iii 2b 

7. 36x~iry"m. 

8. 289arV^- 



W 



?\ 



:^ 



\ 



Ans, 4ab(^. 

Ans. 9a^l^. 

Ans. ^haWf 

Ans. Scfl^^ic 

Ans. ia~^b~'\ 

9 
Ans, ^a^^-^^cP. 

Ans, 6a?-"y-s^. 
Ans. Vtorhf-^z. 



109. Polynomials.— To deduce a rule for extracting the 
square root of a polynomial, let us first consider the law of 
formation of the square of a polynomial, taking for this pur- 
pose the polynomial, 

2a;^ + 3« + 1, or, (^a? +Zx) + 1. 

Considering the bracketed binomial as one quantity, we 
have (Art. 33, 1°), 

[(2a:» + 3«) + 1?= (2a;8 + ^^y + %{U^ + Zx) + 1\ 
deyeloping and reducing, we haye, 

{%ifi + Zx + l? = i3^ + 12«« + 13a? + 6a: + 1. 
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Beyerdng the operation, we find the square root by a pro- 
cess entirely analogous to that used for extracting the square 
root of whole numbers. Thus, 



4a^ + 
4a^ 



Ua? + 1^ + ^+1 \2a^ + Bx + l 



4a?+3a: 



+ 12a;* + ISofi + 6a? + 1 
12a* + 9a^ 




4a;«+6a;+l 



4a^ + 6a; + 1 
4a!' + 6a; + 1 







Here we take the square root of 4a;*, which is 23fly for the 
first term of the root, and then subtract 4a;* fix)m the given 
polynomial, for a remainder. 

We then douUe f^ for a partial divisor, and find how 
many times it is contained in 12a;^; the quotient, 3x, we add 
to the partial divisor, and also to the root, and then multiply 
the divisor thus augmented by this last term, subtracting the 
product from the first remainder, for a second remainder. 
Again doubling the root already found, and proceeding as 
before, we find 1 for the third term of the root, and for a 
final remainder. 

Since all other cases may be treated in a similar manner, 
we have the following 

RULE. 

/. Arrange the polynomial with respect to one Of 
Us letters, and extract the square root of the first 
term for the first term of the root. Subtract the 
square of this term from the polynomial, for the first 
remainder: 

11. Double the root alrea^dy found, and place it on 
the left of the first rem^ainder for a divisor ; divide 
the first term/ of the first remainder by this divisor, 
for the second term of the root; add the quotient to 
the root found, and also to the divisor; multiply the 
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divisor, thus augmented, by the last term of the root 
found, and subtract the product from the first re- 
mainder for a second remainder: 

III. Double the root already fownd for a second, 
divisor. Divide the first term of the second remain- 
der by the first term, of the second divisor for the 
third term of the root; add this term to the root and 
to the second divisor, and proceed as before, continue 
ing the operation as far as desirable. 

If a final remainder is found, equal to 0, the root ia ex- 
act K no sncb remainder is fonud, the polynomial is not a 
perfect square. 

EXAMPLES. 

Find the eqoare roots of the following polynomials : 

1. 26a* — 30a»S + 49a»S* — 24aJ» + IBM 

Arts. 6o' —385 + 4**. 

2. «» + iah: + GeAi? + ias? + of. Ans. i^ + So* + a^. 

3. ff* — 2c^x + 3aV — 203? + sf. Am. a' — or + a?. 
I 4. 4z« + 12a* + 5«* — ar» + 7a? — 2a: + l. 

yL _ Am. 2a? + 8a:» — a: + 1. 

'KjS. fla*— l&i»6 + a8^*» — 16(rfi» + 16J*. 

■ ' ii. Am. 3^— 2a5 + 4J» 

— 36(^*c«+9aV. Am. 5<^4afic+6&^— 3<rti 

1. ^■\- Za3fi + 3aV + 2(rtr + a*. Am. a^ + ax + a». 

8. a5aV — 30ay + aa^'^^ iars« + 4y*. 

Ana. 5a?jf — 3afy» + 2y». 

9. a< — 4a« + 4a:* + 12a?_24a* + 36. Am. a* — aa« + 6. 
.__. ... «_^. 



K 



10. j4_2a^ + -a^_-^ + — . Atu. a;»-a: + j 



Ans. 
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13. 4a;* + 6a« + ^sfi + 16a? + 26. Am. ga:' + ^a; + 6. 

13. a?«n — 4£^l^ + 4J^. Ans. a™ — W^. 

15. x*4--5 + 2a; 1. Ans. a; + l-^-. 

ar a? a; 

Principles. — 1^ A binomial can never be a perfect 
square. For, its root cannot be a monomial, since the square 
of a monomial is a monomial'; nor can its root be a poly- 
nomial, since the square of the simplest polynomial, viz., a 
binomial, contains at least three terms. Thus, an expression 
of the form 

can never be a perfect square. 

2^ A trinomial may be a perfect square. If so, when 
arranged, its extreme terms are squares, and the middle term 
is double the product of the square roots of the other two. 
Therefore, to obtain the square root of a trinomial, when it 
is a perfect square ; 

Extract the square roots^ of the extreme terms, and give 
these roots the same or contrary signs, according as the 
middle term is positive or negative. 

Thus, 9a^ — 48«*J2 + 64a'J*, is a perfect square, and its 

square root is, 

Scfl — 8a J2. 

III. Radicals of the Second Degree. 



110. The Badical Sign V , indicates a root to be 
extracted (Art 6, 6""). When the indicated root can be found 
exactly, the quantity is said to be a rational quantity under 
a radical form: thu^ Vl6 is a rational quan^ty under a 
radical form. 



k 
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A Radical Qtiautity iB an indicated root of an imper- 
fect power of the degree indicated: thne, V^ and V3a*, 
are radical qnaatitaes: thej are also called, IrrtUional Quan- 
tities, or Surds. 

Degrees of Badicals.— Badicals are also divided into 
d^rees, according to the index of the root to be extracted. 

When the sqnare root is indicated, the radical is of the 
second degree; when the cube root is indicated, the radical 
is of the third degree ; and so on. Thus, -x/?, V^, and V« 
are radicals of the second degree ; ^a and ■{'16 are radicals 
of the third degree. * 

The index of the root is called the index of the radical. 

Similar Radicals. — Badicals are similar when ,they are 
of the same degree, and when the qnantity nnder the radical 
fdgn is the same in both. Thus, aV^ and c"i/b are dmilar. 
The quantity written before the radical sign is called the 
coefficienf of the radical. Tbns, in the radicals just giveo, 
a and c are coefficients, each showing how many times V^ 
is taken. 

111. Sign of the Root. — Since the product of two 
uf^tive quantities ia +, as well as the prodact of two posi- 
tire ones, it follows that the square of — a, as well as the 
wjuare of + a, is + B* ; hence, the square root of o^ is 
bol.li + and — ; that is, (^ has two square roots, + a and 
— a. This result may be written, 

V^= ±0. 

In all cases a positive quantity has two square roots, 
numerically equal, hut with contrary signs. From what has 
JQSt been shown, the sqau« of a positive quantity is +> and 
the square of a negative quantity is also 4- ; hence, it is im- 
poBsible that the square of any real quantity be negative. 
enco, the indicated square root of a negative quantity is 
1 imaginary/. Thus, V — H, V — 1, and V — 16 are 
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imagiDary qaantaties^ or imagmaiy expressions. Any indicated 
root of an even degree, of a negative quantity, is imaginary. 

It ^1 be shown hereafter that imaginaiy expressions ad- 
mit of interpretation, and that they are subject to most of 
the operations of Algebra.. 

A root of an odd degree, of a negatiye quantity, is real j 
thus, 

V=27 = -3. 

112. Transformation. — The transformation of a radical 
is the operation of changing its form without changing its 
yalue. The principal transformations of radicals of the sec- 
ond degree depend on the following principles* 

1°. Let a and b denote any two quantities, and p the 
product of their square roots ; then, 

Va X Vb=:p (1) 

Squaring both members' of equation (1), we have (Art 86| 
Ax. 6), 

or, ab:=jp^ (2) 

Extracting the square root of both members of equation 
(2), we have (Art 86, Ax. 6), 

Vob=:p; 

bflt things that are equal to the same thing are equal to 

each other; therefore, 

.< 

Va X Vb = Vfl* ; hence. 

The product of the square roots of two quantities is equal 
to the square root of the product of those quantities; and 
the reverse. 

2°. Denote the quotient of Va by VJ, by q\ whence, 

i=' "> 
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Squaring both members of equation (1), we find, 
or, f = ?» • • • • C2) 

* • 

Extracting the square root of both members of equation 
(2), we have . 

But things that are equal to the same thing are equal to 
each other; therefore, 

^ = |/|; bene; 

The quotient of the square roots of two quantities is equal 
to ihe square root of the quotient of the same quantities ; 
and the reverse, * 

113. Simplest Form. — A radical of the second degree 
is in its simplest form when there is no factor under the 
radical sign that is a perfect square. 

To reduce the radical, V^Sad*, to its simplest form, we 
have, 

V^98aF, = V496*ir2a. 

But from the first principle we have, 

V 

Since all similar caises may be treated in the same man* 

ner, we have, for reducing a radical of the second degree to 
its simplest form, the following 

RULE. 

L Resolve the quantity under the radical sign into 
two factors, one of which is the greatest perfect 
square that enters it, as a factor : 
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II. Write the square root of the perfect square be- 
fore the radical sign, under which place the other 
factor. 

BXAMPLEa 

Bednce the foUowing expressions to their simplest forms: 



1. V75o»fe. 



2. Vi28W^. 

3. V32a»^^. 

4. V256a2J*c». 



6. Vi02^W. 



6. V728aWrf. 



Am, 8J»«»dV2*. 

Am, Aan^^2ac. 

Ana, 16a JV. 

Am. ^M^V(?Vabc. 

Am, 2a»^c« Vl82aW. 



BadicaJ polynomials can be simplified in like manner when 
they can be fitctored. 



7. vW+'^^MF^^. Am. (a + ^h)^/a^. 

8. V2 {flx — *a«)». -4«s. (flap — ha^) V2 (or — ba^). 

9. Vic* — 12a? — 16. ^n«. (a? + 2) Va; — 4. 

114. Reverse Process. — By reversing the above pro- 
cess, we may introduce a coefficient, or a £EK)tor of a coeffi- 
cient, under the radical sign. Thus, 

aV^= V^ X V6 = Vc^ 

And since the same operation may be performed in all 
similar cases, we have the following 

RULE. 

Square the coeffloient or factor, and write it under 
the radical sign as a factor. 
10 
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EXAMPLES. 

Place the coefficients in the following examples under 
radical sign: 

1. 6 Vl3 Ani. V468. 

2. 12 V7. Ans. Vioi. 

3. a^/h ^c. Ans. "s/a^b — ah. 

The principal use of this transformation is to find an ap- 
proximate yalue of a radical to within a given unit Thus 
to find the value of 6 'v/13, we may extract the square roo 
of 13 to within 1, which gives 4 as the nearest value; thei 
multiplying by 6, we find 24, in which the error committer 
by taking 4 as the square root of 13 is multiplied by 6. I 
however, we introduce 6 under the radical sign, giTin^ 
V468, and then extract the root to within 1, we have, 

6 \/l3 = 21, to within less than 1. 
In like manner, 

12 V? = 31, to within less than 1. 

115. Addition and Subtraction. — K two radicals 
the second degree, when reduced to their simplest form {h 
113), are not similar (Art. 110), they must be connec 
with each other by their proper signs. But if they are sii 
lar, when so reduced, they may be added or subtracted 
the following 

RULE. 

Add or subtract the coefficients, and to the si 
or difference annex the common radical part, 

EXAMPLES. 

Add the following radicals: 
1. 3a VJ, 5c VJ, and 2c V*. Ans. (3a + Ic) i 
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2. 7V2a, 3V2a, and \/8a. 
^1 a. \/48a^ and JV76a. 

4. Prom 7V^ subtract 2V^. 

5. From ^/4&aV subtract hVTba. 



Ans. 12V2a. 
Ans, DJVSa. 

-4w«. — JV3a. 



6. Prom V98fl5J3 subtract Vl8a«^. 

^n5. (7a — 3i) aJ V2a. 

116. Mtdtiplication of Badicals.— Let a V^ and c ^/d 
be any two radicals of the second degree ; their product will 
1)6 denoted thus, 

a V^ X c Vdy 

which, since the order of the factors may be changed with- 
out altering the value of the product, may be written, 

a X c X Vd X VS. 

The product of the last factors firom the 1st principle of Art 
112. is equal to VW; we have, therefore, 

a Vb X c Vd = ac Vbd. 

Hence, to multiply one radical of the second degree by 
anotljer, we have the following 

RULE. 

Multiply the coefficients together for a new co- 
efficient; and the quantities under the radical sign 
for a new quantity under the radical sign. 

EXAMPLES. 



1. 3 Vdab X 4 V20a = 12 \/I6o^ = 120a V*. 

2. ia Vbc X 3a Vbc=: Ba* \/^= 6a»}c. 

3. 2a Vfl^ + S* X — 3a Va^ + V^ = — Ba* (a^ + J^), 
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' Perform the following indicated multiplications: 

ft 

6. (5 V8 + 2 V5) X (3 V5 - 2 V2). 
* Ans. —10 + 26 ViO. 

> 

6. 2a Vbc X 3J Vc^ X a V2a. Ans. 6(filPc V2. 

117. Division of Radicals. — Let aVb and cVd 

represent any two radicals of the second degree, and let it 
be required to -find the quotient of the first by the second. 
This quotient may be indicated thus, 

— ^, which is equal to ~ x — ;=; 
cVd c Vd 

but from the 2d principle of Art. 112, 

^ = |/|; conaequently, ^ = -^^1' 

Hence, to divide one radical of the second degree by 
another, we have the following 

RULE. 

Divide the coefficient of the dividend by the co^ 
efficient of the divisor for a new coefficient ; and the 
quantity under the radical sign in the dividend by 
the quantity under the radical sign in the divisor 
for a new quantity under the radical sign. 

exampl£:s. 

1. Divide 6a V* by 2JV^. Ans. ^r -• 

2. Divide 12ac\/6fc by AcV^. Ans. Za^c. 

3. Divide 25a8jV^ by hdl^'/mn^. Ans. ^i/l 

\ L Divide V^a^c + Qabc+db^c by Vs^c— i0a?+5?. 

S> Ans. ^-t*|4. 

'x a — c^ 6 



1 
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3.18. national Terms.— For the porpoBes of namerical 
computatioiij it is often desirable that the denominator of a 
radical fraction should be made rational 

When the denominator is a simple radical^ we may mul- 
tiply both terms of the fraction by the denominator. Thus^ 

2 __ 2V3 _ 2V9 

Here the latter expression is more easily computed than the 
former. 

When the denominator is a binomial radical^ the denomi- 
nator may be made rational by multiplying both terms by 
the denominator with the sign of its second term changed. 
Thus, 

^ __ a(Vp-- Vq) _ aVp — aVq ^ 

Vp + Vq''(Vp + Vq){Vp-Vq)^ P^S 
also, 

a a {Vp + Vg) a V p + aVq 

Vp — Vq {Vp — Vq) {Vp + Vq) P^9 

If one of ihe terms of the denominator is rational, we 
may make the denominator rational by the same method. 

EXAMPLES. 

Make rational the denominators of the following : 

1. ^-^. Ans. 21+J^ = 9, to within J. 

_ 7a/5 . 7V55-7-V/15 „, . ..,. , 
3. — == —. Ana. — s — -■ — — 3.1 to within j*Tp 

g 3 + 2 V7 



6Vi2— 6V5 

. (3 + 2 V7) (5^12+6^5) „,„„ ^ .^,. 
Ans. i '-~^ — ^ ■ ' = 2.123 to within t^. 



120 



VJ^^^ V~^ «-«''»<'V' CX*-^— X/ t--' ' 



/ 
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Simplify the following: 

, (3+ V3)(3 + V5)(V5-2) 



5. 



AUB. 



Ans. g Vi5. 



(5 - V5) (1 + V3) 
(7 - 2 V5) + 2 + Vis ^^ (9 + V5) (2 V^ + V7) 




;?. 



IMISCELLAKEOUS EXAMPLES. 

1. Simplify Vi25. Am. 5 \/5. 

2. Beduce V Tjry to its simplest form. 

We obserre that 25 will divide the numerator^ and hence. 



^ UT^ ^ 147 ■" *^ 147 
^ce the perfect square 49 will divide 147, 

' U7 '^ 49 xS t'^ 3 

Divide flie coefficient of the radical by 3, and multiply 
the nnmber under the radical by the sqnare of 3 ; then, 

5./2 5 ./18 5 /5 . 

3. Bednce \/98a^ to its most simple form. 

Ans. 7aV^' 

4. Beduce V(a^ — o^) to its most simple form. 

Ans. xVx^a^. 

5. Eequired the sum of \/72 and Vl28. A. 14^2. 



; / f "' 



CHAP. T.] BADIOALS OF THE 8E00ND DEQRBE. 



151 



6. Bequired the sum of V27 and VH?. 

7. Bequiied the sum of y ^ and y tr 



Ana. 10^3. 




Ans. ^ y 6. 

a Bequiied the. sum of 2V^ and 3^64^. 

Am. (2a + 24a^) Vft. 

9. Bequired the sum of 9V2i3 and 10^363. 

Ans. 191 Vs. 

45 

11. Bequired the product of 5 VS and 3 V5. 

12. Find the product of |v| and |i/J' 



3^ 8 



4^ 10 



Ans. -jkV^- 
40 

13. Divide 6VlO by 3\/5. ^w«. 2\/2. 

14 Find the sum of VlSoW and VsOoW. 

-4«5* (3a8J + Sab) V2^. 

15. Find the algebraic sum of 



<• 



6i/l, «id lav^- 



^7}«. 



8V2l-15v^+36V3 

I- r I . 

6 



' f 



CHAPTER VI. 



EQUATIONS OF THE SECOND DEGREE. 



I, Kquations with One Unknown Quantity. 

119. Equations of the second degree may contain bui 
one unknown quantity^ or they may contain more than one. 
The former class will be considered first 

Equations of this clas9 are often called QyMratic EqtLOr 
tions. 

120. Degree. — ^An equation containing but one unknown 
quantity is of the second degree when the greatest exponent 
of the unknown quantity^ in any term^ is 2. 

Simplest Form. — ^To deduce a rule for reducing such 
an equation to its simplest form^ let us take the equation. 

Clearing of fractions, 

^aafi — 16cx — 60= 6ai? — aa 
Transposing and arrangmg, 

6fla« — 6iB» — 16«i; = + 60 — 20. 
Factoring and reducing, 

(5a — 6) iB» — 15cx = 40. 
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Diyiding both members by the coefficient of a?, we have, 

. 15c 40 

a^^- -x=z 



5« — 6 6a — 6' 

If we now replace the coefficient of x by 2p, and the 
second member by q, w^ shall have, 

a^ + 2px = q; 

and since all similar equations may be reduced in like man- 
ner, we conclude that every equation of the second degree, 
containing but one imknown quantity, can be reduced to the 

form 

a^ + 2px = q, 
by the following 

RULE. 

I. Clear the equation of fractions: 

II. Transpose all the hnown terms to the second 
Tdemniber, and all the unJcnown terms to the first: 

III. Reduce the terms involving the square of the 
, wnJcnown quantity to a single term of two factors, 

one of which is the square of the unJcnown quantity : 

rV. Then, divide both members by the coefficient 
of the square of the unknown quantity. 



When %p = 0, that is, when the coefficient of the 
second term of the reduced equation is equal to 0, that equa- 
tion is said to be incomplete. When 2p is not equal to 0, 
the equation is complete. 

The incomplete equation is often called a Pure Quadratic, 
and the complete equation is called an Adfected Quadratic. 

9 

122. Incomplete Equations.— An incomplete equation 
can always be reduced to the form 

afi^q, 
by the rule of Article 120. If we extract the square root 



164 ELSUENT8 0? ALQEBRA. [CKAP. TK. 

of both membeiB of Hob eqaalion, remembering that every 
quantity has two sqaare roots {Art 111), ve have, 

X=±Vq. 

In this case, the equation has two roots, nnmerically 
eqnal, but having contrary signs. 

Denoting the first root by x' and the second by x", we 
haTO, 

x' = + Vg and ^" = — V?- 

Hence, fbr the solution of incomplete equations, we have 
(he following 

RULE. 

Reduce the equation, to the form a? = g; then, ex- 
tract the square root of both members ; the first root 
of the equation is equal to the positive value of the 
square root of the second member of the equation, 
and the second root is equal to the negative value, 

EXAMPLES. 

Solve the following equations : 

Clearing of fractions, 

8a? — 72 + lOa^ = 7 — 2i2i» + 299 ; 
Transposing and reducing, 

42a? = 878; .-. a? = 9. 

Extracting the square root of both members, 
*'= 4- 3 and x" = — 3. 

2. aE» = 5. ^n«. a:'= +|Vl5, a:"=— ^VlS. 

^,3, ll(z»-4) = fi(a? + 2). ^«. iE'= + 3, «"=-3. 
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4. = m. 

X 

Arts, X z=z -\ — J X = — 



5. 9«? + 9 = 3a^ + 63. Am. «' = + 3, «" = — 3. 

6. 8(a: + i) = ?3L+_!25_3. Ans.x'=+2, a/'=-2. 

9. ^^--^ = 2. An8.a/=+l, a/'=-i 

a; a? — 1 2 2 

10. ^ + ^-^^ = f . Arts. x'= + 6, x" = « 6. 

12 52; 5 

123. Complete Equations. — ^The complete equation of 
[6 second degree may be reduced to the form 

a? + 2px = q. 

K we compare the first member of this equation with the 
square of 

X +p, which is a^ + 2px + j^^ 

we see that it needs but the square of ^ to render it a per- 
fect square. If then^ J9^ be added to the first member, it will 
become a perfect square ; but to preserve the equality of the 
members, j^^^must also be added to the second member. 
Making these additions, we have 

tliis is called, completing the squarey and is done, ly adding 
tk square of half the coefficient of x to both members of the 
tqmtion. 
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KoWj if we extract the square root of both members, w< 
have 

Transposing p to the second member^ we have 

If we denote the yalue of a:, corresponding to the upi)er 
sign of the radical^ by x', and that corresponding to the 
lower sign by x"y we have for the two roots 

x'=z-^p + Vq+p^ . ..... (1) 

«"= —p — Vq +p^ (2) 

Either of these values^ substituted for x in the general 
equation, 

a? + %px = y, 

will satisfy it. The one corresponding to the + sign before 
the radical is called the first root, and the other, the second 
root of the equation. The preceding method of solution 
may be applied to all cases of complete equations of the 
second degree. 

EXAMPLES. 

Solve the following equations: 
a; . 21 23 

Olearing of fractions, 

a« + 6a? + 147 = 23a: + 115. 
Transposing and reducing, 

a;3 — 18a; = — 32, 
Completing the square, 

0)3 — 18a: + 81 = 49. 
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Extracting the square root of both members, 

a:-9=±7; 
a?' = 16 and a?" = + 2. 

21 X 23 

6 — a; 7 "■ 7 • 

Clearing of fractions, 

147 — 6a: + a;2 = 115 — 23a:, 

Transposing and reducing, 

a;3 + 18a: = — 32, 

Completing the square^ 

a? + 18a: + 81 = 49. 

Extracting the square root, 

a: + 9= ±7; 
.-. a/=— 9 + 7=— 2, and a:" = — 9 — 7 = — 16. 

In like manner all similar examples may be solved: but 

a simpler method consists in reducing the given equation to 

the form 

ofl + 2pxj=z q, 

and then applying the following rule deduced from formulas 
(1) and (2), 

RULE. 

/. The first root is equal to half the coefficient of 
the second term, taken with a contrary sign, plus the 
square root of the second member increased by the 
square of half the coefficient of the second term : 

IT. The second root is equal to half the coefficient 
of the second term, taken with a contrary sign, minus 
the square root of the second member increased by 
the square of half the coefficient of the second term. 
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ADDITIONAL EXAMPLES. 
3. a» — 7« + 10 = 0. 

Eeducing to the required form, 

a« — 7a? = — la 

By the rule, 



a:' =:| + >/— 10 + ^ = 5; and 



5 . 1 . 3 „ 2 .273 

6 



4 ra?__^ + _ = 8-ga:-a? + 3^ 



Beducing to the required form, 

1 _180 

By the rule, 

1 . ./180 , 1 , , 



22 • ^ 11 '484 
a:" 



' "" 22 '^ 11 ^484"" 11' 



When possible, reduce the quantities under the n 
sign to a common denominator^ which shall be a petft 
square; then add or subtract the numerator Sy and reduce 
result to its simplest form. \ 

5. 6a;3 — 37a;-f-57 = 0. ^715. a:' = 3|, a;', = 3. , 

6. 4^2 — 23?^ + 2aa; = ISaJ — 18J2. 

Ans. a:' = 2a — 3J, a:" = — a + 3J. 

3 i a 3 a 

a dx So? ^ ^ 1 + c ^ X 
c 4 c 4 a 

\ d c 
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^' T"^ 3 + 8 "^"4 "3* 

Ans. re' ^ TT, x' := — - . 

a;a; + la; + 2 3 

11. -5 2 = — —rr. Ans. X = 7, x' = ^. 

8 — X a: — 2 5 

12. «a; r- + J = — r — ii^ + -x. 

b b a 












Ans. z^ = 0, X 


/I 


b 
a 


13. 


a — b- 

• 

c 


c + 


3a? a» 




2 ~c»' 














J»s. a;' = 


.* + « ^, 


c 


a 

• 


14. 


mx^ + 


jra» 


= 2TOV«a! 


+ no?. 














^n«. X: 


Vitin 


, »"- 


Vmn 





V»» — V» V^ + v» 




-.K A^ 6a» , 8% ab — 2if> 3a» 
15. afe?__ + _ = __ _^. 

4a:» 2a: 3a;8 , 68a; 

"7~"*"y"*" T"^"T'' 

^;w, a?' = 9, x" = — 1. 



a: — a a + a; '^i — 2 

1& 2a; + 2 = 24-6a;-2a;» Ans. x' -2^ a?" = -y. 

^19. a:* — a? — 40 = 170. .4«5. a?' = 15, and x" = — 14. 
- aO. 3ai? + 2a; — 9=76. Ans. x' ^b, and «" = — 5f. 



81. fl^ + J»-»4a; + a^ = 



n= 



d 



w •"- tn 
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ADDITIONAL EXAMPLES. 

3. a^ — 7a? + 10 = 0. 

Beducing to the required form, 

a?» — 7a; = — 10. 
By the rule, 

»' = I + |/- 10 + ^ = 6 ; and 

Beducing to the required form. 

By the rule, 

« --22 + ^ 11 +484-*' ^^' 



22 »^ 11 ^484— 11* 

When possible, reduce tie quantities under the radical 
sign to a common denominator^ which shall he a perfect 
square; then add or subtract the numerator Sj and reduce the 
result to its simplest form. 

5. 6a:^ — 37a; -f 57 = 0. Ans. x' = 3^, a;', = 3. 

6. 4fl« — 2a?» + 2flw: = 18aJ — 18J2. 

Ans. x'=z2a — 35, a?" = — a + 36. 

^dic.3a^,- l+<? a^,» 
c 4 c 4 a 

Ans, a?' =: 3, a? := — ^-• 
d c 



v> 
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^' T"" 3 + 8 ""^""4 ""3* 



90 



27 



90 

a; «+ 1 a: + 2 

^^ 2a? — 10 Q a; + 3 



^««. a?' = 2> ^' = ""6' 
Ana. a;' = 4, a;" = — 5. 



8— a; 



a — 2' 



^n*. a;' = 7, x" =^-=. 





12. flW? y- + J = r T^ + '-X. 

a 



Ana. x' = a. a?" = . 

a 



. g — & - , 3a:» a^ _b + a a^ ^ 



^n^. a; = • X =: , 



14. ma^ + mn^=2mV^ix^ + na^' 



Ana. xz=z 



Vm — Vw 



, «"= 



^^/mn 



Vwi + VS 



IK 7^ 6a» Wa; a& — 2S» Sa^ 



An,.z- = ^^^,z"r=-^ + '^ 



ac 



he 



16. 



^ + ^ + 10 = 19-^ + «^. 



-17. 5±£_j=«-« 



Jn». a;' = 9, x" = — 1. 
Ans. x= iay-j- — 5. 



x — a a + x' "" "" ' * — 2 

1& 2a; + 3 = 24 — 5a; — ax* ^n«. a;' = 2, z" = —^■. 

'*>19. a«-a;-40 = 170. ^»s. a:' = 15, and aj" = — 14 
20. 3aja + 2a: — 9 = 76. Ana. a?'s=5, and «" = — 5*. 



21. (^ + V^%bx + a?=z 



n 



3 
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guage is more general in its character than that used in 
enunciating the problem. As a consequence, we may obtain 
more solutions than will satisfy the conditions of the prob- 
lem; in this case, the superfluous ones are to be rejected. 

3. A man bought a horse, which he sold for 24 dollars. 
At the sale, he lost as much per cent, on the price of his 
purchase as the horse cost Imn. What did he pay^ for the 
horse? 

Let X denote the number of dollars that he paid for the 
horse; then, a; — 24 will denote the number of dollars that 
he lost ^ 

But as he lost x per cent, by the sale, he must have lost 

-j^ upon each dollar, and upon x dollars he lost a number 

J.UU 

of dollars denoted by ^^ ; we have then the equation 
a? 



= « — 24; whence, sfi — 100a: = — 2400; 



100 
Therefore, a:' = 60 and a" = 40. 

Both these yalues satisfy the conditions of ihe problem. 

For, if he gave 60 dollars, he must hare lost |60 x YFu\y 

or 136, in which case he would receiye $24. 

40 
If he gave 40 dollars, he must have lost 140 x jj^x, or 

$16, in which case he would receive 124. 

4. A grazier bought as many sheep as cost him £60, and 
after reserving 15 of the number, he sold the remainder for 
£54, and gained 2s. a head on those he sold : how many did 
he buy? . Ans. 75. 

6. A merchant bought several pieces of cloth for which 
he paid £33 lbs., and sold them again at £2 Ss. per piece, 
gaining by the bargain as much as one piece cost him : how 
Tiany pieces did he buy? Ans. 15. 
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6^ What number is that, which, being divided by the pro- 
duct of itft digits, the qnotient will be 3 ; and if 18 be added 
to it, the order of its digits will be reversed ? Ans. 24. 

7. Find a number such that if you subtract it from 10, 
and multiply the remainder by the number itself, the pro- 
duct will be 2L Ans. 7 or 3. 



a 



8. Two persons, A and B, departed fix)m different places 
at the same time, and traveled toward each other. On meet- 
ing, it appeared that A had traveled 18 miles more than B ; 
and that A could have performed B's journey in 15f days, 
but B would have been 28 days in performing A's journey. 

■it 



How fir did each travel ? . C A, 72 miles. 

54 miles. 



9. A company at a tavern had £8 168. to pay for their 
reckoning; but before the bill was settled, two of them left 
the room, and then those who remained had 10^. apiece more 
to pay than before : how many were there in the company ? 

Ans. 7. 

10. What two numbers are those whose difference is 15, 
and of which the cube of the less is equal to half their pro- 
duct? Ans. 3 and 18. 

11. Two partners, A and B, gained 1140 in trade: A's 
money was three months in trade, and his gain was $60 less 
than his stock; B's money was $50 more than A's, and was 
in trade five months. What was A's stock? Ans. IIOQ. 

12. Two persons, A and B, start from different points, 
and travel toward each other. When they meet, it appears 
that A has traveled 30 mUes more than B. It also appears 
that it will take A four days to travel the road that B has 
come, and B, nine days to travel the road that A has come. 
What was their distance apart when they set out ? 

Ans. 150 miles. 



•^, 
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III. Properties of the Equation of the 

Second Degree. 

124. It has been shown that every complete equation of 
the second degree can be reduced to the form 

a^ + 2jpx = q (1) 

in which p and q are numerical or literal, positive or 
negative. 

If w6 add ^ to both members, and then transpose the 
second member to the firsts we have 

(a^ + 2px +jf)-{q+p') = 0, 

{x+py-{Vq'+^y = .... (2) 

Factoring the first; member of equation (2) according to 
the principle that the difference of the squares of two qtmn- 
tities, is equal to the sum of the quantities multiplied by 
their difference, we have 

{x +p + Vq~+f) {x +p - Vq~+f) = . . (3) 

Equation (3) can be satisfied by making eack of the fac- 
tors of its first member equal to 0^ and it can be satisfied in 
no other way. 

Making these factors separately equal to 0, solving and 
denoting the corresponding values of x by x' and x'\ we 
have 

x+P'-Vq+f^^y .•• «'=— jp + V? +f . . (4) 
«+JP + Vq +i^ = 0, .'. «"= ^p—^/q +i^ . . (6) 

These values of x' and x" are roots of equation (1); and 
if we substitute them in equation (3), we have 

(x — x") (a: — a;') = (6) 
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I 

Hence, we conclude, 

1°. Every equation of the second degree has two roots, and 
only two. 

2^ The first memier of every equation of the second degree 
whose second member is 0, can he resolved into two binomial 
factors, having the unknown quantity for a first term, and 
the two roots, with their signs changed, for second terms. 

The second principle enables us to form an equation of 
the second degree when its roots are given. To do this, we 
subtract each root from the unknown quantity, separatelj^, 
and then multiply the results together. 

EXAMPLES. 

1. What are the factors, and what is the equation, pf 
which the roots are 8 and — 9 ? 

Ans. a; — 8 and x + 9 are the binomial factors, 
and a:^ + i» — 72 = is the equation. 

2. What are the factors, and what is the equation, of 
which the roots are — 1 and + 1 ? 

Ans. x + l and a; — 1 are the factors, 
and «2 — 1 = is the equation. 

3. What are the factors, and what is the equation, whose 

roots are 

7 + V- 1039 , 7 .-. V- 1039 . 
i6 ^^* 16 • 

f 7 + V- 1039\ , / 7 - V - 1039 \ . 
Ans. {x 16— A and {x ^ ^ ) 

are the factors, 

and 8a^ — 7a; + 34: = is the equation. 

If we add equations (4) and (5), member to member, and 
reduce^ we have 

a;' + a;" = — 2p . . v . . . (7) 
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K we multiply equations (4) and (5) together, member by 
member, and reduce, we haye 

ajV = — q • • •* . • • . (8} 

Hence, after an equation has been reduced to the form of 

sfi + 2>px = J, 

3°. The algebraic sum of its two roots is equal to the 
coefficient of the second term, with its sign changed, 

4"". The product of the two roots is equal to the second 
member, with its sign changed. 

It follows from the last principle that the product of the 
roots can only be + when the second member is — ; but 
the product can only be + when their signs are alike. In 
this case, the sum of the two roots is — 2^ ; and if we de- 
note their difference by %d, the two roots will be equal to 

'—p + d and —p-^d', and 

Multiplying these together, we have, 

f — ^. 

This product is greatest possible when e2=rO; that is, 
when the roots are equal In all other cases, the product of ,^ . 
the roots is less than ^. Hence, 

5°. When the second member is negative, it can never be 
numerically greater than the square of half the coefficient of 
the second term. 

These principles, demonstrated in this and the preceding 
article, are employed in the discussion of the general equation 
of the second degree. 

125. Biscussion of the Four Forms.— The discussion 
of an equaiion consists in making eyery possible supposition 
on the arbitrary quantities that enter it, and then interpret- 
'ng the results. 

I 
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In Qie rednced equAtion, 

a? + 2px = q, 

the quantities p and q are arbitrary. By assigning suitable 
Talues to them, this equation may be made to represent every 
equation of the second degree. 

To discuss this equation^ it will be conyenient, in the first 
place, to make every hypothesis on the signs of p and q, and 
afterwards to consider their relative numerical values. 

We can suppose that both p and q are essentially posi- 
tive ; that p is negative and q positive ; that p is positive 
and q negative; or, that both p and q are negative. Hence, 
the reduced equation may take any one of the four follow- 
ing forms: 

a? + 2pxz=2 q • (1) 

a^-^2px=z q (2) 

a? + %px=z^q (3) 

a;» — 2pa; =r — jr (4) 



These equations being solved, give 



X = — ^ ± V q+p^ 

z= +p±V q+j?^ 
X = —p ± V—q+p^ 
« = + i» ± V—q+i>^ 



(1) 
(8) 
(8) 

(4) 



1^. In the first and second forms, the quantity under the 
radical sign will be positive, whatever be the relative values 
of p and q, since q and p^ are both positive ; therefore, both 
roots are real And since 

q +p^>p^, it follows that, Vq+P^>Pl 

consequently, the roots in both these forms have the same 
signs as the radicals. 

In the first form, the first root is positive and the second 
negative, the negative root being numerically the greater. 



\ 
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In the second form, the first root is positive and the sec- 
ond negative, the positive root being numerically the greater. 

2°. In the third and fourth forms, if 
the roots will be real, and since 

they have the same sign as p. Hence, both roots are nega- 
tive in the third form, and both positive in the fourth, 

3®. If p2 = q, the quantity under the radical sign in the 
third and fourth forms is 0, and the two values of x are 
equal; both equal to — ^ in the third form, and both equal 
to +^ in the fourth. 

4°. If p^<iqy the quantity under the radical sign in the 
third and fourth forms is negative, and all the roots in these 
forms are imaginary. 

But in this case, the second member in both is negative, 
and according to the fifth principle of Article 124, the value 
of q can never be greater than ^. Hence, the hypothesis 
that makes -the roots imaginary is absurd; the roots ought, 
therefore, to be impossible or imaginary. 

When any supposition gives rise to imaginary roots, we 
interpret the result as indicating that the supposition is im- 
possible or absurd. 

5°. If ^ is equal to 0, and q is not equal to 0, the roots 
of the first and second forms reduce to ± Vq, and those of 
the third and fourth forms reduce to ± V— qi that is, the 
two roots in each case are equal with contrary signs, being 
real in the former and imaginary in the latter case. 

6°. If q is equal to 0, and 5? is not equal to 0, one root 
in each form is 0, and the other is equal to the coefficient 
of the second term with its sign changed. 
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7^. If both J) and q are equal to 0^ both roots in each of 
the four forms reduces to 0, 

These suppositions embrace every possible hypothesis that 
can be made upon jp and q. 

126. The results deduced in Article 125 might have 
been obtained by a discussion of the four forms themselves, 
instead of their roots^ making use of the principles demon- 
strated in Article 124. 

1°. In the first form the product of the two roots is equal 
to — g ; hence, the roots must have contrary signs ; their sum 
is — 2p; hence, the negative root is numerically the greater. 

2°. In the second form the product of the roots is equal 
to — q; hence, their signs are unlike; their sum is equal to 
-f 2p ; hence, the positive root is the greater. 

3°. In the third form the product of the roots is equal 
to + g ; hence, their signs are alike ; and their sum being 
equal to — 2/?, they are both negative. 

4°. In the fourth form the product of the roots is equal 
to + g ; hence, their signs are alike ; their sum is equal to 

-f 2p ; hence, both are positive. 

♦ 

5°. If ^ = 0, the sum of the roots must be equal to ; 
hence, the roots must be equal with contrary signs. 

6*^. If gr = 0, the product of the roots is ; hence, one of 
them must be 0, and the other equal to the coefl&cient of 
the second term with its sign changed. 

7°. If p = and g^ = 0, the sum of the roots is 0, and 
their product is 0; hence, both the roots are equal to 0. 

127. "There is a case, sometimes met with, in the discus- 
sion of equations of the second degree, that requires explana- 
tioiL To discuss it, let us take the equation^ 

as(? + bx = c. 
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Solving this equation and denoting its roots by tI and 
«", we have, 

If we suppose a = 0, the two roots become, 

. — 5 + J , „ —5 — * 

X := — r — = - and X = = oo . 

— *'• 

But the supposition reduces the given equation to the 
form 

fcc = c, whence a?' = t • 



To ascertain the true value of the first root, we multiply 
both numerator and denominator by 5 + Vi^ + ^oe?, which 
gives, after reduction, 

, __ y — (y + ^ac) 4ac 

"" 2a(* + VS^ + 4iw?) "" 2fl(J + Vi^ + ^ac) 

Striking out the common factor 2a, which reduces to 0, 
under the particular hypothesis (Art. 80), we have 

, 2c 

J + V^+~4ac 
Making a = 0, in this result we find, as before, 

^ ■ •\ \ „f ^ 



128. Discussion of Problems.— The problem of the 
lights offers an illustration of the general method of discus- 
sing a problem of the second degree. This problem depends 
on the following principle of physics : 

The intensity of a light at any distance, is equal to its 
intensity at the distance 1, divided by the square of that 
distance. 

Problem. — ^Pind, on the line that joins two lights, A and 
B, of difierent intensities, a point that is equally illuminated 
by both lights. 



L. 
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129. Solution.— Let A and B represent the places of 
the two lights, and let A be taken as the origin of distances. 
CaQ all distances from A toward the riffht positive ; • 



0" 



X 



^ 



ngnt p 



C 



^ 



then will all distances toward the left be negative. Let c do- 
note the distance AB^ between the lights^ a the intensity of 
the light A, at the distance 1, and b the intensity of the 
light B, at the same distance. Suppose G to be a point on 
AB, which is equally illuminated^ and denote the distance 
AC by a; ; then will BO be denoted by c — x. 

Prom the assumed principle of physics, the intensity of 

the first light at C, is equal to -j, and the intensity of the 



X' 



second light at the same point, is 



{€ - x)^ 



; hence, from the 



conditions of the problem, we hare, 

b 



a 



X 



«"■((?-. x)^' 



Extracting the square root of both members, we haye 



Vfl 



= ± 



Vb 
c-— X 



Taking the upper sign, and denoting the corresponding 
value of X by a?', we have 

^' = -7^ (i> 

V a + V J 

Taking the lower sign, and denoting the corresponding 
value of X by x"j we have 



a/' = 



Va^Vb 



(2) 



130. Disoussion.— From the nature of the case, a, b, 
and c are positive; hence, both values of a; are real. This 



y~ 
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shows that there are two points of the line that are equally 
illuminated by the two lights. . 

• Since there must be two lights, it is impossible that 
either a, b, or c should be equal to 0. Hence, there are but 
three hypotheses that can be made. 



1°. 


c>0 


and 


a>b; 


2°. 


c>0 


and 


a<b; 


3°. 


c>0 


and 


a = b. 



1°. Suppose £? > and a>b. 

In this case the yalue of x' is positive; and since 

P is a proper firaction, the value of x' is less than c. 



Va + Vb 

Hence, the first point of equal illumination lies between A 

and B. We see, furthermore, that the denominator of the 

fraction — — -=: is less than twice the numerator; hence, 

va + yb 

x"> -c. This shows that the first point of equal iUumiua- 

tion is nearer the less Ught 

^^ 

The value of x" is also positive, but —p= — is aa 

va — yb 

improper fraction; hence, the second point C of equal illu- 
mination lies to the right of both lights ; that is, it lies on 
the prolongation of the line joining them, and on the side 
of the less light. 

These conclusions are as they should be; for, since the 
light A is the more intense, the point of equal illumination, 
between the two lights, ought to be nearer the light B ; also, 
the point without both, ought to be on the side of the lesser 
light 

2°. Suppose d > and a<,b. 

In this case the value of x' is positive, and for the same 
*«ison as before it is less than c. Hence, the first point of 
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equal illuminatioii is between the two lights. We see, fur- 

a/a 
thermore, that the denominator of the fraction — — is 

ya + V^ 

greater than twice the numerator; hence, a:' < ^c. This 

shows that the first point of equal illumination is nearer the 
less light 

The value of x" is negative. This shows that the second 
point of equal illumination lies to the left of A ; that is, the 
point C", of equal illumination, is on the prolongation of the 
line joining them, and on the side of the less light. 

These conclusions are also as they should be; for, in this 
ease the light B is the more intense, and for the same reason 
as before, the point of equal illumination between them ought 
to be nearer the light A ; also, the point without both ought 
to be on the side of the feebler light. 

3°. Suppose c > and a = b. 

In this case the value of x' becomes equal to ^c, and the 

value of x" is equal to oo. Hence, we infer that there is a 
point of equal illumination midway between the two lights, 
and that there is no other point of equal illumination on the 
line joining the lights. 

These conclusions are as they should be; for," in this case 
the two lights are of equal intensity, and the point midway 
between ought to be equally illuminated. It is equally ob- 
yious that there can be no othfer point, at a finite distance 
fix)m A, on the line of the lights, or on that line prolonged, 
that is equally illuminated. 

We have said that the conditions of the problem require 
two lights, and the equation of the problem has been de- 
duced on this hypothesis. This equation ought not to re- 
spond to the case of a single light; for the hypothesis of a 
single light and the hypothesis of two lights, are not con- 



174 ELEMENTS OF ALGBBBA. [CHAP. 

nected by any law that can give a common equation. Hence, 
the resolts obtained by making c = do not belong to tlie 
problem under discussion. 

131. Badioal Equations.— Many equations inyolving' 

radicals can be reduced to the form 

a^ + 2px = g, 
and then solved by the methods already given. 

EXAMPLES. 

2a2 



1. Given x + V^~+^=z 



Clearing of fractions, 

xVoF+1^ + a^ + Qp^ = %a\ 
Transposing, 

a;VaM^ = fl^ — ««. 
Squaring both members, 

a^(a» + a^) = a* — %dh? + a^. 
Transposing and reducing, 

of = -^ — — and X*' = — 



a/3 V3 



2. Given /J +J«- |/J - J« = *. 
Transposing, 



i/|^ = J + ^/fl^. 



Squaring both members, 



g + J» = J» + 2A4/g_J. + ^_J.. 
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Transposing and reducing, 






I 



Squaring both members. 



x'= + — -^ and «" = — 



iV5 



J\/5 



^ • 



«. ^ + i^ 



3 — a:» a; 



a; ' «^ 6 



Ans. x'=z+ V^ab — ^ and «" = — V^ J — i». 



i/^±;?+2|/i^=j»i/ 



2; 




a 



VoT^^ 



a + Va2 — a« 



a; + a 

^/w. a?' = 



a: + a 

^n«. a; 



X = 



a 



(ft + l)a 
2\/ft 



= ± 



1+6 



V^ + ^x — a n% 



n*fl 



^ — ya; — a a; — fl 






V?S+v5E5 = |/f. ^«^.a:=±2V^irr^. 



v« 



v^ 



a + x 



S. IV. Trinomial Eouations. 

132. A Trinomial Equation is one which involves only 
terms containing two different powers of the unknown quan- 
tity, and a known term or terms. 
Every trinomial equation can be reduced to the form, 



af" + 2jpa° = q 



(1) 
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in which m and n are positive whole members, and p and ^ \ 
known quantities (Art. 120). 

K we make m = 2 and n=zl, equation (1) becomes, 

a? + 2jpx = y, 

a trinomial equation of the second degree. 

' If we make m = 2n, the trinomial equation will take the 

form 

ay^ + 2pa^ = q; 

and equations of this form may be solved by first regarding 
a;" as a simple quantity, and afterward extracting the n**^ 
root of both members of the equation. 

EXAMPLES. 

1. Given a;* — 25a?« = - 144. 

This is already of the required form, and may be written, 

(aj2)2 - 25 (a?^) = — 144 
Solving with respect to aP, regarded as a simple quantity. 



Extracting the square root of both members, 



^./25±7 

«=±r .— 2 — 

Hence, the four roots are 

+ 4, —4, +3, and —3. 

2. Given a^ + Va?»-h 11 = 31. 

Transposing and squaring, 

a:8 + 11 = 961 — 62ar^ + ir*. 
Beducing, 

jC* - 63a;3 = - 950, 
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Solying with lespect to a?, 

a^-^ + H. 



_L a A3 ± 13 

Hence, the roots are + 5, — 5, + V38, — V38. 

3. Given {a^ + 5f^ 4a?=im. 
Subtracting 20 from both members, and factoring, 

(a4 + 5)3-4(a;a+5)=:i40. 

Solving with respect to re® + 5, 



a^ + 5 = 2± V140 + 4 = 2 ± 12. 
Transposing and extracting the square root, 

a: = ± V— 3 ±12. 

4. Given a; + 6 V^ = 27. 

Solving with respect to V5> 

V^= — 3 ±6; 
.-. a: =(—3 ±6)2. 



5. Given a:? — 2a; + 6 Var^ — 2a; 4- 5 = 11. 
Adding 5 to both members, 

a« — 2a; + 5 + 6 V^ — 2a; + 5 = 16. 

Solving with respect to Vsf^ — 2a; + 5, 

Var* — 2a; + 5 = — 3 ± 5. 
12 
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Taking the upper sign and squaring, 

> • » 

a^ — 2rc + 5 = 4; .-. « = !. 

Taking the lower sign and squaring, 

6. «* — (2bc + 4a2)a;» = — J^^a. 

Ans. x= ± ybc + 2a^ ± 2a Vbc + aK 

r- 121 

7. 2a; — 7 v« = 99. Am. re = 81, « = — j- 



a 2bd 

133. Double Badicals. — The solution of trinomial 
equations of the fourth degree requires the extraction of the 

square root of expressions of the form of a ± a/J, in which 
a and b are positive or negative, numerical or algebraic. 

The expression, y a ± Vb can sometimes be reduced to the 

form of a' ± Vb', or to the form Va^ ± W' ; and when 
such transformation is possible, it is advantageous to effect 
it, since, in this case, we have only to extract two simple 
square roots; whereas, the expression 



\ a±Vb 



requires the extraction of the square root of the square root. 
To deduce formulas for making the required transforma- 
tion, let us assume 

^ + jT = y a + VJ ...... (1) 

p-^q=iya—Vb (2) 

in which p and q are arbitrary quantities. 



r 
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It is now required to find such values for p and q as will 
satisfy these equations. 

Squaring both members of equations (1) and (2)^ we have 

i?^ + ^i?? + g* = fl + V* (3) 

^ — 2j>g + g^ == a — V^ (4) 

Adding equations (3) and (4), member to member, we get 

f + q^=^a (5) 

Multiplying (1) and (2), member by member, we have 

jp8 — g» = Va* — J« 

Let us now represent ^o^—h by c Substituting in the 
last equation, 

l^-f-=c (6) 

From (5) and (6) we readily deduce, 

p—±V^-j^ and. y= ±|/55^; 

these values substituted for p and g, in equations (1) and 
(2), give 

hence, . ^ 



and 



|/^Wi=±(l/^ + i/^) . . (7) 



\^^^h=±[\^-\^) . . (8) 



Now, if a' — J is a perfect square, its square root, c, will 
be a rational quantity, and one of the formulas (7) or (8) 
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will reduce the given expression to the required form. If 
fl? — J is not a perfect square^ the formulas will not simplify 
the given expression^ for^ we shall still have to extract the 
square root of a square root. 

Therefore^ this transformation is not used^ unless a^ — b 
is a perfect square. 

EXAMPLES. 



1. Eeduce |/ 94 + 42^/5 = |/94 + V«820 to its sim- 
plest form. 

We have a = 94, J = 8820, 

c = V^"^ = V8836 — 8820 = 4, 

a rational quantity; formula (7) is therefore applicable to 
this case, and we have 



y-^IT^ = ± (t/M+i +VMHi); 



or, reducing, = ± (^49 + VJs) ; 



hence, |/94 4- 42 \/5 == ± (7 + 3 VI). • 

2. Reduce y np + 2m* — 2m Vnp + w* to its simplest 
form. 

We have 

a = wp + %m^ and h = 4m2 {np + m% 
a^ -^ i = n^ and c = V«^ — * = wp ; 
and therefore, formula (7) is applicable. It gives, 



L/ np + 2w* + np ^ jJ np + 2m* — np \ 



and, reducing, ± (Vwp+lw* — m). 
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3. Beduce to its simplest form, 
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|/l6 + 30V^I + |/l6 — 30 V^^. 
By applying the formulas, we find 



and 



hence, 



|/l6 + 30V^ -5 + 3 */^-i, 
|/l6 — 30AA=n = 6-3\/^^: 
|/l6 + 30 \/=n: + >|/l6 — 30 \/^^ = 10. 



This example shows that the transformation is applicable 
to imaginary expressions. 



4. Beduce to its simplest form, 



|/28 + 10 V3. 



-4iw. 6 + V3. 



5. Beduce to its simplest form, 

6. Beduce to its simplest form. 



|/*c + 2J Vfc^^ — |/fc — 2* Vic — *». 

-4n«. ± 2J. 

7. Beduce to its simplest form, 

|/aJ + 4c» — (P — 2 ViaJ^^II"ai5«. 



J - 
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. Solution of Simultaneous Equations. 

134. General Case. — It is impossible to solve the gen- 
eral case of two simultaneous equations of the second degree ; 
for, if we combine them, eliminating one of the unknown 
quantities, the resulting equation will be of the f(mrth de- 
gree, and we haye not yet learned how to solve the general 
case of equations of the fourth degree. It is always possible 
to solve two simultaneous equations when one is of the sec- 
ond degree and the other of the first degree ; and there are 
many instances in which we can solve particular cases of 
simultaneous equations when both are of the second degrde. 

135. First. — To solve two simultaneous equations when 
one is of the first and the other of the second degree, we 
find the value of one of the unknovm quantities in terms of 
the other, from the first equation, and substitute this in tlie 
second equation; there will result an eqtuUion of the second 
degree, which can be solved by known methods. The value of 
the other quantity can then be found by substitution. 

EXAMPLES. 

1. Given i«-/=l- ....... (1) 






+ 2y»=22 (2) 

We find firom (1), 



Substituting in (2), 

l + 2y+f 



+ 2y» = 22. 



Solving with respect to y, 

y' = 3 and y" = -f. 



/ 
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Finding the corresponding values of x from (1), we have, 

a;' = 2 and ar" = — -q-. 



rc? + 3a:y + y2-:s31 



(a;' = 3, a;" = 25. 
^-- |y' = 2. f = - 9. 



3. 2a; + y = 27 . (a:' = 3i, a;" = 10. 

Say = 210 • \y' = 20, y" = 7. 

/^4.2a!-3y — 1 =0 ja;' = 5, a:" = — Qf 

2a3 + a;y - 5j^ = 20 "*' {y' = 3, y'=-6i. 

5 10£_+y^3 (^' = 2,a;"=-i. 

xy Ans. -!,,,, ! 

y-. = 2 V = 4,y'=+4. 

136. Second. — ^We can always solve two equations of 
the second degree containing two unknown quantities when 
they are both homogeneous with respect to these quantities. 

For, we can substitute for one of the quantities an aux- 
iliary unknown quantity multiplied into the second un- 
hnoion quantity, and by combining the tioo resulting equa- 
tions, can find an equation of the second degree, from which 
the value of the auxiliary unknown quantity may he deter- 
mined, and thence the values of the required quantities can 
he found. 



EXAMPLES. 



6. Given j 3^^2a:y- 2y^ = 6 ...... (2) 

Substituting px for y, p being unknown, we have, 

sfl+ pafi^ j^ = 5 . . . . . . (3) 

3a« — 2pcc3 - 2p2a;3 = 6 (4) 
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4 

Finding the valaes of ^ in terms of jt?, from equations 
(3) and (4)^ and plaoing them equal to each other, we deduce 



Beducingy 



whence, 



\^p—f 3 — 2p — 2p8' 
jp8 + 4p = j; 

i> = 2 ^^ -P = — 2' 



Considering the positive value of jn, we have, by substi- 
tuting it in equation (3), 



^(lH-i-l) = .. 



or, 

ir8 = 4; 
whence, 

a;' = 2 and a:" =—2; 

and since y = pxy we have y' = 1 and y" = — 1. 



V a« + a:y = 66 ( 2^ = 5, y ' = — 5- 

aa;*— w = 48 ^ («=±8, 

a;y-j^=12 (y = ±3. 

^ 9. a« + 4a:y + 4y8 ~ 256 (a;' = ± 6, a?" = ± 102. 

3y»-a:» = 39 ^"^^ V=±5, y" = T59. 

^10. 6 (a;» + y8) = 13ary ja; = ± 6, 

/ 137. Third. — ^There are also many cases which admit of 

/ solution, but for which no fixed rule can be given. A few 

such examples are given, with such explanations as may sug- 
st the general methods of proceeding. 
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EXAMPLB& 



IL Given, -^ = 48,' 

y 



^ = 24, 



*- to find X and y. 



Dividing the first by the second, member by member, we 
have, 

.^L^=2, or Vy = 2; whence, y = 4. 

Substituting in the second equation, we get 

Vx = 6 and x = 36. 

12. Given x + Vxy + y=19,) 

^ . . 9 100 r *o "^^d X and y. 

a^ + aiy + if— 133, ) ^ 

Dividing the second by the first, member by member, we 
have, 

X — Vxy + y = 7. 
But, 

«+ V^ + y = 19: 
adding these, member to member, and dividing by 2, we 

find, 

a; + y = 13, 

which substituted in the first equation, gives, 

V^ = 6, or, icy = 36, and, a? = — . 

if 

Substituting this for Xy in the preceding equation, we get, 

hence, 

y» — 13y= — 36; 
whence, 

13 ^ ,/ _ , 169 13 '6 



^ 
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Finally, 

y' = 9, or y" = 4; 
but 

a; + y = 13; 
hence, 

x' = 4, or x" = 9. 

13. Find the values of x and y in the equation^ 

a^ + dx + y = 73'-.2xy (1) 

y2 + 3y + a; = 44 (2> 

By transposition, the first equation becomes, 

x^ + 2xy + 3x + y = 7d; 

to which, if the second be added, member to member, there 
results, 

a^ + 2a:y + y2 + 4a; + 4y = (a: + y)2 + 4 (a: -h y) = 117. 

If, now, in the equation 

(a; + y)» + 4(a; + y) = 117, 

we regard a: + y as a single unknown quantity, we have 



.'2J + y=-2± V117 + 4; 
a; + y = — 2 + 11 = 9, 
and, ic + y = _ 2 — 11 = — 13 ; 

hence, a; = 9 — y, and a? = — 13 — y. 

Substitoting these values of x in equation (2), we have 

ya + 2y = 35, 

ya + 2y = 67. 

The first gives 

y' = 5 and y" = — 7, 

and the second 

y' = - 1 + V58 and y" = — 1 — y58. 
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The corresponding yalues of 2; are 



a;' = 4, 



a?" = 16; 



(1) 
(2) 



«' = — 12 — V58 and d' = — 12 + V58, 

14. Find the yalues of x. and y in the equations^ 

aV + a;2^' + a?y = 600-(y + 2)aY . • 
ic + y« = 14 — y 

From the first equation, we have 

a^2 + (y2 + 2y)a:8y« + a:y3 + ary = 600, 

aVIl + y® + ?y) 4- a;y (1 + y) =600, 
aV(l+y)' + a?y(l+y) ^ =600. 

Solving with respect to ary (1 + y), we have 
a:y (1 + y) = - i ± V600 + i = - i ± \^ . 



If we discuss the roots which belong to the positive value 
of the radical, we have 



or 



and hence. 



1 4.Q 



X = 



24 



y + f 

Substituting this value for x in equation (2), we have 

(y« + y)a-14(y« + y)=-.24; 
ya + y = 12 and ya + y = 2. 

From equation (1), we have 

y=-2±2> 

the coiresponding valne of x from equation (3), is 

a; = 2. 



(3) 



J 
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From the second equation, we have 

y' = 1 and y'' = — 2 ; 

which give 

15. Given a^ + xf=z6 and ofif + «y -, 12, to 
find the values of x and y. 

and 2. 



^ 






16. Given i^ + :r + y = 18 -y») toft 

t xy= 6 ) of 



find the valaes 
xy = 6 ) of a? and y. 




Ans i^ = 3> ^^ ^> a^^ -3±V3, 
^ • ( y = 2, or 3 ; and — 3 :? V3. 



VI. Practical PnoBLEMa 

1. Emd two numbers such, that the sum of the products 
of the first by a, and the second by b, is equal to 28 ; and 
the product of one by the other is equal to p. 

Let X and y denote the two numbers. Then from the 
conditions of the problem, we have 

ax + by ^ 28 f 
xy =:p. 

From the first, we have 

28 — ax 

Substituting in the second, we have, after reduction, 

aa? — 28X = — Jp ; 






x = -±-Vfi»-abpi and 
a a ^ 
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If, in this problem^ we suppose at = J = 1, the yalaes of 
X and y become 

x=i8 ±, V58— J? and y = « T Vs^ —p ; 

hence we see that^ under this supposition, the two yalues of 
X are equal to those of y, taken in an inverse order; which 
shows, that if 

8 + V«* —p represent the value of a?, « — V«* —p 

will represent the corresponding value of y, and the reverse. 
This is as it should be; for under this hypothesis the first 
two equations become 

X + y =128, and 

xy=:p. 

The question is then, to find two numbers whose sum is 
s and whose product is p. 

2. Find four numbers such, that the sum of the first 
and fourth shall be equal to 2«, the sum of the second and 
third to 2s', the sum of their squares equal to 4:(^, and the 
product of the first and fourth equal to the product of the 
second and third. 

Let fA, X, y, and z, denote the numbers, respectively. 
Then, from the conditions of the problem, we have 

u + z =:2s (1) 

x+y =2s' (2) 

w^ + a^ + y® + «* = 4c3 (3) 

uz =:xy (4) 

Tjet p be the product of the 1st and 4th, or 2d and 3d; 
we then have 

U + Z = 2S, U=:S + V^—Pf 

which give 



i 
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and x + y=z28', a? = «'+ Vs'^—p, 

which give 

Substitating these yalaes of u, x, y, z, in equation (3), it 
becomes 

(s + V?ir^)2 + (^ _ v?3^)a + (8' + v'^^ir^)' 

developing and redacing, we have 

4«« + 4«'3 — 4|? = 4c8 ; hence, i? = «»+«'* — A 

Substituting this value for p, in the expressions for u, x, 
y, z, we find 



1 



These values satisfy the equation (4) ; for 

This problem shows the advantage of introducing an 
auxiliary unknown quantify. There are problems which 
lead to equations of a higher degree than the second, but 
which miay be resolved by the methods of solving equations 
of the second degree, as in the following: 

3. Given the sum of two numbers equal to a, and the sum 
of their cubes equal to c, to find the numbers 

By the conditions J "t y — 

Putting x=z8 + z and y=^8'-'Zj we have a = d^, 

and 

a^z=is^ + 3^z + 38s? + x^ 



I 
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henoe, by addition. 



hence. 



c-25« . =±>/?~^ 



^,^0^:^^ and z 



or. 



« = «±r — g^, and y = sq:|^_g_; 



sabstitnting for « its yalne, 



X 

and 



2^^ \ da I "2^^ 12a 



4 The sum of the squares of two numbers is equal to a, 
and the difference of their squares to t : what are the numbers? 

^ 2 . . V 2 

6. Find three numbers which, when multiplied two and 
two, and each product divided by the third number, give the 

quotients, a, by c __ 

An8. ^/aly ^acy ^Ic. . 

6. The sum of two numbers is 8, and the sum of their 
cubes is 152: what are the numbers? Ans. 3 and 5. 

7. Find two numbers, whose difference added to the dif- 
ference of their squares is 150, and whose sum added to the 
sum- of their squares, is 330. Arts, 9 and 15. 

8. There are two numbers whose difference is 15, and the 
half of whose product is equal to the cube of the lesser num- 
ber: what are the numbers? Ans, Z and 18. 

9. What two numbers are those whose sum multiplied by 
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the greater^ is equal to 77; and whose difference, multiplied 
by the less, is equal to 12? 

Ans. 4 and 7, or | V2 and -V^ V^- 

10. Divide 100 into two parts, such that the sum of tlieir 
square roots is 14. Ans, 64 and 36. 

^J^f 11« I^ is required to divide 24 into two such parts, that 
'^ their product shall be equal to 35 times their difference. 

Ans, 10 and 14. 

12. Find two numbers whose product is 255, and the sum 
of whose squares is 514. Ans, 15 and 17. 

13. There is a number expressed by two digits, which, 
when divided by the sum of the digits, gives a quotient 
greater by 2 than the first digit; but if the digits be in- 
verted, and the resulting number be divided by a number 
greater by 1 than the sum of the digits, the quotient will 
exceed the former quotient by 2: what is the number? 

AnB. 24. 

14. A regiment, in garrison, consisting of a certain num- 
ber of companies, receives orders to send 216 men on duty, 
each company to furnish an equal number. Before the order 
is executed, three of the companies are sent on other service, 
and it is then found that each company that remains has to 
send 12 men additional, to make up the complement, 216. 
How many companies were in the regiment, and what num- 
ber of men did each of the remaining companies send ? 

An%. 9 companies: each that remained sent 36 m^n. 

15. Find three numbers such, that their sum shall be 14, 
the sum of their squares 84, and the product of the first 
and third equal to the square of the second. 

Ans. 2, 4, and 8. 

16. It is required to find a number, expressed by three 
digits, such, that the sum of the squares of the digits shall 
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be 104; the square of the middle digit to exceed twice the 
product of the other two hy 4; and if 594 be subtracted 
from the number, the remainder will be expressed by thd* 
same digits reversed. Ans. 862. 

17. A person has three kinds of goods which together cost 
$230^. A pound of each article costs as many ^ dollars as 
there are pounds iu that article: he has one-thu'd more of 
the second than of the first, and 3J times as much of the 
third as of the second: How many pounds has he of each? 

Ans. 15 of the 1st, 20 of the 2d, 70 of the 3d. 

18. Two merchants sold the same kind of stuff: the sec- 
ond sold 3 yards more than the first, and together, they re- 
ceived 35 dollars. The first said to the second, "I would 
have received 24 dollars for your stuff.'- The other replied, 
"And I would have received 12 J dollars for yours." How 
many yards did each sell? 

Ans. 1st merchant 15 or 5 
2d « 18 or 8. 

19. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed both at interest, so that the in- 
comes from them were equal. If she had put out the first 
part at the same rate as the second, she would have drawn 
for this part 360 dollars interest; and if she had put out the 
second at the same rate as the first, she would have drawn 
for it 490 dollars interest. What were the two rates of 
interest? Ans, 7 and 6 per cent. 

13 
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be 104; the square of the middle digit to exceed twice the 
product of the other two by 4; and if 594 be subtracted 
from the number, the remainder will be expressed by thd' 
same digits reversed. Ans. 862. 

17. A person has three kinds of goods which together cost 
$230^. A pound of each article costs as many ^ dollars as 
there are pounds in that article: he has one-thkd more ol 
the second than of the first, and d^ times as much of the 
third as of the second: How many pounds has he of each? 

Ans. 15 of the 1st, 20 of the 2d, 70 of the 3d. 

18. Two merchants sold the same kind of stuff: the sec- 
ond sold 3 yards more than the first, and together, they re- 
ceived 35 dollars. The first said to the second, "I would 
have received 24 dollars for your stuff." The other replied, 
"And I would have received 12^ dollars for yours." How 
many yafds did each sell? 

Ans. 1st merchant 15 or 5 
2d « 18 or 8. 

19. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed both at interest, so that the in- 
comes from them were equal. If she had put out the first 
part at the same rate as the second, she would have drawn 
ibr this part 360 dollars interest; and if she had put out the 
second at the same rate as the first, she would have drawn 
for it 490 dollars interest What were the two rates of 
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CHAPTER VII. 



FORMATION OF POWERS AND EXTRACTION OF ROOTS 

OF ALL DEGREES. 



I. Powers of Monomials. 

138. A Power of a quantity, is the product that re- 
salts from taking that quantity any number of times as a 
fiictor. 

To deduce a rule for forming any power of a monomial, 
let it be required to find the third power of '^aWc. From 
the definition of a power and the rule for multiplication, we 
hare 

In the same manner any monomial may be raised to any 
power. Hence, the following 

RULE. 

Raise the coefficient to the required power, and 
mwltiply the exponent of each letter by the exponent 
of the required power. 

If the sign of q quantity is +, the sign of any power of 
that quantity will to +. If the sign of a quantity is — , 
the signs of the even powers of that quantity are +, and 
the signs of the odd powers are — . 
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EXAMPLES. 



fiaise the foUowing monomials to the powers indicated: 



1. 
2. 
3. 
4. 
5. 
6. 






Ans. 8a*. 
^ws. — 27a-«J«c-». 



139. Powers of Fractions. — Let it be required to find 

2a^bc 
the third power of the monomial fraction q— ^' From the 

definition of a power and the rule for multiplication of frac- 
tionSy we have 

2a^b€^^ 2a^c^ 2a^c^ 2dR>(fi %cm& 



I 2c?h(^ _ 



3xf/ ~ Zxf ^ 3zf ^ 3xf ~ 27ir»/' 

and in lik^ manner we may raise any fraction to any pow^^ 
Hence, the foUowing 

RULE. 

liaise the numerator to the required power for a 
new numerator, and the denominator to the required 
power for a new denominator, 

EXAMPLES. 

Raise the following fractions to the powers indicated: 









,. (-^r 



Ans. 



Ans. — 



Ans. 



27a%» 
64J» • 
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140. Powers of Binomials. — ^A binomial may be raised 
to any power by the process of continued multiplication; 
but when the required power is higher than the second, 
the opemtion may be considerably abridged by using the 
Binomial Formula. 



* II. The Binomial Formula. 

141. The Binomial Formula is a formula by means 
.of which a binomial may be raised to any power without 
going through with the operation of continued multipli- 
cation. 

To deduce a formula for finding the value of (a? + y)", 
when m is any positive whole number, let us assume the fol- 
lowing results deduced by actual multiplication: 

{x + yfz=7^ + 2xy + y^ 

{x + yy = af^ + dofiy + dxf + y*, 

(x + y)^:=z xi^ + 4a^ + 6a^y^ + 4ay^ + y^. 

If we examine these powers, we find that they ai^ aU 
formed according to the following laws: 

1^ The Law of Exponents. — TAe exponent of the 
leading letter in the first term is equal to the exponent of 
the power; and the exponent of that letter goes on dimin- 
ishing by 1 in each term toward the right, to the last term, 
where it is 0; the exponent of the following letter is 0. in 
the first tenrif and the exponent of that letter goes on in- 
creasing by 1 in each term toioard the right, to the last 
■*?», wJiere it is eqtml to the exponent of the power. 



BINOMIAL FOBMULA. 



197 



2°. The Law of Coefficients.— ?7i« coefficient of the 
first term is 1; the coefficient of any term after tJie first 
is found by multiplying the coefficient of the preceding term 
lyy the exponent of the leading letter in that term, and dir 
vicling the product by the number of terms thai precede fhe 
required term. 

Let us assume that these laws hold true for the formation 
of a power whose exponent is m, m being any positive whole 
number. The application of these laws gives, 

(a? + y)'° = a;°» + mo^-hf + m . — — - rc^- Y + 

At • 

Let both members of this equation be multiplied by 
(a?+y); the first member will become (a;H-y)"* + ^; to find 
what' the . second member will become, let us perform the 
multiplication. 

OPEBATION. 

tn — 1 
re" + maF^-hj + m. — ^. — af^-^y^ + &c. + t^ 

^-hy 

in — 1 
ar^+i + m^y + m. — x — aP-y + &c. + xj/^ 



m 



^y + 



ma^-^y^ + &c. + mxif^ + y™+i 



oF^-^^ + m 

+ 1 
But 
m — 1 



m — 1 



x'^y + m. ^ 
+ m 



2J™"y + &c. + ni 

+ 1 



^ym 4.ym + i 



m. 



2 



/to — 1 , ,\ (TO + l)m 



in — 1 m — 2 . 

m* — 7z — :• — 7z h m. 



2 3 ' 2 

_ (m + 1) m(m — 1) 

'^■■' ./) 1.2.3 * 



m — 1 wi — 1/w — 2 . -\ 

= ♦«— 2-(-3- + V 
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W-— Im — 2 m — 3 m — l m — 2 
"'•-I 3 4- + '"'-2 3- 

(m + 1) m(m — 1) (wi — . 2) 
1.2.3.4 

The law of coefficients is evident. Substituting in the| 
product just found, we have, 

(m + l)m(m — 1) „« « . ^.. 

"^ 1.2.3 ^ iK^-y + &c. + 2^™ + i. 

Examining this result, we see that it conforms to the as- 
sumed laws of formation. Hence, we have shown that, if 
the assumed laws hold good for the formation of any power, 
they must also hold good for the formation of the next higher 
^ power. But we have proved that they hold good for the 
formation of the fourth power j hence, they must hold good 
for the formation of the fifth power. But if they hold good 
for the formation of the fifth power, they must, from the 
principle demonstrated, hold good for the formation 01 the 
sixth power ; and if for the sixth, then for the seventh ; and 
so on, by successive deduction, it may be shown that they 
hold good for any power whose exponent is a positive whole 
number. 

But we have already supposed m to represent any posi- 
tive whole number. Hence, we have proved the following 
formula: • 

{z+y)'^=af^+maf^-^+m — ^r—(xf^-^y^+&c.+mxi/^'^+y^{l) 
which is the binomial formula. 

This formula, which has only been proved true when rk 
is a positive whole number, will be shown hereafter to hold 
good when m is either positive or negative, entire or frav- 
tional. 

K we change the places of x and y, in formula (1), and 



\ 
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then apply the laws of formation, the order of the terms 
will be reversed, and we shall have, 

Comparing the second members of (1) and (2), we see 
that corresponding coeflScients are equal; which shows that 
the coefficients of the second member of the binomial formula, 
taken at equal distances from the extremes, are equal Hence, 
in forming any power of a binomial, it is only necessary to 
find the coefficients to the middle term of the development; 
the remaining ones will be equal to these taken in a reverse 
order. 

From the laws of formation, we see that there are tw + 1 
terms in the development of the m^ power of a binomial 

Hence, when m is odd, we must find — ^— coefficients; when 

m is even, we must find — ^ — coefficients. 

-'^jjj^pply the formula to find any power of a binomial, we 
raise the first term to its successive powers as high as the 
' nP'^ and substitute them for the corresponding powers of x in 
the formula; we then raise the second term to its successive 
powers as high as the w^*, and substitute them in the 
formula for the corresponding powers of y, substituting also 
foj^ the exponent of the power. 

EXAMPLES. 

1. Find the 6th power of x + a. 

Here we replace y hj a and m by G. Hence, 

{x + ay = afi + 6aa^ + Ua^j^ + 20a^3? + ISa*^* + Qa^x + (fi. 

The same result would have been found by applying the 
law of exponents and tJie law of coefficients. The simplest 
manner of applying these laws will now be shown : 
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Powers of X 


. . afi+ixP +x!^ 


+ X^ 


+aj2 


+x +1 


Powers of a 


. . 1 +a 4-a2 


+ «3 


+«* 


+ a5 -i-a^ 


Coefficients . 


. . 1 +6 +15' 


+ 20 


+ 15 


+ 6 +1 



{x + aY:=afi+ Qax^ + loa^x^ + 20^3^ + loa^ir^ ^ Qa^x + a« 

In the first line are written the descending powers of «, 
and in the second line the ascending powers of a, both in 
accordance with the law of exponents. In the third line are 
written the coefficients of the different terms deduced from 
the law of coefficients. The final result is found by multiplying 
together the factors standing in the different vertical columns. 

The coefficients in the third line are the coefficients of 
the formula, and may be deduced by giving to m its proper, 
value. In this particular case wi = 6 ; hence, the coefficient 

6x5 
of the second term is 6 ; that of the third term is — - — = 15; 

6x5x4 

that of the fourth term is — r- — = 20; and so on. 

2x3 

The same method of proceeding may be applied when 

the terms of the binomial contain coefficients and exponent& 

2. Find the fourth power of 3a% — 2bd. 

Towenotda^c..Slc^ci^+ 2W(^ + 9a^<^ + Sa^c + 1 
Pbwers — 25e?. . 1 — 2Jd + 4J2tP — 8J3d3 +16J*rf* 

doemcleats . 1 +4 + ^. + ^ + 1 

(3a2c— 2Srf)*= Sla^c*— 216a»^c8d + 2l^a^i^c^dJ^—9ea^b^cd^ + 16 J*rf* 

Care must be taken to distinguish between the coefficients 
of the formula, written in the third line, and the coefficients 
of the developmont, in the fourth line. 

3. Find the fourth power of 1 + q. 
Powers of 1.. 1 + 1+1 +1 +1 

Powersoft . . l + |+f +^ +g 

Coefficients . . 1 + 4+6 +4 +1 
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, ^ 4. Find the third power of 2a^ — 3iA 

* Powers of 2a2 . . 8a^ + 4a* + 2a^ +1 
^ Powei-s of — 3z« . 1 — 3iB8 + 9a* _ 27a;* 
Coefficients . . . 1+3^+3 +1 
(2a3 — 33^y = 8a^ — 36trtc3 + biah* — 27a«. 

In writing the first line it will be most convenient to • 
begin with the power, that is, at the right hand; the 
second line will be most conveniently written from left to 
right. 

5. Find the 5th power of 2x + 3y. 

A ns. 32a^ + 240(th/ + 720a;y + lOSOa^^j^^ + 810a:/ + 243y». 

6. Find the 4th power of a^ — xK 

Ana. cfi — 4a«a:3 + ^^h^ _ ^aJhfi ^• sfi. 

7. Find the 5th power of 1 + «. 

. ^ 5a; Sa:^ 5a:® . 5a:* a^ 

8. Find the 5th power of 1 + 4a:. 

Am. 1 + 20a; + 160a?» + 640a:8 + 1280a:* + 1024a:». 

Powers of Polynomials. 

142. A Power of any polynomial may be found by 
means of the binomial formula, as in the following examples : 

1. Let it be required to find the third power of 

a + b + c. 
First, put J + {? zn d ; 

then (fl + S + c)» = (a + rf)' = «' + 3a'e? + ZacP + cP. 

Substituting for d, its value, we have 

(a + J+ cY=(ifi + Za^b + 3aJ2 + V 

Zah + Sl^c + Gabc 
+ da(^ + 3Jc2 
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2. This development is composed of, the cubes of the tHr'^ 
termSy plus three times the square of each term by the jflrs 
potoers of the two others^ plus six times the product of al 
three terras. 

To apply the preceding fonnula to the developmenfc od 
the cube of a trinomial, in which the terms are affected Tiritb 
coefficients and exponents, designate each term by a single 
letter^ and perform the operations indicated ; then replace ths 
letters introduced^ by their values. 

From this rule, we find that 

(2^2 — 4fl5 + 3S2)3 ^ 8^0 — 48fl55'+ 132«452 — 20%c^Jfl 

+ 198a2fi* — 108aJ5 + 27^^. 

The fourth, fifth, etc., powers of any polynomial can be 
developed in a similar manner. 

The results in all these cases may also be found by link- 
ing the terms so as to form a binomial, and then proceeding 
as already explained. Thus, let it be required to find the 
square of the polynomial a-\-b + c + dy or (« + J) + (c -f- rf). 

Powers of (a+J). .{a^+2ab+1P) (a+S) + 1 

Powers of {c + d),. 1 + {c+d) + {c^+2cd+d^) 

Coefficients . . . 1 + 2 -\- 1 

{a~i-b-hc-\-d)^=a^i-2ab-\-b^+2ac-^2bc-^2ad-\-2bd-{-c^-\-2cdi-d^. 

Arranging and factoring, we have 
(a+&+c+rf)2=a2+2a(J+c+rf)+J2+2J(c+d)+c2+2cd+^. 

In like manner it may be shown that the square of any 
polynomial is equal to 

The square of its first term, plus twice the product of the 
first term into the sum of all that follow it, plus the square 
of the second term, plus ttoice the product of the second term 
into the sum of all that follow it j and so on, to the square 
of the last term. 
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III. Extraction of Roots of Numbers. 

143. Cube Root of Numbers. — ^The cube root of a 
mumber is one of its three equal factors. 

A Perfect Cube is a number whose cube root can be 
tfactly found; all other numbers are imperfect cubes. 
The first ten whole numbers are, 

1, 2, 3, 4, 5, C, 7, 8, 9, 10; 

md their cubes, 

1, 8, 27, 64, 125, 216, 343, 612, 729, 1000. 

Conversely, the numbers in the first hnc are the cube 
roots of the corresponding numbers in the second. 

If we wish to find the cube root of any number, less 
than 1000, we look for the number in the second Une, and 
if it is found there, the corresponding number in the first 
line will be its cube root. If the number is not found there, 
it will fall between two numbers in the second line, and its 
cube root will fall between the corresponding numbers in the 
first line. In this case the cube root cannot be expressed in 
exact parts of 1; hence, the given number is an imperfect 
cube. 

If the given number is greater than 1000, its cube root 
will be greater than 10; that is, it will contain a certain 
number of tens and a certain number of units. 

Let us designate such a whole number by N", and denote 
its tens by a, and its units by ^; we shall have, 

N = fl 4- 5; whence, N^ = a^ + Sa^ + Sai^ + b^; that is, 

The cube of a number is equal to the cube of the tens, 
plus three times the product of the square of the tens by 
the units, plus three times the product of the tens by the 
square of the units, plus the cube of the units. 
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Thus (47)8=(40)3+3 x (40^2 x 7+3 x 40 x (7)2 +(7)3= 10382^ 
Let us now reverse the operation, and find the cube too 



of 103823. 








103 823 


47 


48 


47 


64 


8 


48 
384 


47 


42x3 = 48 b98 2a 


329 




192 


188 




2304 


2209 




48 


47 




18432 


15463 






9216 


8836 



110592 103823 



Sinc3 the number is greater than 1000, its root will con- 
tain tens and units. We will first find the number of tens 
in the root. Now the cube of tens, giving at least thousands, 
we point off three places of figures on the right, and the 
cube of the number of tens will be found in the number 
103, to the left of this period. 

The cube root of the greatest cube contained in 103 being 
4, this is the number of tens in the required root. 

Having found the number of tens, subtract its cube, 6^ 
from 103, and there remains 39, to which bring down the 
part 823, and we have 39823, which contains three times the 
product of the square of the tens by the units, plus three 
times the product of the tens by the square of the units, plus 
the cube of the units. 

As the square of the tens gives at least hundreds, it fol- 
lows that the product of three times the square of the tens 
by the units, must be found in the part 398, to the left of 
23, which is separated from it by a dash. Therefore, dividing 
398 by 48, which is three times the square of the tens, the 
quotient 8 will be the units of the root, or something greater, 
since 398 is composed of three times the square of the tens 
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the vLuitSf and generally contaiDS numbers coming £rom 
le two other parts. 

We may ascertain wliethcr the figure 8 is too great, by 
)rmiDg from the 4 tens and 8 units, the three parts which 
bter inta 39823; but it is much easier to cubo 48, a3 has 
m done in the above table. Now, the cube of 48 b 110592, 
rhich is greater than 103823; therefore, 8 is too great By 
ibstituting 7 for 8 and cubing 47, we obtain 103823 ; hence, 
le proposed number is a perfect cube, and 47 h its cube 

By a course of reasoning entirely analogous to that'pur*- 
led in treating of the extraction of the square root, we 
lay show that, when the given number is expressed by more 
lan six figures, we must point off the number into periods 
three figures each, commencing at the right. Hence, for 
le extraction of the cube root of a whole number, we have 
;the following 

RULE. 

« 

/. Separate the given number into periods of three 
.figures each, beginning at the right; the left hand 
period will often contain less than three places of 
figures : 

IL Seeh the greatest perfect cube in the first 
period, on the left, and set its root on the right, after 
the manner of a quotient in division. Subtract the 
cube of this nuwjber from the first period, and, to the 
remainder bring down the first figure of the next 
period, and call this number a dividend: 

III. Take three times the square of the root just 
found for a divisor, and see how often it is contained 
in the dividend, and place the quotient for a second 
figure of the root. Then cube the number thus found, 
and if its cube be greater than the first two periods 
of the given number, dim^inish the last figure' by 1; 
but if it be less, subtract it from the first two periods, 
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and to the remainder bring down the first figure €>J 
the next period, for a new dividend: 

IV. Take three times the sqvbcure of the root fouurvd 
for a new divisor, and seek how often it is contairve^i 
in the new dividend; the quotient will he the thlT'd 
figure of the root. Cube the nuniber thus found, curvd, 
subtract the result from the first three periods of tJhe 
givezi number, and proceed in a similar way unttZ 
all the periods are operated upon. 

If there is no x^emainder, the number is a perfect cube, 
and the root is exact : if there is a remainder, the number is 
an imperfect cube, and the root is exact to within less than 
one. If any trial figure of the root is too great, diminish it. 



EXAMPLES. 

- V. 

1. V48p864i Ans. 364. - 

2. V^705i()36p08 Ans. 3002. _ 

3. Vi83249 Ans. 78, with a remainder 8697."^ 

4. V91^632508,64l Ans. 4508, with a rem. 20G44129. 

5. V3537734tWl8435 Ans. 3206^8. 

^ 144. The nth Root of a Number.— The w«* root of 
a number is one of its n equal factors. When the w«* root 
of a number can be found exactly, the number is a perfect 
n^ power ; all other numbers are imperfect n<* powers. 

Let a table of w«* powers be formed, similar to that em- 
ployed in the last article; then if the number contain less 
than n figures, and is a perfect n^ power, it will be found 
in the second line, and its iv^ root, which will consist of a 
single figure, will be found in the first line. If the number 
is not a perfect w«* power, it will fell between two perfect 
w<* powers in the second line, and its w* root will fall be- 
tween the corresponding numbers in the first line. 

K the given number contaia more than n figures, its root 
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▼ill consist of a certain number of tens and a certain num- 
ber of units. If we designate the tens of the root by a^ the 
units by b^ and the number by N, we shall have> by the 
binomial formula, 

N = (a + *)" = a° + na^-i* + 7^^^^a"-8*» + &a; 

that is, the proposed number is equal to iJie n*^ power of the 
tens, plus n times the product of the {n — 1)** power of the 
tens by the unitSy plus other parts not necessary to consider. 

Now, as the n'* power of the tens cannot be less than 1 
followed by n ciphers, the last n figures on the right cannot 
make a part of it. They must then be pointed off, and the 
w^ root of the greatest n* power in the number on the left 
will be the tens of the required root 

Subtract the n'^ power of the number of tens from the 
number on the lefb, and to the remainder bring down one 
figure of the next period on the right. If we consider the 
number thus found as a dividend, and take n times the 
(» — l)** power of the tens, as a diyisor, the quotient will 
evidently be the number of units, or a greater number. 

If the part on the left should contain more than n fig- 
ures, the n figures on the right of it must be separated from 
the rest, and the root of the greatest n^ power contained in 
the part on the left extracted, and so on. Hence the fol- 
lowing 

RULE. 

/. Separate the number Jf into periods of n figures 
each, beginning at the right hand; find the n^** root 
of the greatest perfect 7t** power in the left-hand 
period, and it will he the first figure of the root: 

IL Subtract this 7t'* power from the left-hand 
period, and bring down the first figure of the next 
period, and call this the dividend: 

///. Form the 7t — 1 power of the first figure of 
the root, multiply it by n, and see how many times 
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the product is contained in the dividend: the qr^^~ 
tient will he the second figure of the root, or some- 
thing greater: 

IV. Raise the number thus formed to the n^^ pouter, 
then subtract this result from the two left-hcLTvd 
periods, and to the new remainder bring down tHC' 
first figure of the next period : then divide the nwrro- 
her thus formed by n times the n — 1 power of tlve 
root alreadjij found, and continue this operation until 
all the periods are brought down and operated upon,. 

EXAMPLES. 

L What is the fourth root of 531441 ? 



53 1441 1 27 
2*= 16^ 

4 X 23 = 32 I 371 
(27)*= 531441 

We first point off, from the right hand, the period of four 
figures, and then find the greatest fourth root contained in 
53, the first period to the left, which is 2. We next subtract 
the 4th power of 2, which is 16, from 53, and to the re- 
mainder, 37, we bring down the first figure of the next 
period. We then divide 371 by 4 times the cube of 2, which 
gives 11 for a quotient : but this we know is too large. By 
trying the numbers 9 and 8, we find them also too .large: 
then trying 7, we find the exact root to be 27. 

145. Index a Multiple.— When the index of the root 
to be extracted is a multiple of two or more numbers, as 4, 
6, . . . etc., the root can he obtained by extracting roots of 
more simple degrees, successively. To explain this, we will 
remark that> 

{a^y =za^xcfixa^xa^=: os+a+s+s = 08^^ = a^; 

and, in general, from the definition of an exponent 

(a")" = a° X a™ X a".x a"* . . . = a^^*^": 
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hence, the n^ power of the w* power of a number is equal 
to the mtv^ power of this number. 

The converse of this is also true ; for let 



y Va = b ; 
raising both members to> the n^ power, we have 

Va = b^; 

raising both members of this equation to the m*^ power, we 
have 

Extracting the mn^ root of both members, we haye 

"Va = b; 

and since things equal to the same thing are equal to each 
other, we have 

Therefore, the n^ root of the m^ root of any number, is equal 
to the mrv^ root of that number. 

In a similar manner, it may be proved that 

m / 

y Va — ya. 
By this methoa we find that 

1. V256 =.|/V256 = Vl6 = 4. 

a. V298598i = j/v2.985984 = V^728 = 12. 

3. V1771561 = |/ V1771561 = 11. 

4. V1679616 = VI296 = |/ ^1296 = 6. 

Although the successive roots may be extracted in any 

order, it is better to extract the roots of the lower degree 

14 
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'first, for^then the extraction of the roots of the higher 
degrees, which is a more complicated operation, is applied to 
numbers containing fewer figures than the proposed number. 

" 146. Roots of Fractions.— Since the w^ power of a 
fraction is formed by raising both terms of the fraction to 
the w* power, we can eyidently find the w^ root of a frac- 
tion by extracting the w* root of both terms. 

K both terms are not perfect n** powers, the exact w** root 
cannot be found, but we may find its approximate root to 
within less than the fractional unit, as follows : 

Let T represent the given fraction. If we multiply both 

terms by V^"^ it becomes, 

a _ a¥'-^ 

Let r denote the n** root of the greatest perfect w** power 
m aJ"~^; then — TiT- will be comprised between j- and 

^ T^^ ; and consequently, t will be the w«* root of ^ to 

within less than t; hence, 



Multiply the numerator by the (w — 1)«* power of the de^ 
nominator, and extract the n^ root of the product : Divide 
this by the denominator of the fraction, and the quotient 
will be the approximate root. 

147. Approximation.— When it is required to extnwjt 
the 71'* root of a number which is not a perfect power, the 
method already explained will give only the entire part of 
the root, or the root to within less than 1. The part to be 
added, in order to complete the root, cannot be obtained ex- 
actly, but we can approximate to it as near as we please. 

Let it be required to extract the w* root of a whole 
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number, denoted by a, to within less tban a fraction -; 

that is, so that the error shall be less than ^. 

P 
We can write 

If we denote by r, the root of op" to within less than 1, 
the number — ^ = a, will be comprehended between — 

and ^ — „ ' ; therefore, the v« will be comprised between 
pn 

- and ; and consequentlv, their difference - will be 

p p ^ -» p 

T 

greater than the difference between - and the true root 

P 

T 1 

Hence, - is the required root to within less than -; hence, 
* . 

To extract the w^ root of a whole number io within less 

1 

than -, multiply the number by p^j extract the »** root 

of the product to within less than i, and divide the result 
iSP- 

EXAMPLES. 

1. Bequired the cube root of 15 to within less than ^o* 
1^ 

"We have 

15 X 123 = 15 X 1728 = 25920. 

The cube root of 25920, to within less than 1, is 29; 
hence, the required root is, 

12" 12* 

2. Extract the cube root of 47, to within less than ^rr. 

We have 

47 X 208 = 47 X 8000 = 376000. 



1 • 
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I 
\ 

The cube root of 376000, to within lees than 1, is 73; 
hence, 

V^T = ^TT = 3 ^, to within less than ^. 

3. Find the value of V^f to within less than .001. 

Multiply 25 by the cube of 1000, or 1000000000, which 
gives 25000000000. The cube root of this number is 2920; 
hence, 

V^ = 2-920 to within less than .001. 

Since other examples may be treated in a similar man- 
ner, we have, for extracting the cube root of a number to 
within a given decimal, the following '^ 

RULE 

Annex three times as many ciphers to the num- 

ber, as there are deeim^al places in the required root ; 

extract the cube root of the number thus formed to 

within less than 1, and point off from the right of 

. this root the required number of decimal places. 

148. Decimals. — ^We will now explain the method of 
extracting the cube root of a decimal fraction. 

Suppose it is required to extract the cube root of 3.1415. 

Since the denominator, 10000, of this fraction, is not a 
perfect cube, make it one, by multiplying it by 100; this is 
equivalent to annexing two ciphers to the proposed decimcU, 
which then becomes, 3.141500. Extract the cube root of 
3141500, that is, of the number considered independent of 
the decimal point to within less than 1; this gives 146. 
Then dividing by 100, or by VlOOOOOO, and we find, 



V3.1415 = 1.46, to within less than O.OL 

Since similar examples may be treated in a similar man- 
ner, we have the following 
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RULE. 

•t 

nAnnex ciphers till the whole ruwmber of decimal 
places is three times the number required in the 
root. Then ^xtrt^ct the root as in whole numbers, and 
point off the required number of decimal places, 

Vtilgax Fraxjtion. — To extract the cube root of a vulgar ti 
fraction to within lesB than a given decimal, the most simpto,,; 
method is. 

To reduce the proposed fraction to a decimal, continuing 
the division until the number of decimal places is equal to 
three times the number required in the root. 

The question is then reduced to extracting the cube root 

■ 

of a decimal fraction. 

Suppose it is required to find the sixth root of 23, to 
within less than 0.01. 

Applying the rule of Art. 147 to this example, we mul- 
tiply 23 by (100)^, or annex twelve ciphers to 23; then ex- 
tract the sixth root of the number thus formed to within 
less than 1,'and divide this root by 100, or point off two 
decimal places: we thus find, 

VWt=^-^^> to -within less than 0.01. 

EXAMPLES. 

i. Find the V^^ to within less than ■^, Ans. 7f . ' 

2. Find the VT9 to within less than .0001. Ans. 4.2908. ' 

3. Find the y 13 to within less than .01. Ans. 1.53. 

4 Find the V3.00416 to within less than .0001. 

Ans. 1.U29. 

5.. Find the Vo.OOlOl to within less than .01. 

Ans. 0.10. 

6. Eiiidithe VM to within less than .001. Ans. 0.824 



\ 
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IV. Extraction of Roots of Algebraic 

Quantities. 

149. To find a rule for extracting any root of a mono- 
mial, we have simply to reverse the rule of Article 138, for 
finding any power of a monomial.' This gives for the extrac- 
tion of the w** root of a monomial the following 

RULE. 

V 

» 

Extract the n^ root of the coefficient, and divide 
the exponent of ecuch letter by n. 

Hence, that a monomial may be a perfect n*^ power: 

1**. Its coefl5cient must be a perfect ««* power; and 
2°. The exponent of each letter must be divisible by ru 

EXAMPLES. 

Extract the indicated roots of the following monomials: 

1. V^^^. ^ns. + 4fl8iA 

2. \/mm^. Ans. ±2a^i^c. 

It may be shown, as in Art. Ill, that any even power 
of a positive quantity is +, and also that any even power of 
a negative quantity is + ; hence, every even root must have 
the double sign ±. Every odd power of a quantiiy has the 
8$me sign as the quantity ; hence, every odd root of a quan- 
tity must have the same sign as the quantity. 

3. V— 8a». Ans. —2a. 

4. V— S2aW. Ans. - 2a%. 

5. V8l^^. Ans. ±3aJ». 

6. VS^W^. Ans. + grf^M 
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7- V8l^*^W Ans. ±ZaVd^. 

a V- 32a»c«>fl?w. Ans. - 2ac2d». 

9. V— 125aWc8. ^ns. ---haWc. 

Any even root of a negative quantity is imaginary; for 
it is impossible to &Dd a quantity which^ on being raised to 
an even power, will give a negative result. 

10. V— 16a*. Ans. 2a V^^. 

150. Roots of Polynomials. — To deduce a rule for 
extracting the n^ root of a polynomial, n being any positive 
whole number, let us first consider the law of formation of 
the n^ power of a polynomial. For this purpose take the 
polynomial 

r + r' + r" + &c., 

which suppose arranged with respect to some letter. Denot- 
ing the sum of all the terms after the first by s, and apply- 
ing the binomial formula, we have 

(r + s)^ = r^ + wr°-i« + &c., 

= r" + nr^-^(r' + r" + &c.) + &c. 

If now we reverse the process, and extract the rv^ root of 
the second member, it is obvious that we shall find the first 
term of the root by extracting the w<* root of the first terra 
of the polynomial. If we subtract r° from the polynomial, 
and denote the remainder by E, we have 

E = wr°-V' + wr"-^/' + &c., 

which remainder will evidently be arranged with reference to 
the leading letter of the polynomial ; therefore, the first term 
win contain a higher power of that letter than either of the 
succeeding terms, and cannot be reduced with any of them. 
Hence, if we divide the first term of the first remainder, by 



t<A 
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n times the {n — 1)<* power of the first term of the root, the 
quotient will be the second term of the root. 

In like manner, if we subtract the n^ power of the sum 
of the first two terms of the root from the given polynomial, 
and divide the first term of the remainder by n times the 
(n — 1)<* power of the first term of the root, we shall haTe 
the third term of the root If we continue the operation, 
the first term of each new remainder, divided by n times the 
{n — 1)* power of the first term of the root, will give a new 
term of the root. 

It may be remarked, since the first term of the first re- 
mainder is the same as the second term of the given poly- 
nomial, that we can find the second term of the root, by 
dividing the second term of the given polynomial by n tim& 
the (w — 1)* power of the first term. 

Hence, for the extraction of the iv^ root of a polynomial, 
we have the following 

RULE, 

Z Arrange the given polynomial with reference to 
one of its letters, and extract the n^ root of the first 
term; this will he the first term of the root: 

II, Divide the second term by n tivfies the {n — 1)<* 
power of the first term; the quotient will he the 
second term: 

III, Subtract the n^^ power of the sum of the two 
terms already found from the given polynomial, and 
divide the first term of the remainder hy n times the 
(^ — 1)«* power of the first term; the quotient will he 
the third term: 

IV, Continue this operation till a remainder is 
found equal to 0, or, till one is found whose first 
term is not divisible hy n times the (n — 1)'* power 
of the first term of the root : in the former case the 
root is exact, and the given polynomial a perfect 
n^ power; in the latter case, the polynomial is an 

nfiperfect n^ power. 



CHAT, vn.] EXTB ACTION OF BOOTS. 217 

EXAMPLES. 

1. Extract the cube root of 

afi^ex^ + Ux^ — 20a^ + ISa?* — 6aJ + 1. 

OPERATION. 



{3?^2xy= af^—Ga^+12a^— 8 a;» | Sa^y Divisor. 

3ar*— &c. 
(a«— 2a; + l)3= :g<^— 6a;5^i5a4_20a:8+15a:^— 6:r+l 

0. 

In this example, we first extract the cube root of a^, 
-which gives a^, for the first term of the root. Squaring a:^, 
and multiplying by 3, we obtain the divisor 3x^ : this is con- 
tained in the second term — 2a; times. Then cubing the 
part of the root found, and subtracting, we find that the 
first term of the remainder 3a;*, contains the divisor once. 
Cubing the whole root found, we find the cube equal to the 
given polynomial. Hence, a^ — 2a; + 1, is the exact cube 
root. I 

2. Find the cube root of 

':^ + 6a;5 — 40s^ + 96a; — 64. 

Ans. a:^ + 2a; — 4. 

3. Find the cube root of 

S3fi — 12a;5 + 30a;* — 25a;8 + ^q^ _ 12^; + 8. 

Ans. 27? -^x + 2. 

4. Find the 4th root of 

16a* — 96a^ + 216a2a« — 216aa;8 + 81a;*. 

Ans, 2a — 3a::' 

We first extract the 4th roof of i6a*, which is 2a. We 
thejQ raise 2a to the third power, and multiply by 4, the in- 
dex of the root; this gives the divisor 32a». This divisor 
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is contained in the second term, — Zx times, which is the 
second term of the root. Baising the root found to the 4th 
power, we find the result equal to the gi^en polynomiaL 

6. Find the fourth root of 

81a;8 _ 2i6a:7 + 336x5 — 56a:* — Z'Hia? + 64a; + 16, 

Ans. 3a;2_2a? — 2. 

V. Transformation of Radicals. 

ISL The following principles are used in transforming 
radicals of any degree : 

Let a and 5 denote any two quantities, and p the pro- 
duct of their w'* roots. Then, 

Va X V*=i? (1) 

Baising both members of this equation to the iv^ power, 
we find 

{Vaf X {Vbf =i?", or oJ = j9"; 

whence, by extracting the w^ root of both members, 

Vai=zp (2) 

Since the second members of equations (1) and (2) are 
the same, their first members are equal; therefore, 

Va X Vb = Vab'y hence, 

1®. The product of the w* roots of two quantities is 
equal to the n*^ root of the product of the quantities, and 
the reverse. 

Denoting the quotient of the given radicals by q, we have 



Vb 



= q (1) 
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Raising both members to the n^ power, we have 

Extracting Die w^ root of both members, we have 

V| = ? (2) 

The second members of (1) and (2) are the same ; hence, 
their first members are eqaal, giving 

T— = V t\ hence, 
Vb ^ 

2**. The quotient of the n^ roots of two quantities is 
equal to the n^ root of their quotient, and the reverse. 

Let a denote any quantity, and assume 

|/V^ = r (1) 

Baising both members to the m'* power, we have 

Va = r» (2) 

Baising both members of (2) to the w* power, we have 

a=:r~» (3) 

Extracting the mw* root of both members of (3), we have 

Va = r (4) 

But the second members of (1) and (4) are the same; 
their first members are therefore equal; hence, 



y V^=°V^; hence, 



\ 
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3°. The fn«* root of the w'* root of any quantity is eqitaZ 
to ih^ mn^^ root of that quantity, and the reverse. 

152;. Radicals of any Degree.— A radical of the n^ 

degree is in its simplest form when there is no factor under 
. the radical sign that is a perfect w* power. 

Take the radical, \^54:a*^A This may be written, 

V54aW^= v'27a8^ x "Zad^. 
Hence, from principle 1^ (Art 151), we have 

VsloW^ = V27a^ X V2ac2 = Zab V2aA 

Since we may treat any radical in a similar manner, we 
have, for the simplification of a radical of the ;i'* degree, the 
following 

RULE. 

Resolve the qubavfity under the radical sign into 
two factors, one of which is the greatest perfect n^ 
power that enters it, as a factor: extract the n^ root 
of this factor, and write the root without the radical 
sign, under which, leave the other factor. 

Conversely, a coefficient may he introduced under the rad- 
ical sign, by simply raising it to the w** poioer, and writing 
it as a factor under the radical sign. 

Thus, 3a*V2a^= V27^X V2a^ = VsioW. 

EXAMPLES. 

Simplify the following radicals: 

1. VJSrt^^. Ans. 2ac \/da^. 

2. Vll2aW ^ns. 2ai^Vi^' 

3. 2V54i^V^. Ans. Qarhf^V^^' 

4. V^2a^y-^ Ans. 4ca"'y-'^ V^y'^^ 
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Place the coefficients under the radical sign in the follow- 
ing expressions: 

7. 3 V^flKT, Ans. "^/b^ax, 

8. — 4Va^. Am, y%mdb\ 

9. 2aS V'^a- V* ^w«- V32a^V^.. 

153. A radical may sometimes be simplified by reducing 
its index, in accordance with principle 3° (Art. 151). Take, 
for example, the radical V^- From the principle referred 
to, we have 

s 
m 

As the quantity under the last radical sign is a perfect 
square, its root can be extracted; hence. 

In like manner, 

V3(ia362 =s |/V36a2^ = V6ad. 
In general. 



mn/— / n /- — m y— 

V a" = y V a° = va ; 



that is, when the index of a radical is a multiple of any 
number w, and the quantity under the radical sign is an ex- 
act w^ power, 1V6 can divide its index by n, provided we 
extract the w^ root of the quantity under the sign. 

Conversely, The index of a radical may he multiplied by 
any number, provided we raise the quantity under the sign 
to a power of which this number is the exponent. 
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For^ sinco a is the same thing as V^> ^e have 

EXAMPLES. 

Simplify the following radicals: 

L V36a2^. Ans. V6a6. 

2. Vl^o^cV^ -4«5. V^a^^r*. 

3. V^7m^2^. ^,j^. V3m*»^. 

1S4. Conunon Index of Radicals. — ^The principles of 
the last article enable us to reduce radicals having difTerent 
indices to equivalent ones having a common index. 

Take, for examples, the radicals, 

Vc> V^> and Va 4- (>• 

The least common multiple of 3, 4, and 6, is 12. We 
can multiply the index of each radical by such a number as 
will make it 12, provided we raise the quantity under the 
sign to a corresponding power. Thus, we have 

Vc=z'\^, V2a=*V^, and VaT^ ='\^{a + b)^. 

In like manner, other groups of radicals may be reduced 
to a common index. Hence, the following 

RULE. 

/. Find the least common m^ultiple of the indices, 
for a comm^on index: 

IL Tiien raise the quantity under each radical 
sign to a power whose exponent is the quotient of the 
common index, divided by the index of its radical. 
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EXAMPLES. 

Bednce the following radicals to a common index: 

1. Vay V5d, and Va* + ^. 

Am. W, V^M*, and' *\/(a^ + t^f. 

2. V3, V7, and V2. 

^n.s. ^^, v^i9, and v^ 

3. 2V3i, eV^, and \/a. 

Am. 2v^81^, 6v^l6S, and v^. 



/f^ 



4. Vo", V^, and Vc. 

Am. v^a*^, v^, and *^. 



6. V«^ V^, and ^. 

^W5. T'o"', T*°P, and '\^. 



/^.^ 




1 »/ i 

— 7 and V . 

a — ^ x^y 



Am 



Y ^ and |/. 



(a-^)3 r (a;-y)3- 



155. Addition and Subtraction of Radicals.— Badi- 
cals can only be added and subtracted when they are simi- 
lar^ that is^ when they have the same index and the same 
quantity under the radical sign. When they are similar, the 
radical part may be regarded as a unit, and their addition 
or subtraction may be effected by the following 

RULE. 

Add or suhti^act the coefficients, and to the result 
annex the common radical part. 

K two radicals are not similar, they may often be made 
so by simplification. Hence, we first reduce the radicals to 
be operated on, to their simplest form, and if not similar, we 
indicate the addition or subtraction. 
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EXAMPLES. 

Add the following radicals: 



1. Vi8a^ and SVTSi Ans. 9bVSa. 

2. 3V4^ and 2V2a. Ans. 6V2a. 

3. 2V45 and\i\^>C ^m 9^5. 
Eeduce the following expressions : 

4. daV^-2cVb. Ans. (3« — 2(?)Vi. 
6. 3V4^-2V2^. ^W5. V2^. 

6. V243 + V27 + Vib. Ans. 16\/3. 

7. 2\/8^— 7aVi8a + 5V72^— V50a^. 

-4ws. (13a — 6J)V2a. 

8. 12V^ + 3|/J. ^«.. ^V2- 

9. VSa^d + 16a* — V^*T 2a6«. • . 

-4^5. (2fl — b) V^a + b. 

10. 3V4^ + 2V2a. u4n5. 6V2a- 



11. V46c^ — VSO? + ^/bcfc. Ans. (a — c) Vbc. 

15 



^^2. 2 V 5 + V60 - Vis + V?. Ans. |l Vi5. 



156. Multiplication of Badioals.— We have shown 
. that all radicals may be reduced to equivalent ones having 
a common index; we therefore suppose this transformation 
made. 

Let a\/b and cVd denote any two radicals of the 
same degree. Their product Is denoted thuS; 

a y/b X c V5 ; 
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or, since the order of the factors may be changed without 
affecting the value of the product, we may write it (Art 151), 

ac X Vi X Vd=iac\/bd\ 

hence^ for the multiplication of radicals of any degree, we 
haTO the following 

RULE. 

!• Reduce the radicals to a common indejo: 

IL Multiply the coefftcients together for a new 
coefficient, arid the quantities under the radical sign 
for a new quantity und/cr the radical sign, leaving 
the indeo} unchanged. 

EXAMPLES. > 

Perform the following indicated multiplications: 

^ c ^ d 

Ans^ g — — • 

yod 

% 3a Vs^ X 2SV4^. Ans. ISa^jV^c. 

^ \^- 1^1'^ -Ayr . ^'^' 16^21 

4 3a V^ X 5J V2c. Ans. Ibah^^/W?* 



9 

/VK Multiply Va X V3 by |/| x Vk- 



3. 
^ Ans. '-^a 



6. Multiply 2 Vis by SVlO. 

An&. 6 V337500. 

/V7. Multiply 4V^ by %)/\. Am. ^V^- :- 



16 



y 
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'8. Multiply \/2, V3, and V^, together. 




Ans. V64bU0U. 



9. Multiply y 77, y ;r, and ^'V^e, together. 



^««- r 27* 




10. Multiply (4j/| + 5j/|) by (4/| + 2^)- 

Ans. f + ^V'ii: 

11. Multiply -V/^ by -^. ; 

12. Multiply a/5 + Vy by V^ — Vy. Ans. x-^y. 

157. Division of Radicals.— We will suppose, as in 
the last article, that the radicals have been reduced to 
equivalent ones having a eommon index. 

Let aVS and ca/cI represent any two radicals of the 
n** degree. The quotient of the first by the second may be 
written, 

aVb a V* 



• 


cVd 


Vd 


But from Art 151, we have 

• 




Vb 

Vd' 


^ d' 


Consequently, 


we have 






aVb 

'■ oya" 


■-c'^yd 



Hence, to divide one radical by another, we haye the 
following 



CEAP. vn.J TKANSFOBMATION OF RADICALS. . 2%7 '> 

RULE. 

/. Reduce the radicals to equivalent ones having 
a common index: 

! IJ, Divide the, coefficient of the dividend by that 
of the divisor for a new coefficient, and the quantity 
'under the radical sign in the dividend hy that in 
the divisor, for a new quantity under the radical 
sign, leaving the index unchanged, 

EXAMPLES. 

• •*• 

8 



C 

5^ 



8 / 2 lA 

1. Find th« quotient of cV^¥+¥ by dy^ ^ - 
V^^+y _ c * /8b (a'lf + b*) _ 2cb \/ ¥T^ 

2. Divide aVSxVi by iV^ X VS- 

\ Ans. ^'v^m 

3. Divide J VJ by (\/2 + 3 vf) Ans. ^. 

Divide 1 by S/a + V*- 




Ans. 



a^^b 



. Divide \/a + \/h by V« — • V*« 




^n5. 7 • 

a — 

\ Divide ^ + ^Via by (|/|+2|/J)v 

,58. Powers of Radicals.— Let aVl represent any 
of the w** degree. Then we may raise this radical to 
the «n^ power, by taking it m times as a factor; thus, ^ 

av^xaVJx ... X aV^. 
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Bat, by the rule for multiplicatioDy this oontinaed pro- 
dnot is equal to o™ V*'" ; whence, 

(aV*)"* = a™ (V*^) (1> 

We have then, to raise a radical to any power, the fol- 
lowing 

RULE. - 

liaise the coefficient to the required power for a 
new coefficient, and the quantity under the radica^l 
sign to the required power for a new quantity under 
the radical sitfn, leaving the index unchanged. 

fiXAMPLBS. . 

• Baise the following radicals to the powers indicated : 

1» (V^)^. Ans2uVa. 

By the rule, 

(V4^)''= V7^=^ Vle^ — 2ay^=s2aVa, as above. 

8. (3 V^d)^ Ans. 486a V^. 

When the index of the radical is a multiple of the expo* 
nent of the power to which it is to be raised, the result can. 
be simplified. 



y 



For, V^a^y V^ (Art. 151); hence, in order to 

square \/2a,; we have only to omit the first radical sign, 
which gives 

and similarly for other like cases; hence> 

When the index of the radical is divisible by the eacpfh 
nent of the power to which it is to be raised^ perform ths 
iivisiony having the quantity under the radical sign un- 

%7iged. 
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Ans. 9V4S 

159. Extraction of Boots.— Let us take equation (1), 
of the last article^ 

(a V*)™ = a™ ( VF). 
Extracting the ^'^ root of both members^ we hare 



aV* = '/a" V*" = flV*, 



fiince the second member must be equal to the first 

Hence, to extract any root of a radical of any degree, we 
have the following 

RULE. 

Extract the required root of the coefficient for a 
new coefficient, and the required root of the quantity 
UTbder the radical sign for a new quantity under the 
radical sign, leaving the index unchanged. 



EXAMPLEa 



1. Find the cube root of 8 V^. 
/OJ^ Find the fourth root of j^V^. 



Ans. 2 Vs. 
Ans. « Vi 



. . When the indicated root of the quantity under the radi* 
cal 0ign cannot be found, we may simplify the result by 

pdnciple 3% Art 151. Thus, to find the nv^ root cVd, we 
hare, from the principle referred to. 



. Consequently, .when we cannot extract the required root ^ 
of the quantity under the radical sign, we Tiave the following ^ 
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RULE. 

Extract the required root of the coefficient for 
a new coefficient, and multiply the given index by 
the index of the required root for a new index, lecuv- 
in£ the quantity under the radical sign unchanged. 

3. Find the cube root of VSc. Am. ^^3c. 

4. Find the square root of ^/5c. Arts. \/bc. 

When the quantity under the radical is a perfect power, 
of the degree of either of the roots to be extracted, the result 
can be simplified. 

Thus, |/V8^ = |/V8^ = V5a. 

In like manner, y Vdc^ =i y \/^ _= \/3a. 

"^ . 5. Find the cube root of — \/3. Ans. ^ Vd. 



/^. 



Find the cube root of ^a/IoP. Ans. ^V^fl**. 



160. Multiple Roots.— The rules just demonstrated 
depend on the principle, that if two quantities are equal, the 
lik^ roots of those quantities are also equal. 

This principle is true so long as we regard the term root 
in its general sense, but when the term is used in a re- 
stricted sense, it requires some modification. This modifica- 
tion is particularly necessary in operating on imaginaiy ex- 
pressions, which are not roots, strictly speaking, but mere 
indications of operations lohich it is impossible to perform. 

It has already been shown that every quantity has two 
fl(|[uare roots, equal with contrary signs. It may be shQwn 
it every quantity has three cube roots, four fourth rootSf 
so on. 
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1^. Let a denote any quantity^ and suppose p to be its 
arithmetical cube root; then will a =^. If we denote the 
algebraic yalue of the cubo root of a, or of its equal jj^, 
by X, we shall have, from the definition of a cube root, 

a^z=j[fiy or a;'— ^.= . . . . (1) 

Factoring the first member of equation (1), we have, 

{X'-p){a^ + px +jj^) = .... (2) 

Now, every value of x that will satisfy this equation will 
satisfy the first equation.. But this equation can be satisfied 
by supposing 

* • a;— ^ = 0, whence x=p; 

or by supposing 

irom which we have, 



X 



hence, "we see, that there are three different algebraic cube 
roots of a, or of its equal jp*, viz. : 

« 

It Will be shown in Art 162, that the cube of each of 
these expressions is equal to p^. 

2°. If we let p denote the arithmetical fourth root of a, 
and X its algebraic root, we have, as before, 

2:*=^*, or a;*— ^ = * ... (3) 
Equation (3) may be placed under the form 

{a«-j52)(a^+^) = (4) 
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' Equation (4) can be satisfied by supposing 

aP—jfz=Oi whence . a;=±j?; 
or by supposing 

x^ -{- p^=0; whence a;= ± V— ^= ±^V— 1. 

Hence, any quantity a has four algebraic fourth roots. 

3°. If j3 be the arithmetical sixth root of a, we have, as 
before, 

a^zr^, or a:«— jp«=:0 . . . • (5) 

Equation (5) can be placed under the form 

Equation (6) can be satisfied by supposing 

a;2— ^ — 0; or iP=±i?; 

or by supposing 

or by supposing 

Hence, every quantity has six algebraic sixth roots. 

It may be demonstrated that any quantity has n alge- 

• I- 

bfaic w<* roots, n being any positive whole number. If n is 
even, and the quantity positive, two of the roots are real and 
'equal, with contrary signs, stnd the others are imaginary. If 
the quantity is negative and n even, all of the roots are 
imaginary. But if n is odd,* one of the roots is real and of 
{tifQ same si^ as the quantity; all the others are imaginary. 
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IGl. If we make a = 1, whence j? = 1, the results of 
the preceding article give us the various roots of 1. 

We find in this manner, that the two square roots of 1 
are 

+ 1 and — 1. 

The three cube roots of 1 are 

+ 1, - 1 +y^\ and =i-V^ 



2 



The four fourth roots of 1 are 



'Z 




+ 1, — 1, + V— 1, and 
and so on. 

Imaginary Quantities. 
162. An Imaginary Quantity is an indicated even 
root of a negative quantity. Thus V— 3, V--2, and 
V — c^y are imaginary quantities. 

The rule for the multiplication of radicals, as explained 
in Art. 156, requires some modification to adapt it to the 
case of imaginary quantities. By that rule the product of 

+ V— 4 and + V— 3 is + Vl2, whereas, the real pro- 
duct is — Vl2, as will be seen hereafter. 

Every imaginary monomial of the second degree appears 

under the form V— fl^. This may be resolved into two 
factors by principle 1°, Art. 151, giving 



V— a^ = Vcfl V— 1 = ± a V^^. 

The factor V— 1 is called the imaginary factor, and 
the other is called its coefficient. 

When several factors of the form V— «^ are to be mul- 
tiplied together, we first reduce them to the form ± a V— 1? 
We then multiply their coefficients together by known rules, 
and the imaginary factors by a principle now to be deduced. 
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\ 



The first power of V— 1 is V— 1 ; the second power, 
by the defiuition of a square root, is — 1 ; the third power 
is the product of the first and second powers, or — 1 V — 1 
= — V— 1; the fourth power is the square of the Eccond, 
or + 1 ; the fifth is the product of the first and fourth, that 
is, it is the same as the first; the sixth is the same as the 
second; the seventh, the same as the third; the eighth, the 
same as the fourth; the ninth, again, the same as the first; 
and so on indefinitely, as shown in the table, n being any 
whole number. 

(\/=T)i= V^iTi. (>/=rr)«"+i=: V^iiri: 

(yCID^rr +1. (\/^^*« + 4-- L 

To show the use of this table, let it be required to find 
the continued product of V— 4, V— 3, V— ^^ V — 7> 
and V— 8. Reducing these expressions to the proper form, 
^nd indicating the multiplication, we have, 

2\r^ X V3 V"^ X V^\/^ X,\/7V^ X 2v^a/^. 
Changing the order of the factors, ^ 

(2 X V3 X \/2 X V7 X 2 V2) (a/^=T)'. 

Hence, the product is 8 V^ x V— 1> or, 8 V— 21. 

As an illustration of the foregoing principles, let it be re- 
quired to verify the cube roots of a, as found in Article 

160. Cubing the coefficient -^, we have —-. Placing the 

other factor under the required form, we have, 

— i + VsV^^ 
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By the rule for moltiplicatioiiy we have, 

(_ 1 + V3 V^) (- 1 + V3 a/^) (- 1 + V3 V^=& 
Hence^ 

(f(-l + '/=3))'=i>« = a; *^ 

which was to be shown. 

In like manner, all the other results of Art 160 may be 
verified, 

EXAMPLES. 

Perform the operations indicated in the foDowing ex- 
amples: 

y^^. {a + hV-i) X {c + dAfi:i) 

Arts, ac — hd+ {ad + he) V— 1. 

/$*• (a-^bV-^) x{G^d^/^^). 

Ans, ac-^hd — {ad + be) V— 1. 

"YJ. {a + b ^/^)\ AiiB. a2 - 82 + c^^b V^. 

>^ {a + b V^)^ An9. a» — 3aS^ + {da^ — l^) V^. 

/\j)^. V~a2 + '^ad - ^. Ans. ±{a--b) V^. 

/ viJB. — = H :r-7=:. AnS, 

\ ^^ a + ftV— 1 a — 6v — 1 



a^ + l^' 



X^ a^bV-l a + by-l a^ + i^ 



163. Let it be required to find the product of V— -^ hy 
V — b. By the ordinary rule for multiplication of radicals, 
we should find the product equal to V^<&; but this is not 
the true product For, reducing the quantities to the re- 
S quired form, we have, 



\ 



\ 
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When we have to apply the rule for the multiplication of 
radicals to imaginary t^antities of the fourth degree, we first . 
reduce *the imaginary terms to the form \/a V— 1» and 
then proceed as in the above example. 

VI. Fractional Exponents. "^ \. 

164. It has been agreed to denote i*adicals by means of 
fractional exponents. In this system of notation, the index 
of the radical forms the denominator of the exponent. When 
a simple radical is to be denoted, the numerator of the ex- 
ponent is 1; when the quantity under the radical sign is 
raised to a power, the numerator of the exponent is the 
same as the exponent of the power. Thus, Va is denoted 

by the symbol a^; \f^y by the symbol a* ; Vfl^ by the 

n 

symbol a" ; and so on. 

165. If we combine this method of notation with that 
already explained, for denoting reciprocals, we bare the fol- 
lowing table of equivalent expressions : 



1°. 

2°. 
3°. 

5°. 





TABLE. 




Va 




equivalent 


1 

to a** 


W" or 


(v^r 


u 


m 


1 
a" 




a 


(T*. 


1 

n/- or 


a 


u 


a » 


1 


Wi 


u 


in 



ya 



a" 



166. We see fix)m the Z" principle of the above table 
that, 
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f 

Taking the reciprocal of both members of this equation, 
we have, 

Prom equations (1) and (2), we see that a facUr may he 
transferred from the numerator to tJie denominator, or from 
the denominator to the numerator, by changing the sign of 
its exponent 

167. It may be shown that all the rules for operating 
en quantities whose exponents are whole numbers, are appli- 
Gable when the exponents are fractional. 

In the first place, it is plain that both numerator and 
denominator of a fractional exponent may be multiplied by 
the same quantity without altering the value of the expres- 
Bion ; for, by definition, the wi^* power of the w* root of a 
quantity is equal to the quantity itself. This principle en- 
ables us to reduce quantities, having fractional exponents, to 
equivalent ones in which the exponents have a common de- 
nominator. 



m 



Thus, the quantities a** and a* are equivalent to the 



018 nr 



quantities a""* and a"\ But the latter expressions havfe a 
common index. Hence, radicals denoted ly means of frac-^ 
tional exponents may be reduced to equivalent radicals having 
a common index, by simply reducing their exponents to a 
common denominator^ 



m 



Let a" and a' be any two radicals after they are 
reduced to a common index. Their product by the rule for 
exponents is 

m r m + r 

But, we have, by Using equivalent expressions, 

— . ,. _ m + r 
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If one exponent is + and the other — -^ we have, by the 
rule for exponents, 



— T m — T 



a' X a * =a "^ . 
Bat, .by using equiyalent expressions, we have 

Va^ X ^ = y — = Va"-' = a » . 



a' 

If both exponents are negative, we have, by the rule for 
exponents, 

m r m -f r 

a " X a ' =za ■ . 
But, by using equivalent expressions, we have 

1 _1 1_^ _ _^±i 

Hence, for the multiplication of quantities whose expo-r 
nents are fractional, either positive or negative, we have the 
same rule as though they were whole numbers. And because 
division is the reverse of multiplication, the rule for expo- 
nents will be the same whether the exponents are entire or 
fractional. Hence, it follows, from what precedes, that the 
methods of forming powers and extracting roots will be the 
same whether the exponents are positive or negative, entire 
or fractional 

EXAMPLES. 

Perform the operations indicated below: 

1. a^^"*^c-i X a«J*A Ans. a^b^c^^. 

2. 3a-«J*x2a"**^c«. Ans. 6a"^S*c?«. 

3. 6a"Vc-» X 5a^5-»c». Ans. SO^-^J-ic"— . 



^ @«*)' 



Ans. qO^. 
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» 

6. a* -7- a""*. ^715. aH 

7. a*-T-a*. J[««. a*"t = a'"«^. 

8. a* X J* -J- a" *J*. ^ns. a^^A-i. 

4^^ 2V|><i3)i ;^ 

15. What is the product of 

a^ + aH^ + ah^ + ah + ah^ '\-b^ by a* — S*. ' 



OFBBATION. 



•— » — ■ ■ I , ■ ■ ■■ ■ 

a» + ah^ + fl«S* + ah + db^ + aM 

- ah^ - a« J* - a** — aJ* - ah^ - i» 
a^ — i^, Ans. 

18. Divide a* - a^j-f _ ^i} + ji by ^i _ 5-*. 

Ans. a^'^t. 



X 
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^. 



\T?. Divide a;*"-|a^* by a;^-K- 

Ans. x^ + ^*x * + iax * + Ac. 

18. Multiply ar 1 + a;~ «^y" « + y* by y + a:'*!/ + ar. 

^W5. ariy + 22;"^yi + 3 + 2xiy~^ + a?y-^ 

a* J* 

19. Find the square of -;r —. 

Ana. ia^ ^ iah^ + xi^. 

20. Multiply x-^ + x'^iy'i + y"* by ar^ — aj'^y""* 
4- y-i. Arts, ar^ + ar^y-* + y"* 

21. Find the square of a;"* — y"*. 

22. Multiply a?* — 4a:* + 2 by a: — a:*. 

Ans. a;* — a;2 _ 4a;* + 6a; — 2a;'. 

23. Divide ia;^ - A^* + \x^ - ^a;^ - A^^* + i^^* 

by a;* — \x^. Ans. Ja;* — \:jr + Ja;*. 

24. Multiply o^ -\- xy + f by a; + a;V+y- 

^»5. a;3 4. x^y^ + 2x^y + x^y^ + 'itxf + a;*y* + y** 

25. Multiply a;* + 2a;* + 3a:* + 2a;* + 1 by a;*- 2a;* + 1. 

^W5. ic — 2a;* + !• 

^\ 26. Extract the square root of o? + ^ ^ ^x — |a;* + f 

i I 

^Tis. a; 4- Ja;* — |v ; 



CHAPTER VIII. 



FORMATION, PROPERTIES, AND SUMMATION OF SERIES. 



I. Arithmetical Progression. 

168. A Series is a succession of terms, each of which 
is derived from one or more of the preceding ones by a 
fixed law. This law is called the law of the series, 

169. An Arithmetical Progression is a series^ in 
which each term is derived from the preceding one by the 
addition of a constant quantity called the common difference. 

If the common difference is positivCy each term is greater 
than the preceding one, and the progression is said to be tn- 
creanng. 

If the common difference is negativCy each term is lesd 
than the preceding one, and the progression is said to be 
decreasing. 

Thus, . . . . 1, 3, 5, 7, . . . &c., is an increasing arith- 
metical progression, in which the common difference is 2; 

and 19, 16, 13, 10, 7, . . . is a decreasing arithmetic 

cal progression, in which the common difference is — 3. 

170. Names of Terms. — ^When a certain number of 

terms of an arithmetical progression is considered, the first of 

these is called the first term of the progression, the last is 

called the last term of the progression, and both together are 

called the extremes. All the terms between the extremes are 
16 
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called arithmetical means. An arithmetical progression is 
often called a progression by differences. 

171. To Find any Term.— Let d represent the com- 
mon difference of the arithmetical progression, 

a.h.c.e.f.g.h.hy &c^ 

which is written by placing a period between each two of the 
terms. 

From the definition of a progression, it follows that, 

J = a4-rf, c = h + d=a + 2d, e = c-\-d = a + dd; 

and, in general, any term of the series ig equal to the first 
term plus as many times the common difference as there 
are preceding terms. 

Thus, let I be any term, and n the number that marks 
its place. Then, the number of preceding terms will be 
n — 1, and the expression for this general term will be 

Z = a -f (n — l)rf. 

If d is positive, the progression is increasing; hence. 

In an increasing arithmetical progression, any term is 
equal to the first term, plus the product of the common dif- 
ference iy the number of preceding terms. 

If we make w = 1, we have l=a; in this case, there 
is but one term. 

If we make n = 2, we have Z = a + ^ ; that is, there 
are two terms, and the second is equal to the first plus the 
common difference. 

EXAMPLES. 

1. If a = 3 and rf = 2, what is the 3d term? Ans. 7. 

2. If a = 5 and rf = 4, what is the 6th term ? Ans. 25. 

3. If a =: 7 and c? = 5, what is the 9th term? Ans. 47. 
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The formula, ? = a + (w — 1) rf, 

enables us to find any term without determining those that 
precede it 

To find the SOtli term of the progression, 

1 . 4 . 7 . 10 . 13 . 16 . 19, . . 
we have, 

Z = 1 4- 49 X 3 = 148. 

For the 60th term of the progression, 

1 . 5 . 9 . 13 . 17 . 21 . 25, . . • 
we have, 

Z = 1 4- 59 X 4 = 237. 

172. Decreasing Progression. — If d is negative, the 
progression is decreasing, and the formula becomes 

Z = a + (/i — 1) X .— rf = a — (w — 1) rf; that is, 

Any term of a decreasing arithmetical progression is 
equal to the first term minus the product of the common dif- 
ference by the number of preceding terms. 

EXAMPLES. 

1. The first term of a decreasing progression is 60, and 
the common difference — 3 : what is the 20th teim ? 

' We have Z = 60 — (20 — 1) 3 = 60 — 57 = 3. Ans. 

2. The first term is 90, the common difference — 4 : 
what is the 15th term? Ans, 34. 

3. The first term is 100, and the common difference — 2 : 

what is the 40th term ? Ans. 22. 

«« 

173. Sum of Extremes. — If we take an arithmetical 

progression, 

a % • c • • • • % % • ic • If f 

« 

having n terms, and a common difference rf, and designate 
the term which has p terms before it, by ty we shall have 

t :=• a + pd ....... (1) 



244 ELEMENTS OF ALGEBRA. [CHAP- vm. 

If we revert the order of terms of the progression, con- 
sidering I as the first term, we shall have a new progression 
whose common diflTerence is — d. The term of this new 
progression which has p terms before it will evidently be the 
same as that which has p terms after it in the given pro- 
gression, and if we represent that term by f, we shall have 

t' = l^pd (2) 

Adding equations (1) and (2), member to member, we find 

t + t' = a + I; hence. 

The sum of any two terms, at equal distances from the 
extremes, is equal to the sum of the extremes. 

174. Sum of Terms. — If the sum of the terms of a 
progression be represented by S, and a new progression be 
formed, by reversing the order of its terms, we shall have 

S=:a + b + c+ .... + i + k + ly 
S = 1 + k + i + .... + c + b + a, 

Adding these equations, member to member, we get 

2S={a+l) + {b+k) + {c+i) . . . +{i+c) + (k+b) + {l-i-a); 

and, since the sums, a + l, S + i', c + i .... are equal to 
each other, and their number equal to w, we have 

28 = (a + l)n, or S=:(^-j-^n; that is, 

The sum of the terms of an arithmetical progression is 
equal to half the sum of the tioo extremes multiplied by the 
number of terms. 

EXAMPLES. 

1. The extremes are 2 and 16, and the number of terms 
6 : what is the sum of the series ? 

S = (— g—/ X ^ g^v^s S = — ^ — X 8 = 7^. 



r 



CHAP. VIIT.] 



ARITHMETICAL PROGEESSION. 



245 



2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Ans, 180. 

■ 

3. The extremes are 4 and 20, and the number of terms 
10: what is the sum of the series? Ans. 120. 

4 The extremes are 8 and 80, and the number of terms 
10 : what is the sum of the series ? Ana. 440. 



^ 



175. General Formulas. — The formulas 

and S = y^^-^ X » 



^^ Z = a+(n — l)rf 



contain five quantities, a, dy n, Z, and S, and consequently, 
when any three of them are given, the other two can be 
found. 

The different cases that may arise are shown in the fol- 
lowing 

TABLE. 



No. 



V - 



K> 



6 



8 






^^ 



Qiven. 



ttydyU 



dy dyl 



a,df, S 



Oyflyl 



a, 9^,8 



a, Z,S 



dy Uy I 



df,n»S 



9 



10 



dy ly S 



(Jnlcnowii, 



I, S 



«,S 



n, I 



S,d 



d, I 



n,d 



a,S 



a, I 



fly a 



Hyly^ dy d 



Valaet of th« Unknown Qnantiti«t. 



l=a-\'(n—\)d'y S=^;*[2a-f (n— l)efl. 






_d— 2g±V(rf— 2g)^4-8<^S, 



»= 



2rf 



; Z=a+(»— l)rf. 



Z— a 



S=in(a+Z); ^=^Zi- 



, 2(S-an) , 28 

w(n— 1) w 



^-tf+Z' ^~ 2S-(Z+a) • 




a=Z-(n-l)rf; S=i;i[2Z— (/i— l)d]. 
a 



28— n(n— l)d , 
2» ' 



_ 2S4-yK^—^)< ^ 
2n 



Z= 



A 






n= 



2rf 



=Z— (a— l)e?.-- — 4 



28 , 
a= Z; 



^^ 2(7zZ-S) ^ 
n(n—\) ' 



^ 
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176. From the formula 

1 = a + {n ^l)d, 
we have 

* a = Z — (n — 1) rf ; that is, 

The first term of an increasing arithmetical progression 
is equal to any following term^ minus the product of the 
common difference by the number of preceding terms. 

» 

177. From the same formula, we also find 

d = ; that is, 

w — 1 

In any arithmetical progression, the common difference is 
eqtuil to the last term, minus the first divided by the num- 
ber of terms less one. 

If the last term is less than the first, the common dif- 
forence is negative, as it should be. 

EXAMPLES. 

1. The first term of a progression is 4, the last term 16, 
and the number of terms considered 5 : what is the common 
difference ? 

The formula 

, l^a . , 16-4 ^ 

d = 7 gives d = — -. — = 3. 

w — 1 ^ 4 

I 2. The first term of a progression is 22, the last term 4,. 
! ^nd the number of terms considered 10: what is the com- 
mon difference? Ans. —2. 

> 

»- 
^ ;'^178. Problems. — By the aid of the last principle, we^ 

/ can solve the following problem, viz.: 

To insert m of arithmetical means between two given num- 
hers a and b. 
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To solve this problem, it is necessary to find the common 
difference. Now, we may regard a as the first term of an 
arithmetical progression, b as the last term, and the required 
means as intermediate terms. The number of terms of this 
progression will be m + 2. 

Now, by substituting in the above formula, J for I, and 
m + 2 for w, it becomes 

, b — a t b — a 

m 4- 2 — 1 m -\-l 

that is, the common difference is obtained by dividing the 
difference between the last and first terms by the required 
namber of means plus 1. 

Having found the common difference, the first arithmeti' 

cal mean is formed by adding d, or — TT ' ^ ^^® ^^^ 

term, a. The second mean is obtained by augmenting the 
first, by dy etc. 

EXAMPLES. 

1. Insert 3 arithmetical means between 2 and 18. The 

fomiula 

J b — a . 18 — 2. 

flf= — — r, gives rf = — - — = 4; 
m + 1 ^ 4 ' 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Insert 12 arithmetical means between 77 and 12. The 

formula ''* 

b-a . 13-77 

hence, the progression is 

77.72.67.62 22.17.12. 

3. Insert 9 arithmetical means, between 75 and 5. 

Ans. Progression 75 . 68 . 61 26 . 19 . 12 . 5. 
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t 

179. If the same Bumber of arithmetical means be in- 
serted between each pair of consecutive terms of a progres- 
sion^ these terms and the arithmetical means, taken together, 
will form a progression. 

For, let a ,b , c , e ,f . . . . be the given progression, and 
m the number of means to be inserted between a and b, 
b and c, c and e 

From what has gust been said, the common differences of 
the partial progressions are 



• a a • 



and these are equal to each other, since, a, S, c, . . . are in 
progression: therefore, the common difference is the same in 
each partial progression;, and since the last term of the first 
forms the first term of the second, etc., we conclude that all 
of the partial progressions form a single progression. 

/ GENERAL EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 

2 . 9 . 16 . 23 a . . 

For the 60th term, we have 

Z = 2 + 49 X 7 = 345.^. 
Hence, ' 

S = (2 + 345) X -^ = 347 X 25 = 8675. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695. 

3. Find the sum of 100 terms of the series 1.3.5.7.9... 

Ans. 10000. 

4. The greatest term is 70, the common difference 3, and 
the number of terms 21: what is the least term and the 
sum of the terms ? 

Ans, Least term 10 ; sum of terms 840. 
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5. The first term of a decreasing arithmetical progressiou 
is 10, the common differance — J, and the number of terms 
21 : required the sum. of the terms. Ans. 140. 

6. In a progression by differences, having given the com- 
mon difference 6, the last tierm 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term = 5; number of terms 31. 

7. Find 9 aritlimetical means between each antecedent 
and consequent of the progression 2 . 5 . 8 . 11 . 14 . . . 

Ans, d == 0.3. 

8. Find the number of men contained in a triangular 
battalion, the first rank containing 1 man, the second 2, the 
third 3, and so on to the n**, which contains n. In other 
"words, find the expression for the sum of the natural num- 
bers 1, 2, 3, . . . from 1 to n, inclusively. 

9. Find the sum of the first n terms of the progression 
of uneven numbers 1, 3, 6, 7, 9 . . . Jws. S = n\ 

10. One hundred stones being placed on the ground, in a 
straight line, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by 
one to a basket, placed at two yards from the first stone? 

Ans. 11 miles 840 yards. 

II. Of Ratio and Proportion. 

180. The Ratio of one quantity to another, is the quo- 
tient that arises from dividing the second by the first. Thus, 

the ratio of a to S is - . Here, a is regarded as the unity or 

standard, and b as the quantity measured. 

181. Two quantities are said to be proportional when 
their ratio remains the same, while the quantities themselves 
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cliange in value. Thus, if the ratio of a to J remains tlie 
Bame^ while a and h undergo changes in yalue, then a is said. 
to be proportional to 5. Thus, a cc b, 

182. Four quantities are in proportion when the ratio 
of the first to the second is equal to the ratio of the third. 
to the fourth. 

Thus, if 

the quantities a, I, c, and d, are said to be in proportion. 
We may indicate that these quantities are proportional by 
writing them as follows: 

a \ h :i c : d. 

This expression is read, a is to by as c is to d^ and it 
is called a proportion, 

183. The quantities compared are called terms of the 
. proportion. 

The first and fourth terms are called extremes, the second 
and third are called means; the first and third are called 
antecedents, the second and fourth are called consequents, and 
the fourth is said to be a fourth proportional to the other 
three. 

K the second and third terms are the* same, either is said 

to be a mea7i proportional between the other two. Thus, in 

the proportion 

a : b :: b : c, 

d is a mean proportional between a and c, and c is said to 
be a third proportional to a and b. 

18 §. Two quantities are reciprocally proportional when 
one is proportional to the reciprocal to the other. 

Thus, if the product of x and y is equal to 1, we have 

xy = 1, whence, a; = - and v ~ - • 
•^ ' y ^ X 
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In the^ equations, if x increases, y diminishes in the 
ratio, and the reverse; also, x increases with the re- 
ciprocal of y, and y with the reciprocal of x, 

III. Geometrical Progression. 

185. A Geometrical Progression is a series in which 
each term is derived from the preceding by multiplying it 
by a constant quantity called the ratio of the progression. 

When the ratio is greater than 1, each term is greater 
than the preceding, and the progression is said to be in- 
creasing. Thus, 

. . . 3 : 6 : 12 : 24 : 48 

is an increasing progression, whose ratio is 2. 

When the ratio is less than 1, each terra is less than the 

preceding, and the progression is said to be decreasing. 

Thus, 

• ..16:8:4:2:1:J: 

is a decreasing progression, whose ratio is i. 

A geometrical progression is a continued proportion, in 
which each term is a mean proportional between the pre- 
ceding and succeeding terms. 

186. Any Term. — Let r denote the ratio of the pro- 
gression 

• •.a.o.c.a.e»..» 

From the definition, we have 
. , .S= ar, c=ibr=z ar*, d = cr = ar^, e=idr = ar^ . .; 

and in general, the ip^ term, that is, the term that has 
n — 1 terms before it, is equal to ar°^K Denoting this tei:m 
by I, we have the formula 

lz=zar*^''^ 
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Hence, any term of a geometrical progression is equal to 
ihe first term multiplied by tlis ratio raised to a pow(T 
whose exponent is equal to the number of preceding terms. 

By means of this principle, we may find any tenn of a 
progression without finding the preceding terms. 

EXAMPLES. 

1. Find the 5th term of the progression 

2 : 4 : 8 : 16, Ac, 
in which the first term is 2^ and the common ratio 2. 

5th term = 2 x 2* = 2 x 16 = 32. 

2. Find the 8th term of the progression 

2 : 6 : 18 : 54 . . . 
8th term = 2 x 3^ = 2 x 2187 = 4374. 

3. Find the 12th term of the progression 

64 : 16 : 4 : 1 : 7 . . 

4 



12th 



©11 4» 1 1 

= 1^ = 1^=65536- 



187. Sum of Terms.— We will now explain the method 
of determining the sum of n terms of the progression 

whose ratio is r. 

If we denote the sum of the series by S, and the n^ term 
by I, we shall have 

8=ia + ar + ar* + ar^"^ + ar^^^ . . (1) 

Multiplying both members by r, we have 

Sr = ar + ar» + ar» ... + ar"-* + ar" . . (2) 
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Subtracting equation (1) from (2), member from member, 
we have 



Sr — S = ar° — a ; whence S = 
sabstituting for ar**, its value ?r, we have 

Ir — a 



r-1 



S = 



r — 1 



Hence, to find the sum of any number of terms of a 
geometrical progression, we have the following 



RULE. 



MtMvply the last term hy the ratio, subtract the 
first term from the product, and divide the revfiairvder 
hy the ratio less 1. 



EXAMPLES. 



•1. Find the sum of eight terms of the progression 

2 : 6 : 18 : 54 : 162 . . . : 4374. 
g^^r;^^ 13122-2^^^^^^ 



r— 1 



2. Find the sum of five terms of the progression 

2 : 4 : 8 : 16 : 32 ; 

Ir — a 64 — 2 ^^ . 

8 = = — ; — = 62. Ans. 

r — 1 1 

8. Find the sum of ten terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2 x 3» = 39366. 

Ans. 59048. 

4. What debt may be discharged in twelve months, by 
paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the 
last; and what will be the last payment? 

Ans. Debt, 14095 ; last payment, $2048. 
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5. A gentleman married his daughter on New-Year's day 
and gave her husband Is. toward her portion, and was to 
double it on the first day of every month during the year: 
what vas her portion? Ans. £204 15s. 

6. A man bought 10 bushels of wheat on condition that 
he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last: what did he pay for 
the last bushel, and for the ten bushels? 

Ans. Last bushel, $196.83 ; total cost, $295.24. 

188. When the progression is decreasing, we have r < 1 
and Z < a ; the formula for the sum may then be written 
under the form 



S = 



1-r' 



in which both terms of the fraction will be positive. 

Substituting ar^"^ for I, in the expression for S, we 
have 

g = or S = -r— j . 

1 — r 1 -|-r 

EXAMPLES. 

1. Find the sum of five terms of the progression 

32 : 16 : 8 : 4 : 2. 

. 32 - 2 X ^ \. 
1 — r 1 1 

2. Find the sum of twelve terms of the progression 

64 : 16 : 4 : 1 : i . . . : ^ 



4 65536* 



1 1 _ 1 



64 — ^r^TTTT XT 256 — 



__ a^lr __ ^^ 65536 ^ 4 __ ^^^ ~" 65536 _ £>« , 65535 
1 - r - 3 - 3~ "" ^^ + 196608' 

4 
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We perceive that the principal difficulty consists in ob- 
t^ning the numerical value of the last term, a tedious oper- 
ation, even when the number of terms is not very great 

. 189. If in the formula 

g^ a(r"-l) 
r — 1 * 

we make r = 1, it reduces to 

This result arises from the existence of a common factor, 
r — 1, in both terms of the fraction, which factor becomes 0, 
under the particular supposition. 

If we divide out this factor (Art. 80), we find, 

S = a (r«-i + r«-a + r"-» + . . . + r + 1), 

in which, if we make r == 1, we have 

S = a (1 -h 1 + ... + 1) = na. 

This result corresponds to the hypothesis; for, under the 
supposition made, each term of the progression became equal 
to a ; and since there are n of them, their sum should be na. 

190. Prom the two formulas 



lz=zar^^\ and S = 



Ir — a 



several properties may be deduced. We shall consider only 
some of the most important. 
The first formula gives 



r°~^ = -, whence 



, r=y-. 

' ^ a 



The expression 



^ a 



famishes the means for solving the following problem, viz: 
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To find m geometrical means between two given numbers 
a and b ; that is, to find m means, which will form with a 
and b, considered as extremes, a geometrical progression. 

To find this series, it is necessary to know the ratio. 
Now, the numher of means heing m, the total number of 
terms will be m + 2. Moreover, we have Z = S ; therefore, 
the value of r is 

r = y -; that is, 
'a 

To find the ratio, divide the second number by the first j 
then extract that root of the quotient whose index is one 
greater than the number of required means : 

Hence, the progression is 

"""JA "^'/^ '^''1/^ 
a : ay- : a y -r : a y -^ . . . . ^. 

^ a ^ a^ ' a^ 

EXAMPLES. 

1. To insert six geometrical means between the numbers 
3 and 384, we make m = 6, whence from the formula^ 



= J/3p=Vi58 = 2; 



hence the progression 

3 : 6 : 12 : 24 : 48 : 96 : 192 : 384. 

2. Insert four geometrical means between 2 and 486. 
The progression is 

2 : 6 : 18 : 54 ! 162 : 486. 

When the same number of geometrical means are inserted 
between each two of the terms of a geometrical progression, 
all the partial progressions thus formed will, when taken to- 
ther, constitute a single progression. 
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.. 191. Infinite Number of Terms.-^I^t there b^ ft de^ 
creasing progression 

• • " . . ■ . .. '. .• • .1 

containing an infinite number of terms. The formula 

a — ar^ 



S = 



1 — r 



which expresses the sum of n terms, can be put under the 
form • ; - 



S = 



a ar^ -^ 



1 — r ^1 — n' 



Kow, since the progression is decreafiing, r is a proper 
fraction, and r^ is also a fraction, tirhich diminishes as n in- 
creases. Therefore, the greater number of terms we take, 

the more will ^ x r° dinainish, and : consequently, f the 

nearer will the sum of these terms approximate to an eqilal- 

ity with the first part of S; that is, to . Finally, 

when n is taken greater than any assignable number, or 
when 

w = 00, then X r" . n 

1 — r 

will be less than any assignable number, or will be denoted by 
0*^ and the expression will represent the true value 

of the. aim of all the terms of the series. Hence, , . ; J 

» 

The sum of the terms of a decreasing progression, in 
which sthe number of terms is infinite,' is 

'• ■ ■ . » \ 

s= « 



l-r 



This is the limit to which the snm approaches as we in- ' 
crea^ the number of terms. Tbe.anmb^ of terms, may be 

• •■ '17 
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taken bo great aa to mako tbc dltferenco between the eddi 

tod :j , as Bmall as wc please, but tbe difference will 

only become zero when tbo number of tenna ia infinita. 

CXAMPLES, 

1. Find tho etini cf 

Wo have, 

o 13 

3 
S. Again, take tlio progression 

'■§-i-5-H-4- *•'■■• toinlinitT. 
Wo have 

Wbat is tho error, in each example, for n = 4, n = 5, 

IV. Identical JZqoations, 

192. An Identical Eqiiation is one that is true for 
nil possible vaUies that may be given to the unknown qoan- 
tities that enter it Thu^ 



src identical equations. 

193. Every identical equation containing but one un 
known quantity can bo reduced to tho form, 

fl + ia: + «* + &C. = a' + J's + c'a« + &c. . . (1) 



r 
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" . Or, by transposing, it may bo reduced to the fonn 

Or, denoting tho coefficients of the different powers of x 
by single letters, it may be placed under the form 

A + Bx + Cx^ + Da^ + &Q.= . . . . (3) 

In this equation x may have any value whatever; hence^ 
it is indeterminate. The coefficients of the different powers 
of X are, by hypothesiG, independent of x; and being coeffi- 
cients of indeterminate quantities, they have received tho 
name of indeterminate coefficients, 

194. Since the values of A, B, C, D, etc., in equation (3), 
Article 193, iire independent of x, they will not be affected 
by any supposition we may make on the value of that quan- 
tity. If wo make a; = 0, in that equation, all the terms con- 
taining X reduce to 0, and we find 

A = 0. 

Substituting this value of A in equation (2), and factor- 
ing, it becomes, 

ar(B + C:r + DrJ + &c.) = .... (4) ♦ 

which may be satisfied by placing a; = 0, or by placing 

B + Ca; + Da:2 + &c. = . . . . . . (5)' 

The first supposition gives a common equation, satisfied 

■ « 

only for a; = 0. Hence, equation (4) can only be an identi- 
cal equation ' under a supposition 'which makes equation (5) 
an identical equation. 

If we make a; = in equation (5), all tho terms contain- 
ing X will reduce to 0, and we find 

B=0. 
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Substitatiiig this yalae of B in equation (5), and fector- 

ingy we get 

ar(0 +Da;+ &c.) = ..... (6) 

In the same manner as before, we may show tiiat C ^ 0, 

and so we may prove, in succession, that each of the ooeflEb- 

cients D, £, etc., is separately equal to 0; hence, 
* 

In an identical equation containing but one unknotim 

quantity^ one member of which is equal to 0^ the coefficients 

"of the different powers of the unknown quantity are 3efh 

(irately equal to 0. " ^ 



I 



195. Since A, B, G, etc., are separately equal to ix^ 
equation (3), Art 193, it follows that their equals in equa- 
tion (2) are also equal to 0; that is, 

a — a' = 0, J — y=:0, c — c' = 0, etc. 

^ > • 

Hence, 

a = a', b=zb', c = c\ etc. 

Comparing their results with equation (1), Article 153, 
we see that, 

In an identical equation containing but one unknown 
quantity^ the coefficients of the like powers of that quantity 
in the two mmnbers are separately equal to each other. 

196. We may extend the principles just deduced to iden- 
tical equations containing any number of unknown quan- 
tities. 

For, let us assume that the equation 

a + bx + Vy + V'z + &c. + ca?^ + c'y^ + c"i? + Ac. + rfi' 

4.rfy + &C. = . • . . . • (1). • 

is satisfied by any values that may be assigned to a;, ^, i^ Akv 

If we make all the unknown quantities, except )( equal to 0, 

ation (1) will reduce to ? 

a + bx + csfi + djfi + k(i,=iQ\ 
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whence, from the principle of Article 194, 

> 

a = 0, 6 = 0, c = 0, d = 0, &c 

^- If we make all the quantities except y equal to 0/ ela- 
tion (1) reduces to 

ft + i'y + c'f + dy + &c. = 0; 

whence, as before, 

.'■'■■ . . ,' 

a = 0, J' = 0, c' = 0, d' = 0, Ac; 

• . V 

and similarly we have 

J" = 0, c" = 0, &C. 

Hence, in an identical equation containing several un- 
known quantitiesy one member of which is 0, the coefficients 
of the different powers of the unknown quantities are sepa^ 
fdtely equal to 0, 

This principle, which embraces both the results of the 
Uist article, is called the principle of indeterminate coefficients* 



V. Indeterminate Coefficients. 

I 197. The principle of Indeterminate Coefficients is used' 
in developing algebraic expressions into series. 
For example, let it be required to develop 

a 



1^9 



a'+ b'x 
into a series arranged according to the ascending poweii 

' Let us assume a development of the proposed form, 

-T-TTT- = P + Qa? + Ear* + Sa^ + &c. . . . (1) 
in which P, Q, B, etc., are independent of a;, and dependeiit 
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* 

* 

CD a» dy and }>\ for their values. It is required to find such 
values for P, Q, B, etc., as will make the development true 
for all values of a:. 

Glearing of fractions, and transposing all tho terms to tho 
first member, we have 



Pfl' 
—-a 



+ ?*' 






a:^ + &c. = 0. 



Sinoe this equation is true for all values of x, it is iden- 
tical, and from the principle of Art. 194, wo have 

Pa'-.a = 0, Qfl' + PS' = 0, Ea' + QJ' = 0, Ac, &c.; 
whence, 

,P = -7, Q= — :;7-= — T^T^ E= — ^ = -73-, Ac, &a 

Substituting these values of P, Q, R, etc., in equation (1), 
it becomes 

,., .' = — ^a: H j,-a;2 ^a:» + &c. • . (2) 

Since we may operate in the same manner on any like 
expression, we have for developing an algebraic expression 
iiito a. series, the following 

RULE. 

/. Place the given expression equal to a series of 
the fomv P + Q.r + E>c* + ^c., clear the resulting equa- 
tion of fractions, and transpose all of the terms into 
fhe first member: 

II. Place the coefficients of the different powers of 
the unknown quantity separately equal to 0, and 
from these equations find the values of P, Q, R, ^c, 

III. Having found, these values, substitute them 
for P, O, R, ^c.f in the assumed series, and the re* 
tult will be the development required. 
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* 



EXAMPLES. 

1. Develop into a series. 

. . . a—x 

Ans. H- - + — + — + &C. 
a a* €r 

2. Develop 7 5 - into a series. 

^ {a — xy 

An. — + — +-— + --.4-&a 

3. Develop :r — — - into a series. 

^ 1 — die 

Ans. 1 + bx + 15a? + 4:5afl + ld5x\ + &c 

L Develop r— : into a series. 

Ans. l-'2x + a? + a?-'2x^ + afi + &o. 

6. Develop into a series. 

- - . ^ 1 -^ X 

Ans. l'-2x-{-2x- — 2a? + 2x^-^22^ + &0. 

6. Develop ^ into a series. 

^ l — 2x -^ x^ . 

Ans. l-{-2x + da?+^a? + 5x^ + &o. 

7. Develop ^ into a series. 

J. ~f~ yiX ~j~ 37 

. ^ . Ans. 1 — 2a? + iSa?^ — 4^ + 5a;^ — Ac. 

1 —a: 

8. Develop into a series. 

^ ^W5. 1 — 3a; + 5x» — 7.i;3 + 9a;^ — &c 

198. We have supposed the series to be arranged accord* 
fng to the ascending powers of the unknown quantity, com- 
mencing with the power, but some expressions cannot bo 
developed according to this law. In such cases, the applicar 
tion of the rule gives rise to some absurdity. 
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For example, if we apply the rule to develop ^ -^, we 

have, 

g^ ^ ^ = P + Qa; + Rg8 + Ac. . . . . (1) 

Clearing of fractions, and transposing, 

— l + 3Pa: + 3Q a«-|r&c = 0; 

- P 

Whence, by the rule, 

— 1 = 0, 3P = 0, 3Q-P = 0, Ac. 

^ IfaV, the first equation is absurd, since — 1 cannot eqaal 
0. Hence, we conclude that the expression cannot be devel- 
oped according to the ascending powers of a;, beginning 
at 0^. 

We may, however, write the expression under the form 

- X o _ > and by the application of the rule develop the 

\ 
factor 5 — -, which gives 

8^^1+5* + ^^+^'^ + **'- 
hence, by substitution, 

1 1111 



3a: — a« 3a; ' 9 ' 27 ' 81 

• . » 

Since -^ is equal to s^"^ we see that the true de- 
velopment contains a term with a negative exponent, and 
the supposition made in equation ( 1 ) ought to fail 

The rule will also fail if the numerator of the fead- 

'tion to be developed is of a higher degree, with respect 

= to the unknown quantity, than the denominator. In sucli 

^Jases wo reduce the given fraction to a mixed quantity, in 
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which the numerator of the fractional part is of a less- de- 
gree than the denominator, and then apply the rule to the 
fractional part, annexing the result to the entire part 

EXAMPLE. 

1. Develop into a series. 



We have. 



1 + aa:* — a;* « . 1 

z=: 3r -f- 



A -r M^ '^ — ^ _, j^_^ 



a 



1^9 



a — X a — X 

Hence, the required series is 

a a^ cfi a* 

Recurring Series. 

199. The development of fractions of the form , ,, 

a -\' oQif 

etc., gives rise to a kind of series, called recurring series. 

A RecTining Series is one in which any term is equal 
to the algebraic sum of the products obtained by multiplying 
one or more of the preceding terms by certain fixed quan- 
tities. 

These fixed quantities, taken in order, constitute what is 
called the scale of the series. 

If we examine the development 

a a aV , aV^ , aV^ • . il 

a + bx a' a'» ^ a » a * ' 

we see, that each term is formed by multiplying the preced- 

h' 
ing one by -,x.' This is called a recurring series of the 

first order, because the scale of the series contains but one 
term. 



26G 
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The expression ,x is the BcaU of the series, and the 

expression — -, is called the scale of coefficients. 

A geometrical progression is a recnrring series of the first 
order. 



290. Let it be required to develop the expression 

a .-f. bx 

«^ .4 
Assume 



4^ ^-bx -h coc^ 
a '\'T)x 



^ into a series. (1) 



= P + Qa: + Rc2 + Sa;3 + &c. 



a' -f bx -f tT^ 
Clearing of fractions, and transposing, we get 



— a 



+ Qa' 


x + Ra' 


a^+ So' 


+ P5.' 


+ 05' 


+ Ei' 


-v\ 


+ Pc' 


+ Qc'. 



a;» + &c. = 0. 



Therefore, we hare. 

Pa' — a = 0, or, 

Qa' + P5'_ J=:0, or, 

Ea' + Q6' + Pc' = 0, or, 

Sa' + Ri' + Qc' = 0, or, 
&c., &c.. 



Q=:_*;p+*; 

a a 

E=--!q--!p; 

a a 

&c., &c. ; 



from which we see that, commencing at the third, each co- 
efficient is formed by multiplying that which immediately 

precedes the required coefficient by ;, that which pre- 

cedes it. two. terms by ^, and taking the algebraic sum 

the products. Hence, 



CRAF: Till.] 



BECXJBBIKO 6EBIE& 267 



[ a' a) 

is the scale of coeJ/Unents. 

From this law of fonnation of the coeflacients, it follows 
that the third torm^ and every sacceeding one^ is formed by 

multiplying, the one that next precedes by ^rr, and the 

second preceding one, by ,a^, and then taking the 

algebraic sum of the products : hence, 



\ a a / 



(2) 



is the scales of the series. 

This scale contains two terms, and the series is called a 
recurring series of the second order. 
The deyelopment of the fraction 



a + bx + cap 
a' + bx + cap + d7^ 



(3) 






gives rise to a recurring series of the third order, the scale 
of which is 

o a a I • ^ ' 

In general, the order of a series is denoted by the num- 
ber of terms in its scale. 



EXAMPLES. 



1. Develop 



l—aj — ar^ 



into a series. 



By comparison with equation (1), we see that the series 
is of the second order, and that its scale is 
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Finding two terms, 1 + x, \ty actual divUioii, and then 
applying the scale, we have ' 

1 + z + 23? + S3? + Sx' + 8afl + ISifi + Sx. 

8. Develop ^ = z-= j into a series. 

'^ 1 — 3a; + 2x*— a? 

The series is of the third order, and its scale is 

{3x, —^, 3?). 

Finding these terms, 1 + Sx + 133^, by actnal division, 
$ni then applying the scale, we have 

1 + 5i + 13a^ + 30a;» + 69a;* + 1603? + &c 

■■ "VI. BiNOMiAi. Formula, for any Exponent. 

231, It has been shown (Art 45) that any expression of 
the form «™ — y™, is exactly divisible by z — i/, when m is 
a positive whole uumber, giving 

- — nJL- = j4n-i + i^-it/ + ^-*^ + + yV"'. 

The number of terms in the quotient ia equal to m, and 
if we suppose 2 = y, each term will become s""'; henoe. 



I ■ ■■ " - 1 = tnz"'- 

\ Z — ff /j = . 



The notation employed, in the first member, indicates 
what the qnantity within the parenthesis becomes when Ve 
make y = z. k. 

We now propose to show that this form holds true when 
ro is either fractional or negative. 

First, suppose m traxAlonal, and equal to ^ . 
Uake zi = v, whence, «T = 1*, and a = i/" ; 



CHAP, vin.] 



BINOMIAL FOBXULA, 



S69 



and 



1 p. 

y^ = Uy whence, yT = u^, and y =± «*>: 



hence. 



p. 



1111 = 



v' — w' 

yP — I^P V — w 



« — y 



t/i — w* v^ — w' 



t; — w 



If we suppose y^z, we have t; = t«, and since p and f 
are positive whole nnmhers, we have 



( «-y iy=. 






__/)t;P""i _ 



j't/' 



-1 



q q 



Second, Buppose m negative, and either entire or 

fractional. ^ 

: )By observing that 



ve have, 



— sr^^y-"^ X'{s^ — y") = AT" — y""", 



m 



y-"- 



yTIl 



^u.y-m X 



«"• — y 



iin 



«-.y •- i; — y 

, : K we make the supposition that y = 2;, the first &ctor of 
the second member reduces to — ar^"*, and the second fac- 
tor, from the principle just demonstrated, reduces to.'maF^''^; 
hence, 

\ « — y /y=. 






I 



We conclude, therefore, that the form is general 



202. By the aid o( the principle demonstrated ini the 

last article, we are nble to deduce a formula for the devejop- 

ment of 

. (a: + a)% 

when the exponent m is ppsitive or negative, entire or frac- 
tional* . 
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Let US assamo the equation, 

{1 + z)"' = P + Q;i + TSjfl + S^ + &c. . . . (1) 

in which P, Q, R, &c., are independent of z, but depend on 
m for their values. It is required to find such values for 
them a3 will make the assumed development true for every 
possible value of z. 

If, in equation (1) we make s = 0, we have 

P = l. 

Substituting this value for P, equation (1) becomes, 

{1 + zf = 1 + Qz + "Rz^ + Ss^ + &c. . . . (2) 

Equation {%) being true for all values of Zy let us make 
« = y ; whence, 

(l+y)™ = l+Q^ + %2 + S2^ + &a . . (3) 

Subtracting equation (3) from (2), member from member, 
and dividing the first member by {I + z) — {1 + y), and tlio 
second member by its equal z^-f/, we have, 

(l+z)-(l-{-y) ^z-y^ z-^y ^ z--y ^ ^ ' 

If, now, we make 1 + jj? = 1 + y, whence « = y, the first 
member of equation (4), from previous principles, becomes 
fw (1 + zY^~\ and the quotients in the second member be- 
come respectively, 

to/) =l,(^i=^n =2., (i'^) =3.» &c.,&c. 
\z—yl,^^ 'Xz'-yl,^^ 'XZ'-y/y^^ 

Substituting these results in equation (4), wo have, 

m(l + «)™-i = Q + 2R2; + 3S^' + ATs? + &C. . . (5) 

Multiplying both members of equation (5) by (1 + z), we 
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m(l+2)'" = Q + 2E 


2 + 3S 


i» + 4T 


• + Q 


+ 2rI 


+ 3S 



2« + &0. 
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.(6) 



If we midtiply both members of equation (2) by m, we 
have 

m{l+z)'^ = m + mQ^ + mBs? + mS:^ + mTz^ + Ac. . . . (7) 

The secdnd members of equations (6) and (7) are equal 
to each other/ since the first members are the same; hence, 
we have the equation, 



+ Q +2R 



+ 3S 



3^+&c. (8) 



This equation being identical, we have (Art. 195), 



Q = 7n, 



or. 



Q=T- 



2E + Q = mO, or, E = ^'i^-^; 

. oT> T> <3 7n(m — l)(m — 2) 
+ 2R = fwR, or, S = — |— — ^ ^; 



3S 



4T + 3S = mSy or, 



j_ ___ , . — " " • 



. &C., 



&c. 



&c 



a 



Substituting these values in equation (2), we obtain 

(1 + .)» = 1 + ^^ + -y-^ .2 + ______ J 



+ 



tw(m — 1) (m ^ 2) fm — 3) ^ 



1 . 2 



3 . 4 



^ + &c. ... (9) 



a 



If now, in the last equation, we write - for z, and 



X 



then multiply both members by a;*, we shall have, 
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+ &C. ....... . (10) 

Since this fonnnla is identical with that deduced in Art. 
141, we infer that the form of the development of {x + a)™ 
is the same, whether m is positive or negative^ entire or 
fractional 

The number of terms in the development, when m is 
either fractional or negative, is infinite. 



EXAMPLES. 



1. Develop (1 + a;) * to five ter^is. 

If in (10), we make x = l, a = Xy and m = J, we have, 

(1 4- x)^ =^1 4- -x-—7ca?^ A ifi — z — aJ* 4- &c. 

2. Develop (1 — x)* to five terms. 

13 5 35 

^3. If in the formula {x + o)» = 

we make m = - , it becomes (i + a)» or V^ + « = 



2" 



* / 



or, reducii^ff, / \ ^x + a = 

i-^/i i\^ ^11^ "~^ Ai,^ "~^ ^"-^ \ \ 
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The fifth term, within the parenthesis, can be found by 
multiplying the fourth by , and by -, then chang- 

ing the sign of the result, and so on. 



204. Approximate Boots.— The formula just deduced 
is used to fihd an approximate root of a number. Let it be 
required to find the cube root of 31. 

The greatest perfect cube in 31 is 27. Let x = 2i7 and 
a = 4 : making these substitutions in the formula, and put- 
ting 3 in the place of n, it becomes 






64 



19683 



115 2 256 



3 ' 3 ' 9 • 3 • 631441 



+ &C.) 



or, by reducing, 



4 16 . 320 



2560 



v3l ^ "^ 27 2187 "*" 631441 43046721 



+ &C. 



Whence, V^l = 3 . 14138, which, as we shall show pres- 
ently, is exact to within less than .00001. 

We may, in like manner, treat all similar cases: hence, 
for extracting any root, approximatively, by the binomial 
formula^ we have the following 

< 
RULE. 



Find the perfect power of the degree indicated, 
which is nearest to the given number, and place this 
in the formula for x. Subtract this power from, the 
given number, and substitute the difference, which 
may be negative, in the formula for a. Perform, the 
operations indicated, and the result will be the re^ 
quired root. . 

17 
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EXAMPLES. 



1. V28 = 27^(l + ^) = 3.0366. 

2. V30 = (32 - 2)* = 32*(l - ^) =1.9744 

3. V39 = (32 + 7)^ = 32^^(l + ^) = ^.0807. 

4 Vl08 = (12^ - 20)* = 128*(l - ^) = 1.95204 

> Series. 

205. A Decreasing Series is one in which each term 
is numerically less than the preceding one. 

An Increasing Series is ono in which each term is 
greater than the preceding one. 

206. A Converging Series is one in which the greater 
the number of terms taken, the nearer will their sum ap- 
proximate to a fixed value, called the sum of the series. 
When the terms of a decreasing series are alternately positive 
and negative^ it will be converging, and we can determine 
the degree of approximation attained by taking the sum of 
a limited number of terms for the true sum of the series. 

For, let a — b + c-'d'^e -— / + . . ., &c., be a decreas- 
ing series, b, c, d, , . . being positive quantities, and let x 
denote the true sum of this series. Then, if n denote the 
number of terms taken, the value of x will be found between 
the sums of n and of n + 1 terms. 

For, take any two consecutive sums, 

a — 5 + c — (? + e—/, and a — 5 + c — rf + «— / + jr. 
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In the first, the tenns which follow -r-/, are, 

but, since the series is decreasing, the terms g — h, k-^l^ 
. . . &c., are positive ; therefore, in order to obtain the com- 
plete value of X, a positive number must be added to the 
sum a — i + c — d + e — /. Hence, we have 

a-^h + c —d + e—f<Cx*y 

therefore, x is comprehended between tJie first n and the first 
n. + 1 terms. 

But the diflference between these two sums is equal to ^r; 
and since x is comprised between them, g must be greater 
than the difference between x and either of them; henoe,-: 
the error committed by taking the sum of n terms, a — b 
+ c — d + e — /, of the series, for the sum of the series, is 
numerically less than the follomng term, 

207. Applications. — The binomial formula is also em-^ 
ployed to develop reciprocals and binomial radicals into seriea 



EXAMPLES. 



1. To develop the expression , we have. 



1~« 



Making m = — 1, a: = 1, and a=: — z, in the for- 
mula, we have 

(!-«)-» = 1-1. (-4-1. ^=i.(-2)» ' 

A • ^ . 5 . \ — Z) — . • • 



979. BLPHBHT8 OP ALQEBHA. [CHAP. Tm.' 

or, peiforming the operationB indicated, we find for the de- 
relopment, 

, J-3- — (1— Z)-> = 1 + J + ^ + g», + 2* + &0. 

We might have obtained this result hj applying the mle 
for diviaon. 

8. Develop the expression, -j rj, or, 2 (1 — z)-K 

Ana. 3(1 + 3a + 6«» + Ift^ + 16a* + &c.). 

3. To develop the expression ^/2e — ^ we place it under' 
^e form V^x(l — h) • By the application of the for-, 
mala, we find 

-1 1 ' J ^ J 

hence, 

V8J^ = VS-(i-|.-i^-4^-te) 

i. Develop ■ ■■ - - ■ into a eeries. 



a. Develop the eqtiare root of ^ . into a Beriee 



Ans. 1 + -^+^ 



«. Develop the cube root of , , , x,- into a serial 
(o* + a^f 

J)W. -jX (1 — s-s+in; — s;-! . »C. I 
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7. Deyelop jz r^ to fiye terms. 

Ans. (1 — x)"^ =.1 + ix +. e^fl + lOa^ + 15a* + &o. 

8. Find five terms of the cube root o{ a + sc 

Ans. {a + 2:)^.= a^ + -^ - + — j — + &a 

3a* 9a^ 81«* 243a 



9. Deyelop j-r to five terms. 



'.J 



t4««. ^^ — ^ ^ + ^ ^ — ^^ + c" « + Ate- ;: 



VII. Summation of Series. ...n 

208. The Summation of a Series is the operation of 
finding an expression for the sum of any number of terma 
Many useful series may be summed by the aid of two aux- 
iliary series. 

Let there be a given series, whose terms may be derived 
firom the expression -j-^ — r, by giving to j? a fixed value, 
and then attributing suitable values to q and n. 

Let there be two auxiliary series formed from the expres- 
sions - and — 7 — , so that the values of o, a, and w, shall 

n ^+P : 

be the same as in the corresponding terms of the first seriea 

It <»n be shown that any term of the first series is equal 

1 
to ~ multiplied by the excess of the corresponding term in 

the second series, over that in the third. . 
For, if we take the expression 



p\n n+pf- 
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and perform the operations indicated^ we shall get the ex- 
pression, 

■ ■ g . 

n{n + p) ' 

Hence, we have. 






which has to be proved. 

It follows, therefore, that the sum of any number of terms 

of the first series, is equal to - multiplied by the excess of 

the sum of the corresponding terms in the second series, over 
that of the corresponding terms in the third series. 
» Whenever, therefore, we can find this last difference, it is 
always possible to sum the given series. 



EXAMPLES. 

1. Bequired the sum of n terms of the series^ 



1.2 ' 2.3 ' 3.4 • 4.5 
Comparing the terms of this series with the expression 



n{n+py 

,we see that the series may be formed by making J9 = 1, 

9 = 1, and n = 1, 2, 3, 4, &c., in succession. 

*' The two corresponding auxiliary series^ to n terms, are • 

111*1 

^ + 2 + 3 + 1 + Ir 

and 



a^3^4^"*'*«^n + l" 



«HAP. vnc] SUMMATION OP SERIES. 2?9 

The difference between the sums of n terms of the first 
and second auxiliary series is 

1 



1 — 



n+V 



or, if we denote the sum of n terms of the given series by S, 
we haye^ 

» + 1 
If the number of terms is infinite o = oo and 

2. Bequired the sum of n terms of the series 



1.3 ' 3.5 ' 5.7 ' 7.9 ' 9.11 
If we compare the terms of this series with the expression 

* « 

—1 , 

n(n + p) 

we see that j? = 2, g = 1, and n — 1, 3, 5, 7, &c., in suc- 
cession. 

The two auxiliary series, to n terms, are, 

■ i-^UUU + ' 



3^5 ^ 7^ ^2w— 1' 

and 



hence, as before, 



If n=:co, we find S = ^. 
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3. Required the sum of n terms of the series 



1.4 * 2.5 ' a. 6 ' 4.7 
Here 

p = 3, g = 1, n = 1, 2, 3, 4, &c. 

The two auxQiary series, to n terms, are, 

V 

11. 1 1 1 1 . 

benoe, 



If 



S -1/14.1 4. 1__1___J l-\ 



o 11 
« = 0O,.S = jg. 



4 Beqnired the sam of the series 

4 4 4 4 4 



1.5 ' 5.9 ' 9.13 ' 13.17 ' 17.21 

Ans. L 
5. Find the snm of n terms of the series, . 

2 3,4 5,6 . 



3.6 5.7 ' 7.9 9*11 ' 11.13 
Here 

J? = 2, g = 2, ^3, +4, —5, + 6, &a 

n = 3, 5, 7, 9, 11, &c. 

'If n is even, the tipper sign is used, and the quantity in 
the last parenthesis becomes + 1, in which case 

S = l(?+iLiLL)^l=.l^ l + ^+i.)/ 
2\3^5J»-f-3/ 2, 2\ 3^2»+3/ 

If n is oddy the lower sign '^is used, and the quantity in 
the last parenthesis becomes 0. in which case ' 
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q_l/2 n + l \ 

If in either formula we make 



n+1 1+n ^ 1 ,« 1 

" = *' 2^T3 = r^ ^"^'^ 2' "'^ ^ = 13- 

6. Find the sum of n terms of the series, 

1 1.1 1 j^ 



1.3 2.4 ' 3.5 4.6 
Here, 

j7 = 2, g = 1, — 1, +1, — 1, +1, — 1, &0. 

n=zl, 2, 3, 4, &c. ; 
whence, 

^ = 2(2'^^Ti:^^rT2)- 



If » = 00, we find S = -r • 

4 



Method by Differenoes. 

209. Let a, h, c, d , . , , &c., represent the successive 
terms of a series formed according to any law ; then if each 
term be subtracted from the succeeding one, the several re- 
mainders will form a new series called the first order of dif- 
ferences. If we subtract each term of this series from the 
succeeding one, we shall form another series called the seC' 
ond order of differences^ and so on, as exhibited in the an- 
nexed table. 

Uf h e d, 0, 

J— a, c— J, d— c, «— d, &c., 1st. 

C'^2b+a, rf— 2c+J, e—2d+c,&o., 2d. 

d— 3c+8&— a, c— 3d+3(?— J, &c., 3d. 

. c— 4rf+6c— 4J+a, &a, 4tb» 
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If^ nowy we designate the first terms of the firsts second, 
thirds &C.9 orders of differences^ by d^, d^^ d^, d^y &c., we 
shall have, 

d^ =i — Oy whence, h =fl+ rfj, 

d^ =r — 2S + a, whence, c =fl + 2d[i + rfg, 

£?3s=d-— 3tf+3J— fl, whence, rf=a + 3^1 +3^2+ ^s, 

^4=6-— 4rf+6c— 4i+a, whence, e=fl+4t?i+6d8+4d3+eZ4, 
&c. &c. &c. &c. 

And if we designate the term of the series which has n 
terms before it, by T, we shall find, by a continuation of the 
above process, 

■ This formula enables us to find the (n + 1)'* term of a 
series when we know the first terms of the successive orders 
of differences. 

210. To find an expression for the sum of n terms of 
the series, a, d, c, &c, let us take the series 

0, a, a + by a + b + c, a + b + c + d, &c. . . (2) 

The first order of differences is evidently 

Qy b, c, dy &c (3) 

Now, it is obvious that the sum of n terms of the series 
(3) is equal to the {n + 1)** term of the series (2). 

But the first term of the flrst order of differences in series 
(2) is a; the first term of the second order of differences is 
the same as d^ in equation (1). The first term of the third 
order of differences is equal to d^, and so on. 

Hence, making these changes in formula (1), and denot- 
uig the sum of n terms by .S, we have, 
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S= 



njn-l) «(«-l)(n-2) «(«-l)(« -2)(n. 

+ &C. 



ck 



(4) 



When all of the terms of any order of differences become 
equal, the terms of all succeeding orders of differences ate 0, 
and formulas (1) and (4) give exact results. When there are 
no orders of differences, whose terms become equal, then the 
formulas do not give exact results, but approximations, more 
or less exact according to the number of terms used. 

EXAMPLES. 

1. Find the sum of n terms of the series 1.2, 2.3, 3.4^ 
4 . 5, &C. 

Series, 1 . 2, 2 . 3, 3.4, 4.5, 5.6, &a 

1st order of differences, 4, 6, 8, 10, &c 

2d order of differences, 2, 2, 2, &c. 

3d order of differences, 0, 0. 

Hence, we have, a = 2, ^^=4, ^2=2, d^, rf^, &c., 
equal to 0. 

Substituting these values for a, d^, d^, &c., in formula 
(4), we find, 

s = 2n+^^~^>x4 + ^^^""^^-:::^x2; 



whence, 



Q n{n + l)(n + 2) 
^ = 3 



2. Find the sum of n terms of the series 1.2.3, 2.3.4, 
3.4,6, 4.6.6, &c. 

1st order of differences, 18, 36, 60, 90, 126, &c. 
2d order of differences, 18, 24, 30, 36, &a 

3d order of differences, 6, 6, 6, &c. 

4th order of differences, 0, 0, &c. 

We find a = 6, d^^lS, rf^=18, ^,= 6, d^=:0, &o. 
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Substituting in equation (4)^ and reducing^ we find, 

. a n{n + l){h + 2){n + S) 
8 = -^ 4 • 

3. Find the sum of n tenns of the series 1, 1 + % 
1+2+3, 1 + 2 + 3 + 4, Ac. 

We find, a = l, ^1^=2, rf, = l, d^=:0, d^ = 0, &c.; 

hence s'-n , ^^^^^^ n(n~l)(n-^2) _ n»+3nH2^' . 
nence, s-n+ ^ ^^ .^+ ^^^ - ^^3 ^, 

or, reducing, S = ^ ^ 3 ^. « 

f 

4. Find the sum of n terms of the series 1', 2*, S^, 4?^ 

63, &c. • 

We find, a = 1 , rfi = 3, rfg = 2, ^3 = 0, d^ = 0,. 

&C., &C. 

Substituting these values in formula (4), and reducing^ 
we find, ^ 

Q _ n(n + l)(2n + 1) 
; ®"" 1.2.3 ' - ^ 

5. Find the sum of n terms of the series, y 
l(w+l), 2(wi+2), 3(m + 3), 4(m + 4), &a m 



We find, a = wi + l, d^=m + 3, rfg = 2, d^=zO, &c^ 



% 



whence, S=«(».+l)+^^4^(m+3)+ "-^»7^\^"3-^> x2. 



Q n . (w + 1) . ( 1 + 2« + 3m) 

or* o ^^ * ■» _ /. 

V "^ 1.2.3. 



SUUHATIOK OF BSBISa. 



Of PiUng Balls, 



The last three Ibrmnlas deduced, are of practical applica- 
tion ia determining the nomber of balls in difibrent shaped 



First, in the Triangular PUe. 

311 A triangular pile ia formed of 
saccessivQ triangular layers, such that the 
number of shot in each side of the lajers, 
decreasbs contiunonely by 1 to tbe single 
shot at the top. The nnmber of balls in 
A complete triangular pile is evidently 
eqnal to the sum of the series I, 1+2, 
l+a + 3, 1 + 2 + 3+4, Ac, to 1+3 + 
...+», n denoting the number of balls on one side of 
the base. 

But from example c 
terms of the seri^ 




, last article, we find the sum of n 



_«(ft + l).(»+2) 



(1) 



Second, in the Square Pile. , 



212. The square pile ia 

formed, as shown in tbe 

figure. The number of balls 

in the top layer is 1 ; the 

^number in-the second layer is 

' denoted by 2^; in the next, 

•^ by 3*, and so on. Hence, 

the nnmber of balls in a 

pile of n layers is equal to the 




1 of the series, 1', 3', 8», 



&C-, n*, which we aee, from example 4th of the kst article, is 



3 _ B ■ (m + 1) . (2« + 1) 



■ (2) 
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Third, in the Oblong Pile. 




213. The complete obloog pile has (m + 1) balls in 
the npper layer, 3 (wi + 2) in the next layer, 3 (m + 3) 
in the third, and so on : hence, the nnmber of balls in tbe 
complete pile, is given by the formnla deduced in example 
5th of the preceding article. 



w . ( + 1) ■ (1 + 8re + 3m) 
"^1.8.3 



(3) 



214. If any of these piles is incomplete, compnte the 
nnmber of balls that it vonld contain if complete, and the 
nnmbOT that would be required to complete it ; the excess of 
the former over the latter will be the number of balls in the 
pile. 

The formulas (1), (2), and (3) may be written, 

trianguhir, S=^ . "^" + ^\ « + 1 + 1) (1) 



■ (3) 



Now, since ■ - o' ^ *^^ number of balls in the 

triangular face of each pile, and the next factor, the number 

balls in the longest line of the base, plus the number in 
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the side of the base opposite, plus the parallel top row, we 
have the following 

RULE. 

AddL to the number of halls in the longest line of 
the base the number in the parallel side opposite, 
and also the number in the top parallel row ; then 
multiply this sum by one-third the number in the 
triangular face; the product will be the nuviber of 
balls in the pile. 

EXAMPLES. 

1. How many balls in a triangular pile of 15 courses? 

Ans. 680. 

2. How many balls in a square pile of 14 courses? and 
how many will remain after 5 courses are removed? 

Arts. 1015 and 960. 

3. In an oblong pile, the length and breadth at bottom 
are respectively 60 and 30: how manyT)alls does it con- 
tirin? 'Ans. 23405. 

4. In an incomplete oblong pile, the length and breadth 
at bottom are respectively 46 and 20, and the length and 
breadth at top 35 and 9: how many balls does it con- 
tain? Ans. 7190- 

5. How many balls in an incomplete triangular pile, the 
^number of balls in each side of the lower course being 20, 
and in each side of the upper, 10 ? 

6. How many balls in an incomplete square pile, the 
number in each side of the lower course being 16, and in 
each side of the upper course, 6 ? 

7. How many balls in an incomplete oblong pile, the 
numbers in the lower courses being 92 and 40; and the 
numbers in the corresponding top courses being 70 and 18? 



CHAPTER IX. 



LOGARITHMS. INTEREST. COMBINATIONS. AND PROBABILITIES. 



I. Of Logarithms. 



215. The Logarithm of a Number is the exponent of 
the power to which it is necessary ta raise a fixed number 
to produce the given number. The fixed number is called 

the base of the system, 

. i 

216. If we denote any positive number, . except 1, by a, 

any positive numbeuiwhatever by n, and the exponent of the 
power ifco which a must be raised to produce N, by x, we 
shall have the exponential equation, 

a«=:]Sr . . \* (1) 

. In this equation, a is the base of a system of logarithms, 
N is any positive number, and x is its logarithm. 

It is plain that a cannot be. negative, inasmuch as all the 
odd powers of a negative quantity are negative, and all its 
even fractional powers are imaginary ; neither can it be equal 
to 1, for all the powers of 1, are 1. 

- ■ * * 

217. If, for a given value of a, we suppose N in* equ^w- * 
tion (1) to assume, in succession, every possible value from 
to 00, the corresponding values of x, taken together, will 
constitute what is called a System of Logarithns. 

Since a may have any one of an infinite number of values, 
s, see that there may be an infinite number of systems of 



<^B^^' OL] LOGARITHUrS. 289 

logarithms. Of these, only two are in general nse, viz. : that 
whose base is 10^ called the Common Syst&m^ and that whose 
base is 2.718281828 . ., called the Napierian System. 

The Napierian System is so called from its inventor, 
Baron Napier, a Scotch mathematician. 

218. If we raise 10 to its saccessive powers, we may, 
from the definition of a logarithm, write the following 





TABLB. 




100 = 1; 


a 


log 1 =0. 


101 = 10; 


a 
• • 


log 10 = 1. 


102 ^ 100 ; 


• 


log 100 =t= 2, 


103=1000; 


• • 


log 1000 = 3. 


&C. 




&c. 



We see, that in the common system, the logarithm of any 
number H^tjreen 1 and 10 is found between and 1; the 
logsmthm oT any number between 10 and 100 is between 1 
and 2; the logarithm of any number between 100 and 1000 
is between 2 and 3 ; and so on. 

The logarithm of any whole number that is not a perfect 
power of the base, will be equal to a whole number, plus 
a part, less than 1, and not commensurable with it. This 
part is generally expressed decimally. The entire part is 
called the characteristiCy and the decimal part, the mantissa. 

By examining the table, we. see that if a number is ex- 
pressed by a single figure, the characteristic of its logarithm 
is 0; if it is expressed by two figures, the characteristic of 
its logarithm is 1; if it is expressed by three figures, the 
characteristic is 2; and if it is expressed by n places of 
figures, the characteristic is » — - 1. 

That is, the characteristic of the logarithm of a wJwle 

number is positive and 1 less than the number of places of 

figures in the number. 
19 
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. If we form the powers of 10 denoted by negative expo- 
nents, we have, from the definition of a logarithm, the fd* 
lowing 

TABLE. 

(lO)-»= ^ =.1; .-. log.i =-1. 

(iO)-» = ~ = .01 ; .'. i6g.oi =-2. 

(10)-« = j^ = .001 ; .-.■ log .001 = - 3. 

&Cy &C. &C.y &C. 

Here we see that the logarithm of every number between 
1 and .1 is found between Q. and — 1 ; that is, it is equal to 

— 1, plus a part less than 1. The logarithm of every num- 
ber between •! and .01 is between — 1 and —2; that is, it 
is j^qual to .— 2, plus a part. The logarithm of*etfery num- 
ber between .01 and .001 is between — 2 and — 3, or it ia 
eq^al to..,;-^^3, plus a part, and so on. 

In the ifipst case, the characteristic is — 1, in the second, 

— 2^ in the third —3, and so on. 

Tkat i% the characteristic of the logarithm of a decimal 
frkctioTiy is negative and numerically one greater than the . 
number of ciphers that immediately follow the decimal point. 

The decimal part of a logarithm is always regarded as 
positive, and to indicate that the negative sign extends only 
to the characteristic, it is generally written over it; thus, 

log 0.012 = 2.079181, equivalent to — « prefixed to + .079181. 

219. A Table of Logarithms is a table containing a 
set. of ^numbers, and their logmthms so arranged that we may, 
by its aid, find the. logarithm Ifeorfesponding to any given 
number, or the number corresponding to any given logarithm. 
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The following table shows the logarithms of all nambers^ 
1 4a 100- 



■> 



TABLE. 



K. 

1 


Lo». 


N. 

26 


L>i((. 


N. 

51 


Luir- 


N. 

76 


I'Of. 


0.000000 


1.414973 


J. 707570 


1.880814 


2 


0.301080 


27 


1.431364 


62 


1.716003 


7r 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


4 


0.602060 


29 


1.462398 


54 


1.732894 


79 


1.897627 


5 


0.698970 


80 


1.477121 


55 


1.740363 


80 


1.903090 


6 


0.778151 


81 


1.491862 


58 


1.748188 


81 


1.908485 


7 


0.845008 


82 


1.505150 


57 


1.755875 


82 


1.918814 


8 


0.903000 


33 


1.518514 


58 


1.763428 


83 


1.919078 





0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


sn 


1.544068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.556303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792892 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.591065 


64 


1.806180 


89 


1949390 


15 


1.176091 


40 


1.602060 


65. 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.612784 


63 


1.819544 


91 


1.959041 


i 17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.973128 : 


20 


1.801030 


45 


1.653213 


70 


1.845098 


95 


1.977724 


21 


1.322219 


46 


1.662758 


71 


1.851258 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.861728 


48 


1.681241 


73 


1.868823 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


;i;i^95635 


26 


1.397940 


50 


1.698970 


75 


1.875061 


100 j 


2.000000 



When a number exceeds 100, the characteristic of its log- 
arithm is not written in the table, but is found by the rule. 
Thus, in looking for the logarithm of 2970, in a full table 
of logarithms, we find opposite that number, the number 
472756; this is the mantissa: and since the number 2970 
contains four places of figures, its characteristic is 3. Hence, 

log 2970=3.472756. 

In like manner, we find^. 

log .00297 = 3.472766. 

G-eneral Properties of Logarithms. 
220. The general properties of logarithms are enti^ly- 
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independent of the valae of the base of the -system in whiph 
thej are taken. In order to deduce these propertiea^ let .nis 
assume the expoaential equation, 

In which a is any positire number except 1, K any pop-^ 

itive number whateveri and x its logarithm in the systeinr: 

whose base is a. * I 

• ♦ 
221. If we denote any two numbers by W and K'Vai^v 

their logarithms, taken in the system whose base is aj by i?' ' 

and ^*\ we shall haye, from the preceding article, j 

* • 

a»' =N' • (ij) 

a'"' = N" ...... . . ta) 

' \ 

I 

If we mnltiply equations (1) and (2) together, membeir 
by member, we get, j 

But since a is the base of the system, we have from th^ 
definition, 

a;' + a?" = log(Jr x N"); that is, 

The logarithm of the product of two numbers is sqtutl 
to the sum of their logarithms. 

If we divide equation (1) by equation (2), member by 
member> we have, • 

*"'"'"=i^ ;, W 

But, from the definition, 

x' — «" = log (ip) ; that Is, 

The logarithm of ihe quotient of one numler hy another^ 
is equal to the logarithm of the dividend minus thif logo- 
*^hm of the divisor. 
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222. If we raise both members of equation (1) to the n<» 
power^ we bare, 

a»»<=:N'» . (6) 



v' ' ' 



But from the definition, we have, - 

fw:' = log (N'°) ; that is, 

. The logarithm of any power of a number is equal to th$ 
logarithm of the number multiplied btf the esqKment of the 
power. 

. ■ * 

223. If we extract the n^ root of both members of eqt^i^ 
tion (1), we shall have, 

a" - (N')"* = VN? ...... (6) 

Bat from the definition, 

j'=log(Vir); that is, 

n ; 

« 

Ihe logarithm of any root of a number is equal to ths 
logarithm of the number divided by the index of the root. 

224. Practical Rules. — ^From the principles demon- 
strated in the four preceding articles, we deduce the follpw- 
ing practical rules: ^ 

1^ To multiply quantities by means of their logarithms. 

Find from a table, the logarithms of the given factors; 
take the sum of these hgdrithm^^ and look in ihd table. for 

the corresponding number; this will be the product rehired* 

-••.«•••.«. . , . - .... ■ * 

Thus, 

log 7 0.845098 

log 8 ....... • 0.903090 

log 66 ....... . 1.748188 

hence, 7 x 8 = 66. 
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2°, To divide quantities by means of their logaritbBi& 

Find the logarithms of the dividend and divisor, from 
a table j subtract the latter from the former, and look for 
the number corresponding to this difference; this will be the 
quotient required. 

Thus, 

log 84 1.924279 

^ log 21 • 1.322219 

log 4 0.602060 ; 

hence, 

5^-4. 
21"-^ 

8°. To raise a number to ar^y power. 

Find from a table the logarithm of the number, and mul- 
tiply it by the exponent of the required power ; find the 
number corresponding to this product, and it will be the. re- 
quired power. 

Thus, 

log 4 0.602060 ^ 

3 

log 64 ....... . 1.806180; 

hence, 

(4)» = 64. 

4°. To extract any root of a number. 

Find from a table the logarithm of the number, and di- 
nde this by the index of the root; find the number corree* 
ponding to this quotient, and it will be the root required. 

V 

Thus, 

log 64 . 1.806180 -^ 6 

1(^ 2 .301030 ; 

hence, 

. V/64 = 2, 
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225. The following examples illastrate the methods of 
transforming and simplifying algebraic expressions by means 
of the principles demonstrated in the preceding articles: 



EXAMPLES. 



1. log{a .h .c .d . ,,.)=:\oga + logb + log c .. . . 



2. 



M^ 



3. log(a™. J». cP. 

4. log(a* — a;^) 

5. log V(o^ — aj» 

6. tog(a»x V^) 



s= loga+log i+log c-— log d— logtf. 

. . , ) =:mloga + nlogb + j?log c + ... • 
= log {a + x) + log (a — a;). 

= f log(a + ic) + ilog(a — x). 

= 3f log a. 



Transform the following equations: 



7. y = 



x^ 



y 



a y = 



«. y = 



• * « ■ 

^»M. log y = 4 log a; — J [log (a + x) + log (a — «)]. 



(l + a:) 
a?~4 



i 



-4««. log 2^ = 3 logo; — flog (1 + x). 



a^{x--iy' 
Ans. logy=log(a:+2)+log(a;— 2)-— Slogjr— log(a:— -1). 



i ' 



Ana. loga: = 5logo — ^logy — jlog*. 



11. x = 



b 
V7 X V3 

Ant. logar = glog? + glogS — =;log2 — jiog5. 

The use of these simplifications is to &cilitate the soln* 
tion of equations in certun cases; also to shorten the pro- 
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C0S8 of finding numerical values of complex expressions, simi- 
lar to those in the second member of. example 11. 

Discussion of the Exponential Equation. 

226. Let us resume the exponential equation 

a* = N. ' ■ '• 

By discussing this equation^ we discover seireral important 
pitoperties of logarithms 

1®. If we make N = 1, x must be equal to 0, since 
«^ = 1 ; that is. 

The logarithm of 1 in any system is (k 

2°. H we make N = £?, x must b.e equal to 1, since 
a^ =:a; that is, 

Whatever be the base of a system, its logarithm, taken in 
that system, is equal to 1. 

3°. Suppose « > 1 ; 

then, when K= 1, a; = ; when N > 1, a: > ; when N < 1, 
a; <^0, or negative; that is, 

In a system whose base is greater than 1, the logarithms 
of all numbers greater than 1 are positive, those of all num- 
bers less than 1 are negative. * 

4^ Suppose « < 1 ; 

then, when N = 1, x=iO; when If <1, a;>0;.when N>1, 
« < 0, or negative ; that is, 

In a system whose base is less than 1, the logarithms 
of all numbers greater than 1 are negative, and those of atl 
numbers less than 1 are positive. 

6°. When a > 1 and N < 1, we have, 

tf-« = N, or, ^ = N. 
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Now, if N be dimmished, the corresponding values of x 
will be increased ; and when N becomes less than any 
assignable quantity^ or 0, the value of x must be oo ; that is, 

Tlie logarithm of 0, in a system whose base is greater 
than 1, is equal to — oo. 

6^ When a < 1 and N < 1, we have, 

« = N, or, — = xTT^i 

in which, if N be diminished, the value of x will be in- 
creased ; and finally, when N = 0, we shall have a: = oo ; 
that is, 

7%6 logarithm of 0, in a system whose base is less than 
1, is equal to + oo. 

7°. Whatever value may be given to x, the value of N 
must be positive; hence, there is no value of x that will 
maike N negative; that is, 

Negative numbers have no logarithms. 

Logarithmic Series. 

227. Let it be required to develop log(l + y) into a 
series arranged according to the ascending powers of y. The 
series must be such, that it will reduce to when y = ; 
for, when y = 0, log (1 + y) becomes log 1, which is equal 
to 0, in any systeuL Hence, y must enter every term. 

Assume, therefore, the identical equation. 



^og{l+y)=My + Nf + Pf+Qy^ + &c. . . 



(1) 



in which M, N, P, Q, &c., depend on a, the base of the 
syBtem. It is now required to find such values of M, N, P, 
Q, &C., as will satisfy equation (1) for all values of y. 
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Since equation (1) is to be satisSed for any value of y, 
we may write z for y\ whence, 

log(l + z) = M2; + Nai' + P2;8 + Q2* + &c. . . (2) 

' Subtracting equation (2) &om equation (1), member firom 
member, we obtain, 

log (1 + y) - log (1 + «) ?= M(y - z) + N(y2 - z^)+V{f- ^ 

+ Q(y*-«*) (3) 

4 
\ ^^^ 

The second member of (3) is divisible by y — z. To re- 
duce the frst member to such a form that it will also be 
divisible by y — «, we have 

log(i + y)-iog(i + ^) = iog(^) =iog(i + 1=^). 

But since f-— can be regarded as a. single quantity, we 
may substitute it for y in equation (1), which gives, 



Substituting this development for its equal, in the first 
member of equation (3), and dividing both members of the 
resulting equation by (y — z)y we have, 



M 



(iTi)-" 



+ P{y^ + yz + ^) + &c. 



, Since this equation is true for all values of y and z, make 
z = y, .and there will result 



M 



1+y 



M + 2Ny + 3Py» + 4Qy« + 5Ry* + &c 



Clearing of fractions, and transposing, we obtain, 



+ M + 2N 
_M+ M 



y + 9F 

+ 2N 









y« + &o. = 0; 
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Since this equation is identic^, we have^ 

M— ' M = 0; whence, M = M; 

M 

2K + M: = 0; whence, N = — ~; 

3P+2N=0; whence, P=~^ = 5:; 

o o 

m 1 

Op fJT 

4Q+3P=0; whence, Q = -^=-^. 

&C. &C. 

Substituting these vahies for N, P, Q, &c^ in equation 
(1), we find for log(l + y), 

log(l + y) = My — -ya + 3^y* — ^ y* . . &c. 

which is called the Logarithmic Series. 

The value of M depends on a, the base of the system, 
and the value of y depends on the number whose logarithm 
is sought ; hence, 

The expression for the logarithm of any number is torn- 
posed of two factorSf one dependent on the number, ani tlie 
other on the base of the system in which the logarithm is 
taken. 

The factor that depends on the base is called the Modu^ 
lus of the system. 

22& K we take the logarithm of 1 + y in a new sys- 
,tem, and denote it by Z (1 + y), we shall have, 

Z(H-y) = M'(y-|+ |?-.|? + |?-&c) . . (5) 

in which M'* is the modulus of the new system. 
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If we suppose y to have the same value in equations (4) 
and (6), and divide the former by the latter, member by 

member, we have ^^l^^^^r. whence (Art 

Z(l + y) : log(l +y) :: M' : M; hence, 

The logarithms of the same number, taken in two di/*- 
fefent systems, are to each other as the moduli of those 

systems. 

• 

229. Since the modulus aud base are mutually dependent 
on each other, we may assume a value for cither of them, 
and from it deduce a value for the other. If we assume the 
modulus equal to 1, and find the base, we have the Napierian 
system. If we assume the base equal to 10, and find the 
modulus, we have the common system. . 

If we designate the Napierian logarithm of a number by 
the symbol I, and any other logarithm by the symbol fo^, 
we have, from the last article, 

Z(l + y) : log(l + y) :: 1 : M; 
whence 

MxZ(l+y) = log(l + y) . . . . (1) 

Hence, we see that, 

Tlie Napierian logarithm of any number, multiplied by 
the modulus of any other system^ will give the logarithm of 
the same number in that system. 

Modnlus.—The modulus of the Napierian System being 1, 
it is found most convenient to compare all other systems 
with the Napierian; and hence, the modulus of any system 
may be defined to be. 

The number by which it is necessary to multiply the 
Napierian logarithm in order to obtain the logarithm of the 
same number in that system. 

In equation (4), the second, factor, in the second member, is 
he Napierian logarithm of the first member, taken in auy system* 



\ 
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230. Again, M x /(I + y) = log(l + y), giTcs 

/(l+y) = Ml_tj); . . . (2) 
That is, 

ITie logarithm of any number divided by the modulus of 
its system^ is equal to the Napierian logarithm of the same 
number, 

231. The logarithmic series is not sufficiently converging 
to make it convenient for computing logarithms To deduce 
a more suitable series for this purpose, let us assume the 
logarithmic series, and make M = 1 , and denote the cor- 
reqx)nding logarithm, as before, by the symbol I: vre have, 

iii + y) = y-f + f-^+f-&o (1) 

If now, we write in equation (1), — y for y, it becomes, 

?(l-y) = -y-^-|'^|?-|'-&c. . . .(2) 

Subtracting equation (2) from (1), member from member, 
we have, 

1(1 + y) ^7(1 -y) = 2(y +1* + 1* + f* + ^ + &c.) . . (3) 

Bnt, 

?(l + y)-^l-J')«^([^); whence, 

J I 1/ Z -I- 1 

If we make =— !-^ = — ^— , we have, 
(l + y)«as(l-y)(« + l), whence, V-^^-ipi' 
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t 

Substituting these Tttlues in equation. (4), and obserying 
that 

I C-—) = l{z + l)-h, we find 

Z(z + 1) - fo = 2 (^- + 3^^A_ + _1__ + &c.) (5) 

or, by transposition, 

^(^ + l) = ^^ + 2(^j+3P^.^ + ^P^, + &c.)(6) 

Let US make use of formula (6) to explain the method 
of computing a table of Napierian logarithms. It may be 
remarked, that it is only necessary to compute, from the for- 
mula^ the logarithms of prime numbers ; those of other num- 
bers may be found by taking the sum of the logarithms of 
their factors. 

The logarithm of 1 is 0. If now we make jj = 1 , we 
can find the logarithm of 2 ; and by means of this, if we 
make 2; = 2, we caji find the logarithm of 3, and so on, as 
exhibited below. 

11 = . =0.000000; 

/3 = 0.693147 + 2(i + 3i-^3 + ^, + ^...)=1.09^^^^ 
;4 = 2xZ2 , =1.386294; 

« 

?5 = 1.386294 + 2(l + ^ + ^ + -L....) =1.609437; 

I6z=l2 + n . . . . =i;791759; 

Z7 = 1.791759 + 2(^+3^, + 5^, + ..) = 1.945910; 
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lSz=zU + l2 • . ; . . . • =2.079441 

19 = 2x13 , . . . . =2.197224 

aO = i5 + /2 =2.302585 

In like manner, we may compute the Napierian logaritlims 
of all numbers. Other formulas n^ay be deduced that arc 
more rapidly converging than the one above given, but this 
serves to show the &cility with which logarithms may be 
computed. 

232. ModnlxLS and Base. — W& can now find the val- 
ues of the modulus of the common system, and the base of 
the Napierian system. 

V, If we make y = 9 in equation (1), Art 229, we 
have, 

Mx/10 = logl05 .-. M = ?^. 

But the logarithm of 10 in the common system is 1, and 
in the Napierian system (Art 231), 2.302585. 

» 

Hence, 

Which is the Modulus of the common system. If we multi- 
ply the Napierian logarithms already found by this value of 
M, the products will be the common logarithms of the same 
numbers. 

2°. If we denote the base of the* Napierian system by e, 
and then make 1 +y = 9, in equation (1), Art 229, wo 
have, 

M X 20 = logei 
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But, M == .434294482, and from Art 226, supposition 2% 

20 = 1 ; hence, 

log e = 0.434294482 . .. 

As we have, abready explained. the method of calculating 
the common tables, we may use them to find the number 
whose logarithm is 0.434294482, which we shall find to be 
2.718281828; hence, 

e = 2.718281828. 

Of Interpolation. 

233. When the law of a series is given, and several terms 
taken at equal distances are known, we may, by means of 
the formula, 

T = a + nrf 1 + ^ ' ^ ^ ^ ^ dg + ^^ ^ ^ ^ ^ ^ d^ + &c. . . (1) 

already deduced (Art 209), introduce other terms between 
them, that will conform to the law of the series. This op- 
eration is called Interpolation. 

In most cases, the law of the series is not ^ven, but only 
numerical values of certain terms of the series, taken at fixed 
intervals'; in this case we can only approximate to the law of 
the series, or to the value of any intermediate term, by the 
aid of the formula. 

To illustrate the use of formula (1), in interpolating a 
term in a tabulated series of numbers, let us suppose that we 
have the logarithms of 12, 13, 14, 15, and that it is required 
to find the logarithm of 12^. Forming the orders of diflFer- 
cnces from the logarithms of 12, 13, 14, and 16, respectively, 
and taking the first terms of each, ^ 

12 13 14 15 

1.079181, 1.113943, 1.146128, 1.176091, 

a034768, 0.032185, 0.029968, 

- 0.002577, - 0.002222, 

•+ 0.000356, 
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we find 

rfj = 0.034762, dfg = — 0.002577, d, = 0.000355, 

If we consider log 12 as the first term, we have also 

* 1 

a = 1.079181 and n = ^ . 

Making these several snbstitations in the formula, aud 
neglecting the terms after the fourth, since they are inappre- 
ciable, we find, 

T = a + irf,-|j, + ^ds=logl2i; 

or, substituting foi: d^j d^, &c., their values, and for a its 
value, 

a ........ ^ .. . 1.079181 

id^ 0.017381 

id, 0.000322 

^^3 0.000022 

Log 12i . . . . . '. * . 1.096906 

Had it been required to find the logarithm of 12.39, we 
should have made n = .39, and the process would havp been 
the same as above. In like manner we may interpolate 
terms between the tabulated terms of any mathematical table. 

II. Continued Fractions. 

234. The method of computing logarithms by means of 
series, was shown in Article 231. . The logarithms of num« 
bers may also be computed by the method of Continued Frcuy- 
UonSf which will now be explained. 

A Continued Fraotion is a firaction that has 1 fpr its 
numerator, and for its denominator a whole number plus a 
fraction that has 1 for its numerator and for its denomina- 
tor a whole number plus a fraction, and so on. 
20 
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Thus^ every expression of the form 



a + 1 



b + l 



c + i 



d + &c. 



in which a^ b, Cy d, &c., are positive whole nnmberSy is a 
continued fraction. 

235. The separate fractions -, v, -, Ac, that make up 

ft continued fraction, are called integral fractions. 
♦ The fractions, 

, &c. 



a 



> 



T 1 



a + T a + 



b "^ ' 1 
. . b +- . 

c 

are called approximating fractions, . because each gives, in 
succession, a nearer approximation to the true value of the 
fraction. 

An Approximating fraction is the result obtained by 
stopping at any integral fraction, and neglecting all that 
follows. 

If we stop at the first integral fraction, the resulting ap- 
proximating fraction is said to be of the first order ; if at 
the second integral fraction, the approximating fraction is of 
the second order, and so on. 

When the number of integral fractions is finitCy we get 
the true value of the expression by considering them all; 
when their number is infinite, only an i^proxiraate value can 
be found. 

236. The value of the first approximating fraction is 
greater than the true value of the continued fraction; for, 



r 

\ 
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the denominator 'a is too small hj the continued fracticin 

that follows it; hence^ - is too great. 

The yalne of the second approximating fraction is less 
than that of the continued fraction; for, the denominator b 
is too small by the continued fraction that follows it ; cona^ 

quently, ^, and also « + ti is too large; hence, — t-t i« 



too email. 



"+j 



It may be shown, in like manner, that every approxi- 
mating fraction of an odd order is greater, and every ap- 
proximati7ig fraction of an even order is LESSy than tlU 
continued fraction. 

237. The successive approximating fractions, after thp 
second, may be deduced from the two preceding ones by a 
simple law. 

From Article 235, we see that the first two ' appfx)ximat- 
ing fractions are 

\ ■ '•> 

and 

^ (^) 

To deduce the third approximating £L*action, We replace h 
in equation (2). by b +-\ .this gives 

^•■^■^ • *^ + l ..... (3) 



To deduce the fourth approximatiDg fraction, we replace 

c in equation (3) by c + -^\ making this substitution, and 

a 
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multiplying both terms of the resulting fractions by rf, we 
have, 

{bc + l)d + b 
l{ad + l)c + aid+ ab + 1 ' * / * * ^^ 

and so on. 

The numerator of the third approximating fraction is 
'found by adding the numerator of the first to the* product 
of the numerator of the second by the denominator of the 
third integral fraction ; and the denominator is • found by 
adding the denominator of the first to the product' of the 
denominator of the second by the same multiplier. The 
fourth approximating fraction is derived &om the s^epqd and 
third by the same law, using the denominator of th^> fourth 
integral fraction as a multiplier. The fifth is derived from 
the third. and fourth by the same law, and so on. 

238. Let it be required to find the successive qipraximat- 
Ing fractions of the continued fraction. 

1 

a + 1 

8 + 1 

5 + 1 



(1) 



We have, for the first and second, 

:,■■ .' ■ • ' 1 ' ■'■■ 

a * • ; • 

I (3) 

Hence, by the rale, 

5 X 3 + l _16 

6x7 + 8-37 ^ ' 

4xl6 + 3 _ 67 

4x37 + 7-155 ^' 



2 


7~ 


7x2 


• 


3 


16 
'37 ~ 


1 




■7 


7 X 


37 


16 


67 
155" 


1 




37 


"37 X : 


L55 
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If we subbuct each approximating fracdon from the pre- 
ceding one, we have , 

• • . 1st difEl 



► . . ?d diff. 
• . . 3d diffi 

« 

It may be shown that this law of dif^eIe^ces, holds good , 
whatever may be the number of approximating fractions; 
hence, 

The difference between any two consecutive approximating 
fTodiortSy is equal to ± 1 , divided by the product of their . 
denominators. 

When an approximating fraction of an even order is 
taken from one of an odd order, the uj)per sign is used: 
^ben t)|ie of /an odd order is taken from one of an even 
order, the lower sign is used. 

This ought to be the case, since we have shown thai 
tTery approximating fraction of an odd order is greater than 
the true value of the continued fraction, whilst every one of 
an even* order is less. 



L:r 



239. It was shown in Article 236, that each approidmat* 
ing fraction of an odd order, exceeds the true value of the 
continued fraction; while each of an even order is less than ' 
it Heiicd, the difference between any two consecutive ap- 
proximating fractions is greater than the difference between 
eifcher of them and the true value.of the continued fraction* 
Therefore, stopping at the n^ approximating fraction, the 
result will be the true v£due of the fraction, to within 1 
divided by the denominator of that fr8J&t\0Tv> tsixs^^^^^ \s^ 
the dmomiaatar of the approximating fcactioii ^\i\dcL ^^^"^ 
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But this product is greater than the square of the denom- 
inator of the w*^ approximating fraction ; hence^ any approx- 
imating fraction differs frotn the true value of the contintced 
fraction, ly less than 1 divided by the square of its de- 
nominator. 

ThaSy in the example of Article 238> the tme value of 

the continued fraction is -tzt, and -^ differs from it by 

' less than ,,,^,^ or ^^,.^ , and because this is of the third 

(37)2 1369' 

order, the difference is one of excess. 

240. Exponential Equation.-— Let us apply the preced- 
ing principles to the solution of the exponential equation, 

, 10=^=6 (1) 

We see that x lies between and 1 ; let us suppose it 
equal to -; this gives 

St 

lOy =5, or, 5^ = 10 (2) 

Here we see that y lies between 1 and 2; suppose it 

1 
equal to 1 H — ; this substituted in (2) gives, 

6^^^ = 5x5^=10; .-. 5w = 2, or, 2^ = 5 .(3): 
Here we see that w lies between 2 and 3 ; suppose it 
equal to 2 + - ; proceeding as before, we find. 



4x2- =6, or (^)'=2 ..... (4) 



Making « = 3 + t» ve find, 
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Here t is between 9 and 10 ; assumiDg it to be equal to 
9 we have, by substituting in the preceding expressions, 

1 



1 + 1 



2 + 1 



3 +1 
9* 



The successive approximating fractions are. 
This last value differs from the log of 5 by less than 



1 



(93y 



Any other exponential equation may be solved in a sim- 
ilar manner. 

EXAMPLES. 

Solve the following exponential equations: 

K 

1. 8* = 32* Ans. ic = o- 

2. 3* =15. Ans. a; = 2.46, to within 0.01. 

3. 10* = 3. Ans. x = OAlt'it. to within 0.001. 

2 

4. 5* = ^ Ans. x= •— 0.25 to within 0.01. 

o 

241. Vulgar firactions may be placed under the form or 

continued fractions. 

65 
Take, for example, the fraction rrq^ ^^^ divide both 

terms by 65; the value of the fraction will not be chatiged, 
and we shall have 

W^_ JL__1 

149 "" 149 "" 19* 
65 "*" 66 
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19 

Now, if yre neglect the fractional part, — , of tUe de- 

00 

nominator, we obtain ;r for an approximate valne of the 

given fraction. Bat this value is too large, since the denom- 

inator used is too small 

19 
If, instead of neglecting the part — , we replace it by 

1, the approximate value is ^, which is too small, since the 

o 

denominator 3 is too large. Hence, 

1 65 , 1 65 

3^149 *°^ 3^149' 

therefore the value of the fraction lies between ^ and ^. 

19 
Operating on the fraction — as we did on the given 

fraction jj^y we obtain, 

19 1 



henoe^ 



®^ 3 + A. 
^ + 19' 

65 1 



"» »+l 



» + B- 



It may be shown, as before, that the given fraction liei 



3 A 

between the limits ^ and ?:. 



rv 9 



III. Simple and Compound Inte&est. 

242.' The problems relating to Simple and Compound 
Interest may often be simplified by employing algebraic for- 
mulas. It is often the case that the ordinary algebraic for- 
mulas may be still further simplified by the application of 

) methods of logarithms. 
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In what follows, we shall employ the following notation: 

Let p denote the amount bearing interest, called the prin- 

cipal ; 

r " the rate per cent ; that is, the part of a dol- 
lar for one year's interest ; 

i ^ the time, in years, that p draws interest; 

t " the interest of ^ dollars for t years; 

S. . " p + the interest which accrues in the time, 
called the amount. 

^ ■ 

Simple Interest. 

243. Interest is money paid for the use of money. 
When interest is paid on the principal alone, it. is called 
Simple Interest. 

To find the interest of a sum p for t years, at the rate 
r, and also, the amount then due. 

Since r denotes the part of a dollar which expresses its 
interest for a single year, the interest of p dollars for the 
same time will .be expressed by pr; and for / years it will 
be / times as much; hence, 

i=zptr} (1) 

and ibr the amount due, * 

8—p +ptrr=p{l + tr) ..... (2) 

EXAMPLE. 

What is the interest, and what the amount of 1365 for 
three years and a half, at the rate of 4 per cent, per annum? 

Here, 

^ = $365; 

^ = 1^0 = ^-^^' 
^=3.6; 

t =ptr = 365 X 3.5 X 0.04 = 51.10 ; 
hence, S,= 365 + 61.10 = 1416.10. 
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Present Value and Discount at Simple Interest. 

244. The Present Value of a sum S, due t years 
hence, is the principal p, which put at interest for the time 
/, will produce the amount S. 

The Discount on any sum due t years hence, is the dif- 
ference between that sum and the present value. 

To fiiid the present value of a sum of dollars denoted hy 
S, due t years Jiencey at simple interest, at the rate r; also, 
the discount. 

We have, from formula (2), 

8=:p +ptr; 

and since p is the principal which in t years will produce 
the sum S, we have, 

p = T+rr' • • • <^> 

lor the discount, denoted by D, we have, 

°=s-r|j?=i^ •■ • • • • <*> 

EXAMPLE. 

Bequired the discount on $100, due 3 months hence, at 
the rate of 5^ per cent, per annum. 

S = $100 

t = 3 months = 0.26, 



Hence, the present value p is 

S 100 



= $98.643 ; 



^. . 1 + tr 1 + .01375 
and 

D = S — i? = 100 — 98.643 = $1,357. 
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Compound Interest. 

245. Compound Interest is nehen the interest on a 
sum of money becoming due, and not paid, is added to the 
principal, and the interest then calculated on this amount as 
on a new principal. 

To find the amount of a sum p placed at interest for t 
years, compound interest Ibeing allowed annually at the rate r. 

At the end of one year, the amount will be, 

S =^ + pr =p{l -f r). 

This sum now becomes the principal, and hence, at the 
end of the second year, the amount will be, 

S'=p{l + r) -{-pr{l + r)=p{l + rY, 

Regarding ^ (1 + r)^ as a new principal, we have, at the 
end of the third year, 

S" =i?(l + r)8 +i?r (1 +r)2 =:^ (1 + r)8; 

and at the end of t years, we have, 

S=i?(l + r)t (5) 

From Articles 221 and 222 we have, 

logS == log^ + t\og{l + r). 

ff any three of the four quantities S, p, t, and r, are 
given, the remaining one can be deteimined. 

EXAMPLE. 

Let it be required to find the time in which a sum p 
will double itself at compound interest, the rate being 4 per 
cent per annum. 
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We have, fixm equation (5), 

S=i?(l + r)t. 
But by the conditions of the question, 

hence, 

2 = (1 + r)t. 



By logarithms, we have. 



._ log 2 _ log2 _1 



.301030 



log (1 + r) ■* log (1.04) 0.017033 
/ = 17.673. 
That is, the term required is Vtyrs^ 8mo5., 2 days. 

Present Value and Discount at Compound Interest. 

246. The Present Value, is a sum which, placed at 
compound interest for a given time, will produce a given 
amount. The discount is the difference between the amount 
and the present value. 

From formula (5), we have, for the present value^ 



S 



^ (l + r)t 
For the discount, denoted by D, we have. 



(6) 



I> = S-^ = s(l-pA_) . . . (7) 

In this and in the preceding articles, we have supposed 
the unit of time t/O be one year, and the rate, per year. V 
interest is made payable at smaller intervals of time, say n 
times per year, the formulas from (1) to (7) will hold true, 
provided we make ^. equal to the number of periods, and r 
equal to the annual rate divided by the number of periods 
in a year. Thus, if interest is made payable quarterly, 
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i will denote the number of quarter years, and r will bd one 
fourth the annual rate. 

IV. Permutations, Arrangements, and 

Com bin ations. 

Permutations. 

247. Permutations, are the results obtained by writing 
a oertain number of letters one after another, in every possi- 
ble order, in such a manner that all the letters shall enter 
each result, and each letter but once. 

To find the number of permutations of n letters, n being 
any positive whole number, let us begin with two letters. 




Two letters, a and J, evidently give two per- ( ah 

mutations. ( ba 

hence> the number of permutations is 1x2. 

N'ext, let us take three letters, a, ft, and c. 
Reserve either of the letters, as Cy and permuto 
the other two, giving 

Now, the third letter c may be placed before / cai 

obi between a and J, and at the right of aJ; j , 

and the same for ba : that is, in one of the first \ 

permutations, the reserved letter c may have three j oibc 

different places, giving three permutations. And, ] ^^^ 
as the same may be shown for each of the first 
permutations, it follows that the whole number 

of permutations, of three letters, is 1 x 2 x 3. \ bac 

If a fourth letter d be introduced, it can have four places 
in each one of the six permutations of three letters ; hence, 
the number of permutations of four letters is, 1x2x3x4. 

K a fifth letter, h, be introduced, it can have five places 



bca 
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in each of the twenty-four pcrmntations of four letters.; 
hence, the number of permutations of five letters is 1 x 2 x 
3x4x5; and so on, indefinitely. 

Hence, if Y denote the number of permutations of n let- 
ters, we shall have 

Y = 1. 2. 3. 4. . . . (w — 1) w : that is, 

I7te number of permutations of n letters, is equrul (o 
the continued product of the natural numbers from 1 to n 
inclusive. 

In the preceding formula, and in other cases where there 
is no danger of confounding it with the decimal point, the 
sign of multiplication ordinarily used between numerical fac- 
tors is replaced by a simple period or dot. 

Arrangoments. 

248. Arrangements, are the results obtained by writing 
m letters, in sets of 2 and 2, 3 and 3, 4 and 4, .... n and 
n ; the letters in each set having every possible order, and m 
being greater than n. 

To find the number of arrangements of m letters taken, 
n in a get, let us first arrange three letters, «, b, and c, in 
sets of two. 

First, arrange them in sets of one, and for 
each set so formed, there will be two letters 
reserved, the reserved letters for each arrange- 
ment, being those which do not enter it. Thus, \ e 
^ith reference to a, the reserved letters are b and c] with 
reference to J, the reserved letters are a and c; and with 
reference to c^ they are a and 8. 
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"Sow, to any one of the letters, as a, annex, 
in snecession, the reserved letters b and c ; to the 
second arrangement, i, annex the reserved letters 
a and c; and to the third arrangement, c, annex 
the reserved letters a and b. 



a b 
a c 
b a 
b c 
c a 
c b 



Since each of the first arrangements gives as many new 
arrangements as there are reserved letters, it follows, 

That the number of arrangements of three letters taken, 
two in a set, is equal to the number of arrangements of the 
same letters taken one in a set, multiplied by the number of 
reserved letters. 

If we take m letters and arrange them one in a set, we 
shall have m arrangements, and m — 1 reserved letters. If 
we annex each of the reserved letters to each of the m ar- 
rangements, we shall have m{m — 1) new arrangements in 
sets of two, and for each arrangement there will be m — 2 
reserved letters. In like manner, if we annex each of the 
reserved letters to each of the m{m — 1) arrangements, we 
shall have m{m — l){m^2) new arrangements, in sets of 
three ; and so on. Hence, if we denote the number of m 
letters taken n in a set by X, wo shall have, 

X = m{m — l){m—'2) . . . (m -— 7j + 1) ; that is, 

The number of arrangements of m letters, taken n in a 
set, is equal to the continued product of the natural numbers 
from m down to m — n + 1, inclusive. 

If in the preceding formula, m be made equal to n, the 
arrangements become permutations, and the formula re- 
duces to 

X = w (n — 1) (» — 2) 2.1; 

or, by reversing the order of the factors, and writing Y for X, 

¥ = 1.2.3 (n — 1)»; 

the same formula as deduced in the last articla 
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Combinations. 

249. Combinations, are arraDgemcnts in which any two 
differ from each other by at least one of the letters that en- 
ter them. 

To deduce a formula for the number of combinations of 
m letters, taken w in a set, let X denote the number of ar- 
rangements of m letters, taken in sets of n, Y the number 
of permutations of n letters, and Z the number of combinU' 
tions taken in sets of n. 

It is evident, that all the possible arrangements of m let- 
ters^ taken n in a set, can be obtained by subjecting the n 
letters of each of the Z combinations, to all t&o permutations 
of which these letters are susceptible. Now, a single combi- 
nation of n letters gives, by hypothesis, Y permutations; 
therefore, Z combinations gives Y x.Z arrangements; and as 
X denotes the total number of arrangements, it follows that 

X = YxZ; whence, Z = y« 

But we have (Art 247), 

Y = Qxw = 1.2.3....n, 
and (Art 248), 

X = m (m — 1) (m — 2) . . . . (m — n + 1) ; 

therefore^ 



7 — ^ (^ -* 1 ) (y » — 2) . . . . (m — n + 1) 



that is» 



The number of eombihations of m letters taken n in a 
liety is equal to the continued product of the natural num- 
bers from m down to m — n + 1 inclusivcy divided by the 
continued product of the natural numbers from 1 to n in- 



elusive. 
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250. K Z denote the number of combinatioDS of the tn 
letters taken n in a set, we have just seen that 

y _ m (m — 1) (m — 2) , . . . (m — n + 1) 

If Z' denote the number of combinations of m letters 
taken (m •— n) in a set, we can find an expression for Z' by 
changing n into m — n in the above formula ; whence, 

7' _ ^ (^ — 1) (m >- 2) (n + 1) .V 

1.2.3 (w-n) • • • ^^ 

If we divide equation (1) by (2), member by member, 
and arrange the factors of both terms of the quotient^ we 
have, 

Z __ 1 . 2 . 3 . . . . (wi -» n) X (m — w + 1) . . . (m -- i)m 
Z^ "" 1 . 2 . 3 n X (n+ 1) . (m — l)m' 

The numerator and denominator of the second member 
are equal; hence, 

-^ = 1, or Z = Z' ; therefore/ 

The number of combinations of m letters^ taken n in a 
eet, is equal to the number of combinations of ni- letters, 
taken m-'n in a set 



EXAMPLES. 

1. In how many ways can 6 boys be seated in class so as 
not to be placed in the same order? 

Here, w = 1, and from Ari 247 we have, 

Y = 1.2... 6 = 720. Ans, 

2. How many changea can be rang on 10 bells, taken in 

lets of 7? 

21 



S22 ELEMENTS OF ALGEBEA. [CHAP. EC 

, Here, m = 10, w = 7, and from Art, 248 we have, 

X = 10.& 4 = 604800. 

3. How many combinations, 3 in a set, can be formed 

from 5 letters? . 5.4.3 ^^ 

^"*- 1-273 = ^^' 

V. Probabilities. 

251. When there are m chances that an event will hap- 
pen, and n chances that it will fail, and when there is no 
reason that one of these chances should occur rather than 

another, the probability that the event will happen is — —— , 

and the probability that it will fail is . 

The sum of these probabilities is 1 ; and when an event 
must either happen or fail, we may regard 1 as the measure 
of certainty. Hence, if p denotes the probability of the oc- 
currence of an event, 1 — ^ will denote the probability of 
its failure. 

Simple Probabilities. 

252. When two events are so related that one must 
happen, and but one can happen, if the first event can 
happen in m ways, and the second in n ways, and if all 
these ways are equally likely to occur, the probability Oiat 

the first event will happen is , and the probability 

n 
that the second will happen is . Thus, if three black 

balls and two white ones are placed in an urn, and one 

drawn out at random, the chance that it will be a black 

3 
one is ^, and the chance that it will be a white one 
o 

"Here, the sum of the probabilities is 1, or certainly. 
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When there are three events, so connected that one ihtibt 
happen, and but one, if the first can happen in a ways, the 
second in b ways, and the third in c ways, the probability 

that the first will happen is , , the probability 

that the second will happen is — —r-, — , and the proba- 

^^ a + b + c ^ 

bility that the third will happen is , . Thus, if 3 

Ct "T" "J" C 

white balls, 4 black balls, and 5 red ones, be placed in an 

nm, and one drawn at random, the probability that it will 

3 4 

be white is y^, the probability that it will be black is j^-, 

5 

and the probability that it will be red is zr^. Here, again, 

the snm of the probabilities is 1, or certainty. 

From what precedes we may write the following rule for 
determining the probability of the occurrence of a contingenjli 
eyent 

RULE. 

Divide the nunvber of favorable chances hy the 
whole number of chances, both favorable and unfa- 
vorable. 

Comx>lez Probabilities. 

253. To determine the probability of the simultaneous 
occurrence of two independent events, let us suppose there 
are m ways in which the first may occur, and n ways in 
which it may fail, and that there are m' ways in which this 
cecond may occur, and n' ways in which it may fiail. Each 
of the m + n ways, in the first case, may be combined 
with each of the m' -\- n' ways, in the second case, giving 
(w -j- n) {m' + n') chances, in all. If we combine each o^ 
the m ways in the first case with each of the ?»' ways in 
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(be second case, we have mm' choices for the simultftQecus 
OGCurrencQ of the two eyents; hence, according to the ml^, 
the prpbability of the simultaneoas occurrenco; at the tw^o 
events in question is, 

mm' m m' 

X 



{m -h n) (pi' -{- n') m -^-n m' + nl' 

That is, it is equal to the product of the probabilities 
that each will occur separately. 

This principle may be extended by the same course of 

reasoning to the determination of the probability of the 

fiimultaneous occurrence of any number of iddependezit 

events, giving the following 

■> 
RULE. 

The probability of the simultaneous occurrence of 
any number of independent events, is equal to the 
continued product of the probabilities that each will 
occur separately. ' 

EXAMPLES. 

, 1. What is the probability of throwing three .aces, with 
three dice, at a single throw? 

■" 1* 
The probability that each die will turn up an ace, is -. 

Hence, the probability that all will turn up aces together is 
1 1 1 _ 1 . 

2. What is the probability that neither of the three will 
tern up an ace? 

I 

I 

V The probability that any one will not turn up an ace is 

" g. Hence, the probability that neither of the three will tuin 

. 6 5 6 _ 125 
an ace, w g Xg >^^-^^^ ^ 
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3. What are the respective probabilities th&t two of the 
dice will turn up aces and one ndt^ and that one wiU tur&- 
'ttpaceand the other two not? 

1 1 

The probability that the first two will be aces is g x g, 

1 

or — , and the probability that the third will not be an 

5 
ace is -. Hence, the probability that the first. and second 

will be aces and the third not. is tt^t x ;;, or ^ttt;. In 

oo u ^io 

like manner the probabiUty that the* first and third will be 
aces and the second not, is ^j^, and the probability that 

the second and third will be aces and the first not, is jrj^. 
Hence, the total probabiUty that two will be aces and the 
other one not, is ^-r^. 

In like manner, the probabiUty that one will be an ace 

1 6 6 75 
and the other two not, is 3 x ^ x « x ^ = ;riT. 

Zlo 

The earn of the probabilities in all these cases is, 

1 , 125 , 15 , 75 , .* 1. n I 



The preceding rule covers the case of snccessive indepen^ 
dent ev^htsL If a single die be thrown three i>imes, in suc- 
cession, and the results recorded, it is obvious that the same* 
laws of probabiUty would obtain, as though the three dice 
hdd been thrown at once. 

^ 2M. The preceding principles enable us to solve mosfr 
rf the ordinary problems of probability. They will be illus- 
trated by the solution of one or two examples. 
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. 1. SnppoBe 3 lohito ballB, 4 black baU^. aad 6 red balls 
to b? thrown into an nm, and that two are drawn out at 
random; what are the prohabihties of the diS^rent caaee^ 
tb&t may arise? 

' - By the law of combination (Art. 249), we find that tha 
twelve balls may be combined in seta of 2, that is, in purs, 

in ^j ^, or in 66 di^rent ways; the 3 white balls may 

be combined bo as to give 3 different pairs; the i black 
tuJls so as to give 6 pairs; the 5 black balls bo as to give 
10 p^ra. Further, each white ball may be combined with 
ouih black one, giving ISpaifs; and in like manner we have 
Ifi paiiB, one white and one red; and 20 pairs, one red and 
one black. Hence, the probability of drawing 



Two white balls, is ^ 

Two black balls,' is ^ 

Two red balls, is ^ 

12 
One white and one black, is ^ 

One white and one red, is ^ 



One bhick and one red, is 



The sum of these probabilities is eqnal to 1, as it onghC 

to be. 

3. AcDotding to "American Experience," table of mor-- 
tality, of 847 persons of the age of 90, only 46S reach the 
age of 01, and only 216 reach the age of 92. What are the 
-•TobabilitieB that one pere(m aged 90 and one aged 91 wffii 

h be living or both be dead at the end of (Hie yegr? ' j 
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The probability that the first will live one year is ^— , 

385 
and the probabiliiy that he will not be living is -^^\ the 

216 108 

probabiliiy that the second will live one year is j^ or ^^, 

123 

and the probability that he will not live one year is ^«r-. 

Hence^ the probability that both will be alive at the end 

of the year is ^7= — ^^^^y or a little more than -ri and 
^ 847 X 231' 4' 

the probability that neither will be alive at the end of the 

rear is ^rrz x ^^ttt* or a little less than y. Hence, the 
•^ 847 231 4 ; 

probability that both will be alive at the end of the year is 
a little greater than that neither will be hving. 

The principles of probability are nsed in solving the vari- 
ous problems of annuities and life insurance; they are also 
used in determining the most reliable results springing from 
discordant observations in physics and astronomy. 



CHAPTER X. 

GENERAL THEORY OF EQUATIONS. 



s 



I. PhOPERTIES of EaUATIONS. 

255. Every equation contcuDing bnt one nnknowD quan- 
tity, whose exponeatB are whole numbers, caa be reduced to 
the form 

ai" + Pa^-i + Q«™-»+ +Ti + U=tO. .(1) 

In this equation P, Q, T, U, are coefflcienta in the 

most general flense of the term; that ia, they may be posi- 
tire or negative, entire or fhtCtional, real or ima^nary. 
Equation (1) is called the reduced equation. The method of 
making the redaction is analogous to that giretk for reducing 
Equations of the second degree to the form (Art. 120), 

a^ + 2px — g = 0. 

In equation (1) the term U, which is the coefficient of 
x", is called the absolute term. 

If, in the reduced equation (1), none of the coefficienta 
are 0, the equation ia said to be complete; if one or more of 
the coefficients are zero, the equation is incomplete. 

In discussing the properties of equations of the mi* degree, 
containing but one unknown quantify, we shall suppose them 
to have been reduced to the abore form. 

256. In defining an equation to be an expression of 
''lity between two quantities, it is assumed that the ex* 
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preesion may be yerified by seme yalne of the unknown 
quantity, either real or imaginary; such a value is called a 
root of the equation. Hence, we infer that every equation 
of the form (1) has at least one root 

Froi>erties of Equations. 

l^ If a is a root of the reduced equation, then is the 
first member of that equation exactly divisible by x-^a. 

Let us apply the rule for the division of the first member 
by x^ a, and continue the operation till a remainder is 
found that is independent of x; that is, which does not con<» 
tadn X. 

Denote this remainder by B, and represent the quotient 
found by Q', and we shall have, 

V° + Paj-n-i + To; + U = Q' (re — a) + E . . (2) 

Now, by hypothesis, a is a root of the equation ; if, there- 
fore, we substitute a for x, the first member will reduce to 
zero ; the term Q' (x — a) will also reduce to 0, and conse^ 

quently, we shall have, . 

E = 0. 

But B does not contain x; hence, it is equal to 0, what^ 
ever may be the value of x, and consequently, the first mem- . 
ber of the equation 

cxf^ + Paf"-i + Qa;^-» + Ta; + TI = 0> 

is exactly diyisible by a; — a. 

2°. Conversely, if the first member of the reduced equa- 
tion is exactly divisible by x — a, then is a, a root of the 
equation. 

For, in this case, the remainder B in equation (2) is 
(equal to 0; hence, that equation becomes 

a;™ + Pa:™-i+ ... +Ta: + U=Q'(a: — a) . . (3) 
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K in (3) we make a; = a, the second member reduces to 
0, and consequently the first member also reduces to 0; 
that is, making x=za satisfies equation (1) ; hence, a is a 
root of that equation. 

It is evident, from the nature of division, that the quo- 
tient Q' will be of the form 

gon-i ^ p'a;m-2 +R'a: + U' = 0. 

It follows from what precedes, that in order to discover 
whether any polynomial is exactly divisible by the binomial 
x — a, it is sufficient to see whether the substitution of a 
for X, reduces the polynomial to zero. 

Conversely, when a polynomial is exactly divisible by 
X — tty we know, that if the polynomial be placed equal to 
zero, a will be a root of the resulting equation. 

Property 1° enables us to diminish the degree of an equa- 
tion by 1 when we know one of its roots, by simple divi- 
sion ; if two or more roots are known, the degree of the 
equation may be still further diminished by successive di- 
visions. 

EXAMPLES. 

1. A root of the equation, 

x^ — 25a^ + 60x — 36 = 0, 

is 3: what does the equation become when freed of this 

root? 

a4 — 25a:» + 60a: — 36 1 1 a; — 3 



g*— 3a?^ a^ + da?-- lex + 12. 

+ 3a;» — 252)2 



— 16a^ + 60a: 

— 16a:8 + 48a: 



12a: — 36 
12a: — 36 
Ans. a:» + 3a;» — 16a: + 12 = 0. 
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2. Twa roots of the equation, 

a;* - 12a;« + 482;» — ear + 16 = 0, 

are 3' and 5: what does the equation become when freed of 
them ? Ans. . ar» — 4a; + 1 = 0. 

3. A root of the equation, 

a^ — 62? + lire — 6 = 0, 

is 1 : what is the reduced equation ? 

/; . ^ Jtw. a:» — 6a; + 6 = 0. 

4. Two roots of the equation, 

4a;4_ i4a;8 _ 5^ + 31a; + 6 = 0, 

are 2 and 3 : find the reduced equation. 

Ana. 4a?» + 6a: + l = 0. 

3®. Every equation containing hut one unknown quantity, 
has as many roots as there are units in the exponent that 
denotes its degree, and no more. 

Let the proposed equation be 

a;" + Pa;"-^ + Qa;"-» + . . . +Tx + V=:0. 

' Since every equation has at least one root, if we denote 
that root by a, the first member will be divisible by a; — a, 
and we shall have the equation, 

a:" + Px""i+ . . . = (a;-a)(a;"-^ + Fa:"-»+ . . .) . (4) 
But if we place, "^ 

we obtain a new equation, vhich has at least one root 
Denote this root by i, and we have 



8S* JSLEMBISTTS OF ALGEBBA. fCHAP. 3L. 

Substituting the second member, for its value, in equa> 
tion (4), we have, 

«" + Pic"^ V+ . . . = (ar - a ) (» -- J) (a;~-»+ F'ar-»+. . .) • (5> 
Reasoning on. the polynomial, 

as on the preceding polynomial, we have 

^«-r3 ^ p/^«-8 ^ ^ . . = (a: - (?) (ar"-» + P'"a:"-* + . . .), 

and by substitution, 

x^+ Pa;"*-^+ ... = {x^a){x^ I) ix^c) (a:~-»+ F"a?"-*) (6) 

By continuing this operation, we see that for each bino- 
mial factor of the first degree with reference to ar, that we 
remove, the degree of the polynomial factor is reduced by 1 ; 
therefore, after m — 2 binomial factors have been removed, 
the polynomial factor will become of the second degree with 
reference to x, which can be decomposed into two factor* of 
the first degree (Art. 124), of the form a: — i, x — h 

Now, supposing the wi*— 2 factors of the first degree to 
have already been indicated, we shall have the identical 
equation, 

«"+Pa:"-^ + .. = (a;-flf)(a;-5)(a;-c)..(a:~i)(a;-0=0; (7) 



» « * 



from which we see, that the first member of the proposed 
equation has been resolved into m binomial factors iff the 
first degree. 

As there is a root corriesponding to each binomial factor, 
it follpwfl that the m binomial factors of the first degree, 
« — a, x — b, a; — (?,... ., give the m roots, a, d, c, . . ., 
of the proposed equation. 

But the equation can have no other roots than a, b] e 
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. n. k, l For, if it hdd a root a') different from a, b, c ,. .1, 
it would have a divisor x — a', different from a; — a, a; — J, 

X — c . . . a? — ?, which is impossible ;. thereforq, 

■ ' 

Hvery equation of the m*^ degree has m roots, and can 
have no more. 

\ «■ * ' 

257. In equations that arise from the multiplication of 
equal fiictors, such as 

{x - aY {x - J)« (a; - cf {x - d) = 0, 

the number of roots is apparently less than the exponent 
that denotes thje degree of the equation. But this is not 
really so; for the above equation actually has tenrqots, four 
of which are equal to a, three to 5, two to c, and one to d. 
It is evident that no quantity a', different from a, b, c, df 
can verify the equation ; for, if it had a root a', the first 
member would be divisible by a? — a', which is impossible. 

258. It has been shown that the first member of every 
equation of the m^ degree, has m binomial divisors of the 
first degree, of the form 

a: — fl, « — J, a?— (?,...« -r i^ .a; — Z. 

If we multiply these divisors together, two and two^ three 
and three, &c., we shall obtain as many divisors of the sec- 
ond, third, &c^ degree, with reference to x, as we can form 
combinations of m quantities, taken two and two, three and 
three, &c. Now, the number of these combinations is 

m. — -j — ,m. — 5 — . — H — } &c. (Art. 249.) 



> » c 



hence, the given equation has 

771 — 1 



m • 



2 
divisors of the second degree ; 
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tn • 






diviflors of the third degree ; 



m • 



m--_l wi — 2 m — 3 



diyisora of the fourth degree ; and so on. 

Composition of Equations. 

259. When we know the roots of an equation we can 
construct the equation by subtracting each root from the 
unknown quantity, multiplying the resulting binomials to- 
gether, and then placing the continued product equal to 0. 
This product may be found by actual multiplication, or it 
may be written from two general laws that will now be 
deduced. If we form the products of a; — a, a: — J, x — e, 
and x — d by actual multiplication, we shall haye, 



1st product 



X 
X 



a 
h 



tc» — 



a 
-J 



X + ab 



2d product 



3d product 



X — c 




ofi — a 


a^ + ab 


-* 


+ ac 


— c 


+ bc 



X — d 



x-^abc 



o;*- 



a 
b 
c 
d 



3^ + ab 
+ ac 
+ bc 
+ ad 
+ bd 
+ cd 



a;3- 



ahc 
abd 
acd 
bed 



X + abed. 
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Examining these prodaet% we see that they conform to 
two general laws. 

l^ The Law of Exponents.— iHfte exponent of th$ 
unknown quantity in the first term is equal to the number 
of factors; and the exponent of that quantity goes on 
diminishing ly 1 in each term toward the rights to the last 
term J where it is 0. 

2°. Law of Coeflaicients.— 7%« coefficient of the first 
term is 1 ; the coefficient of any term after the first is equal 
to the sum of all the different products of the second terms 
of the Mnomialsy taken as many in a set, as there are pre- 
ceding terms. 

It may be shown^ by a course of reasoning entirely analo- 
gous to that employed in Article 141, that these laws hold 
true for the formation of the continued product of any num- 
ber of binomial fectors of the proposed form. 

If we resume the identical equation (7) of Article 256, 
which is^ 

aP + Pa;°»-i + Qa;™-3. . . +U=(a;— a)(a;— J)(a;— c) . . . (ic— 2)... 

and suppose the multiplications indicated, in the second 
member, to be performed, we shall have, from the laws just 
deduced, the following relations: 

P = — a — J — c — ... — i — Z, 
Q, = ai + ac + bc + ... *ak + kl, 
R = — abc — abd — bed ... — ikl. 



XJ == ± abed .... ikU 
Hence, we may form the coefficients by the foUowing 



339 XL£M£KTS 09 . ALQEBBA; io&AP. X. 



RULE. 

/. Change the signs of all the roots, and take the 
algebraic sum of the results for the coefficient of the 
second term: 

II. Form all the different products of the results, 
taJcen two and two, and take their algebraic sum for 
the coefficient of the third term/ : - ■ . - 

III. Farm, oM the products of the results, taken 
three in a set, and take their algebraic sum for the 
coefficient of the fourth term, ; and so on : 

IV. Form the continued product of all the results 
for the absolute term. 

The absolute term is divisible by each of the roots. If 
one root is 0, the absolate term is 0; and conversely, if the 
absolnte term is 0, one of the roots is 0. 

EXAMPLES. 

' 1. ^nd the equation whose roots are 2, 3, 5, and — 6. 

We have, from the principles already established, the 
equation 

(ar — 2) (a; — 3) (a: — 5) (a? + 6) = ; 

whence, by the ^plication of the preceding principles;, we 
obtain the equation, 

a^ ^ 4a:^ — 29aj3 + 166a: — 180 = 0. 

2. Find the equation whose roots are 1, 2, and — 3. 

Ans. «» — '?a; + 6 = 0. 

3. Find the equation whose roots are 3, — 4, 2 + \/3, 
and 2-V3. ^ '^iw.'a:* -:3a? — 16i;« + 49a; — 12 = 0. 

* * * 

4. Find the equation whose roots are 3 + V5, 3 — V5, 
d —6. Ans. aj»^ 82a? + 24 = 0. 
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5. Find the equation whose roots are 1, —2, 3, —4, 6, 
and — 6. 

Ans. ofi + dofi — 41a:* — 87a^ + 40(ja? + 444ar — 720 = 0. 

6. Find the equation whose roots are .... 2 + V— 1, 
2 — V— 1, and — 3. Ans. a^-^a^^lx + 16 = 0. 



II. Transformation of Equations. • 

260. The Transformation of an equation is the opera- 
tion of changing ite form without destroying the equality of 
its members. 

261. To transform a reduced equation containing frac- 
iional coefficients into one of the saine form, whose coeffi- 
cients are entire. 

Let us take the equation, 

and in it make x^K; there will result the equation, 

y* ay^ ci/^ ey^ g ^ ^^v 

Mnlt^lying both members of (2) by /&*, we hare, 

Since h is arbitrary, we may give to it such a value as 
will make the coefficients of the different powers of y entire. 
This can always be done; for, if we make h equal to the 
least common multiple of all the denominators of equation 
(1), the different powers of k will be divisible by each de- 
nominator separately, and, consequently, the coefficients will 

be entire. 

22 
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EXAMPLES. 

1. Transfonn the equation, 

into one whose coefficients are entire. 

Making a? = f > and multiplying both members by i®, we 
have 

Making £ = 72, and reducing, we have, 

y3 — 168y3 + I584y — 129600 = . . . . (3> 

In this and similar cases, we may often find simpler re^ 

suits by giving to k such a value as will cause &, ^, ^, &c., 

to contain all the prime factors that enter the denominators, 

each raised to a power at least equal to that of the same 

factor in the corresponding denominator. Thus^ equation (2) 

may be written 

7k , . llk^ , 25t» _^ ... 

^"" 3 ^ "^23. 32^ — ^732""" • • • W 

Making £ = 2x3, and reducing, we have, 

y8 _ uy2 + iiy -. 75 = 0. 

Transfonn the following equations so as to firee them 
from fractions, without changing the coefficient of the first 
term: 

Making ^ = f « and multiplying by ^, and factoring, we 
have, 

^ 2.3^"*"22.3^ 2.3.53^ 28.3».5«"" 
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liffalring it ^ 2 . 3 . 5, and reducing; we have, 

y4 _ 25y« + 375y3 — 1260y -- 1170 = 0. ^ 

41 1 1 

* ^'"30^'^3^""30^^* 

Jfaking it = 3 . 2 . 5, and reducing^ we hayei 

y« — 41y2 + 300y — 900 = 0. 

Ill 

Ans. y» + ^ + y + 1 = 0. 

K ^ 13 . , 21 . 32 - _^ _L_ft 
0. aJ'-j^ir + ^ar'-gjjgic'-g^jQX-g^-u. 



f 



Making 



22.3.6"" 60' 



and we have, 

yi _ 66y* + 1890y« — 30720^* — 928800y + 972000 = 0. 

ELaying solved the transformed equation, and found the 
values of i/y the corresponding values of x may be found 
from the equation^ 

by substituting for y and k their proper values. 

262. To transform the reduced equation into another of 
the same form^ whose foots are equal to any multiple of 
those of the given equation. 

If we make ^ = t in the reduced equation, and then 

multiply both members of the resulting equation by i", we 
have, 
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which is the required equation, because in it y z=kx; k may 
be positive or negativOy entire or fractional 
If, i = — 1, we have, from equation (1), 

in which the roots are equal to those of equation (1) with 
their signs changed. The upper signs of the last two terms 
are to be used when n is odd, and the lower ones when n 
is even. 

EXAMPLES. 

1. Transform the equation, 

a? — 3a;^ + 11a? + 4 = 0, 
into one whose roots are twice as great. 

Making 2; = ^, and multiplying by 8, we have, 

y« — 6y» + 44y + 32 = 0. 

2. Transform the equation, 

2^ + 11a; + 28 = 

bto one whose roots are 3 times as great. 

Am. y* + 33y + 15^ = 0, 
8. Transform the equation 

into one whose roots are equal to tliose of the given eqnth 
tion with their signs changed. 

Ans. y* — 3/ — 4y« — y« — y — 4 = 0. 

263. To transform the reduced equation into one of the 
Bame form^ whose roots are the reciprocals of tliose of the 
Stiven equation* 
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1 I ' 

If we make a: = - in the reduced equation^ we shall 
have, 

^+^.+^,+ ..•+1 + ^ + ^ = . (1) 

If we multiply both members of equation (1) by ^ and' 
then reverse the order of the terms, we have, 

V 

which is the required equation. We see that it is found by 
rerersing the order of the coefficients,- and dividing each by 
the absolute term. 

EXAMPLES. 

Transform the following equations into others whose rootH 
are the reciprocals of those of the given equations : 



1. iifi + 3a? + x + -z=i0. 

o 

Ans. y» + 3y» + 9y + 3 = 0. 

2. a?* + a» + 3a; + 2 = 0. 

3 11 



'\ 



7 7 
d. a:a + ^-- = 0. 



Ans. y*— y — = = 0. 



\ 



264. To transform the reduced equation into another tf, 
the same form, wJiose roots shall differ from those of the 
given equation by any given quantity. 

Writing out the reduced equation, we have, 

««" + 'Paf^'^ + Q«""« + . . . + Ta; + U = . . (1) 
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Making x = t/ + x', in which y is a new unknown 
quantity and x' entirely arbitrary^ this equation becomes 

Developing by tlie binomial formula and arranging with 
respect to ffy we have, 



jT+f^' 


r 




y"- 


-» + ...+«'" 


+ P 




+ (f»-l)P»' 




• + Pa;'— » 




+ Q 




+ Qa:'"-» 




- 




+ . . . 

• • • • • 

+ Tar' 










+11 



=0 (3) 



which is of the required form. The roots of equation (2) are 
equal to those of the reduced equation, each diminished by 
»\ because we have y ^ix — xf. 

Denoting the coefficients of the terms of equation (3)» 
after, the first, by P', QV &c., it becomes, 



►'-.m — 1 



y- + P'y»-^ + QV"-' . . . +Ty + U' = - . (4) 

The operation of finding F', Q', &c., as above indicated, is 
somewhat tedious, but these coefficients may be obtained by 
a ampler process, which will now be explained. 

Equation (4) was deduced from equation (1) by making, 
a: = y + a;' ; hence, if we make yzrix^-x' in equation (4), 
its first member will be identical with the first member of 
equation (1), and we shall have, 

(« - xT + P'(a; - a;')"-* + . . . + S' (a; - a:')* + T' (« - «') 

+ U' = a;" + Pa;""* + • • • + Sa? + Ta; + U . . . (6) 

: If we divide the .first member of equation (5) by x — af 
3 diall hare the qaotient 
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(X - a;')"-^ + P'{x - a;')"-^ + . . . + S^a; - a:') + T', . (6) 

with a remainder IT' ; hence> if we divide the second mem- 
ber by the same quantity, we must get the same quotient 
and the same remainder; therefore, 

If the first member of the given equation he divided by 
the unknown quantity minus the number that expresses the 
difference between the roots, the remainder will be the abso- 
lute term of the transformed equation. 

Again, if we divide the quotient (6), by x — x' we «lMtll 
find the quotient 

{x - xT"^ + Y{x - x'f^ + . . . + S', 

with the remainder T\ which is the coefficient of the last 
term but one of the transformed equation. If the new quo- 
tient be divided by a? — a;', the next remainder wQl be the 
coefficient of the third term from the last, and so on, till all 
the coefficients have been found. 

EXAMPLES. 

1. Transform the equation 

5a:* — 12a;8 + 3a<! + 4a;-.5 = 

into another, each of whose roots shall be less than tbos^ <^ 
the given equation by 2. 

FIBST OPEBATION. 

6a:* — 12a:» + 3a:^ + 4a: — 6 II a; — 2 



6a^ — 10ar» 6a:» — 2a?« — a: + 3 



— 2a!» + 3«» 




— 2iB» + 4ir» 




— a» + 4a! 




— :fi + %x 




%x- 


-5 


2x- 


-4 



— 1, 1st remainder. 
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SECOND OPEBATION. 



67? 

bo? 



2a? — X + 2 

8a«— X 
Sx^ — lOx 



X -2 



5j? + 82; + 15 



15a; + • 2 
15a: - 30 



THIBD OPERATION. 



6«*+ 8a; + 15 

6a? — 10a; 

18a; + 15 
18a; -- 36 



I a;— 2 
5a; + 18 



32, 2d remainder. 

FOURTH OPERATION. 

5a; + 18 j |a; — 2 
6x — 10 



28, 4th remainder. 



51, 3d remainder. 

'.Hence, the transformed equation is 

5/ + 2Sf + 51^2 + 32y — 1 = 0. 

The operation may be still more abridged by the opera- 
tion of Synthetical Division. 

Synthetical Division. 

265. Synthetical Division is an abridged method of 
cfividing by detached coefficients. If we take the example of 
the last article, omitting the literal parts, we have the fol- 
lowing 



6_12+3+4- 


-5 

-5 
-4 


OFEBATIOK 

1- 2 


• 


6—10 


5- 
5- 


. 2-1+2 
-10 


1— 2 




— 2+3 


5+ 8 + 15 
5—10 


1- 2 




— 2 + 4 




8— 1 


5 + 18 
5—10 


1-9 


-1+4 


8-16 


18+15 


6 


-1+2 

2- 
2- 


15+2 18-36 
15—30 51 
32; 


28 

• 


• 
9 



-1; 
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Here the first remainder is — 1 ; the fii'st quotient might 
be found by annexing to the coeflBcients the successive pow- 
ers of X, from the third down ; but for the present purpose, 
this quotient is not needed. Dividing as before, using the 
detached coeflBcients of the first quotient, we find the second 
remainder 32, and so on. If we examine the operation, we 
see that thfi first term in each quotient is 5, the same as the 
first term in the dividend ; the second term is found by mul- 
tiplying the first by — 2, and subtracting the resuli fi'om 
the second term of the dividend. The same result would 
have been found by changing the sign of the second term of 
the divisor, multiplying this result into the first term of the 
dividend, and then adding the product to the second term 
of the dividend; the third term of the quotient is found by 
multiplying the second term by the second term of the divi- 
sor, with its sign changed, and adding the result to the third 
term of the dividend; and so on till the last term of the 
diyidend has been used; the last result is the remainder re- 
quired. 





5 — 12 4- 3+ 4 — 5 +2 




4.10- 4- 2 + 4 


1st quotient, 


5 — 2 — 1 + 2, — 1 ; 1st rem. 




4-10 + 16 + 30 


2d quotient, 


5 + 8 + 15, + 32 ; 2d rens. 




10 + 36 


8d quotient, 


5 + 18, + 51 ; 3d rem. 




+ 10 



4th quotient, 5, + 28, 4th rem. 
The 4th quotient is the 5th remainder. 

Here we have dropped the first term of the divisor and 
changed the sign of the second term. The first term of the 
first quotient is 5 ; multiplying this by 2, and adding to 
— 12, we find — 2 ; multiplying this by 2, and adding to 
+ 3, we find — 1 ; multiplying this by 2, and adding to 
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+ 4, we find + 2 ; multiplying this by 2, and adding to —5, 
we find the first remainder equal to — 1, which we point off 
by a comma. In like manner, the successive quotients and 
remainders are found; beginning at the last remainder^ and 
writing out the transformed equation, we have, 

6y* + 28^8 + 51y^ + 32y — 1 = 0. 

EXAMPLES. 

1. Find an equation whose roots are less by 1 than those 
of the equation 

OPEBATIOir. 

1 +0 -7 +7I + 1 
+ 1+1—6 



1st quotient, 1 +1 — 6, + 1 ; 1st rem. 

+ 1+2 
2d quotient, 1 + 2, — 4 ; 2d rem. 

1 

3d quotient, 1, + 3 ; 3d rem. 

Hence, the required equation is, 

y« + 3y2-4y + l = 0. 

In this case, the term containing a^ in the given equa- 
tion is wanting; in all such cases, the places of the missing 
terms are filled by O's. 

2. Find an equation whose roots are less by 1.7 than 
those of the equation, 

a^ — ga4J + 3a; — 4 = 0. 
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OPEBATION. 

1_ 2 +3 -4[L7 
1.7 — .51 + 4.233 



1—0.3 + 2.49, 
+ 1.7 +2.38 


.233 


1 + 1.4, 4.87 
+ 1.7 





1,+ 3.1 
Hence, the reqaired equation is, 

« 

f + 3.1^3 + 4,87y + .233 = 0. 

3. Find an equation* whose roots are greater by 3 than 
those of the equation, 

q^ + Ut^ + a? — n — o. 









OPBBATIOK. 




1 


+ 13 


+ 1 


+ - 


- 11 1 — a 







3 


-30 


+ 87 - 


■261 


1 


+ 10 


-29 


+ 87,- 


• 272 


• 


— 


3 


— 21 


+ 150 




1 


+ 


7 


— 50, + 237 






— 


3 


-12 






1 


+ 


4, 
3 


-63 







1,+ 1 

Hence, the required equation is, 

y4 + ys — 62y» + 237y — 272 = 0. 

4. Find the equation whose roots are less by 3 than the 
roots of the equation 

a4 _ 3a^ _ i5a4j + 49a; — 12 = 0. 

Ans. y* + 9y3 + I2y8 — I4y = 
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5. Find the eqnation whose roots are lees by 10 than the 
roote of £he eqnation 

xt-\-%a? + 3a? + ix- 12340 = 0. 

Ana. y* + 42y* + 663y> + 4664y = 0. 

6. Find the equation whose roots ore less h; 3 than the 
roots of the equation 

Ana. y» + lOy* + 42y* + 86y» + 70y + 4 = 0. 

Disappearance of the Second Term. 

266. We see from equation (3), Article 264, that the sec- 
ond term of the transformed equation will be wanting whes 

P 

inn^ + P = 0, or when 3^ =: : 

but in this case we have in the transformed equation, 

ff=x — x =x + —; 

that is, in order to find a transformed equation whose second 
term is wmitiDg, we find an equation whose roots are greater 
than those of the given equation by the quotient of the coeffi- 
cient of the second term by the exponent of the unknown 
quantity in the first term. 

EXAMPLES. 

Transform the Tollowiug equations so that the second 
terms shall be wanting in the resultiug equations: 

1. !C» — 12a!» + 173^ - 9a: + r = 0. 

Here we make the roots of the resulting equation greater 
p 
ban those of the given equation by — -j or — 3 ; that i^ 
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we make them less than those of the given equation by +3. 

Ilence, 

— 12 + 17 — 9 .+ 7 1 + 3 

.+. a — 27 — 30. -^117 



— 9—10 — 39, —110 
+ 3—18 — 84 



— 6—28, —123 
+ 3—9 



- 3,-37 
+ 3 



,- 



.:. Ans. y*-37»»-123y- 110 = 0. 



73 = 



0. 

a 

0. 



= 0. 



Ans. y» — 33y3 — ll8y» — 162y 

3. a;» — 62« + 7a; — 10 = 0. ^tw. y» — 5y — 12 = 

4. a:» + 92?'' — a? + 4 = 0. Ans. y» — 28y + 61 = 

6. »* — 8a;» + 72;^ + 3a; + 4 = 0. 

Ans. y* — 17y» — 33y — 10 

If we suppose 

m . ^^2;'2 + (m-l)P«' + Q = 

in equation (3), Article 264, the resulting equation would 
want its third term. But bv solving the above equation we 
find two values of x', each of which will fulfill the required 
condition. 

The preceding transformations are used in the further 
discussion and solution of the higher equations. 

III. Derived Polynomials. 
267. If we assume the reduced equation 



^'n-a 



«" + P*—' + Q*"-' + . . . + S«» + Tijr + IT = (1) 
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and in it make x^u + :^, we have. 



+ n = o 



■ ■ (2) 



If now we develop the diflferent powers of the binomi^ 
and arrange the results according to the ascending powers 
of u, we shall have. 



mH-.-w" 



«" 


+»!■— 


.+»^.- 


+p»"-" 


+ (».-l)P»-^ 


+ ^m-l)'^Vx— 


+Qy-' 


+ (»i-2)Qa;'— 


H'-n"^-' 


+ . . . 


+ . .. 
+ T 


+ . . . 



Examining the coefficients of the different powers of u, 
we see that the coefficient of w", is what the first member of 
the given equation becomes when x' is substituted in place 
of a;; we shall denote this expression by X'. 

The coefficient of w' is formed from the preceding term 
X', by multiplying each term of X' by the exponent of x' in 
that term, and then diminishing this exponent by 1; we 
shall denote this coefficient by Y'. 

The coefficient of w' is foimed from Y', by multiplying 
each term of T' by the exponent of x' in that term, divid- 
ing the product by 2, and then diminishing this exponent 

by 1. Representing this coefficient by ^, we see that Z' 

is formed from Y' in the same manner that Y' is formed 
from. X'. 

In general, the coefficient of any power of u, in the 
'lore transformed equation, may be found from the preced- 
coefficient in the following manner, viz. : 
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Multiply each term of the preceding coefficient by the ex- 
ponent of x' in that term, and diminish the exponent of t!, 
hy 1; then divide the algebraic sum of these expressions by 
the number of preceding coefficients. 

The kw by which the coe£ScientSy 

Z' V 

■^' ^' 1.2' i.a.3' 

are derived from each other, is the same as that which gov- 
erns the formation of the numerical coefficients in the bino- 
mial formula. 

The expressions, Y', Z', V, W, &c., are called successive 
derived polynomials of X', because each is derived from the 
preceding one by the same law that Y' is derived from X'. 

Generally, any polynomial that is derived jfrom another by 
the law just explained, is called a derived polynomial 

EecoUect that X' is what the given polynomial becomes 
when 2;' is substituted for x. 

Y' is called the first-derived polynomial ; 
Z' is called the second-derived polynomial; 
V is called the third-derived polynomial; 
&c., &c. 

We should also remember that, if we make ^ = 0, wo 
shall have x' = Xy whence X' will become the given poly- 
nomial, from which the derived polynomials will then be 
obtained. 

EXAMPLES. 

1. Find the successive denved polynomials of 

Zx^ + Qa?-^S3? + ix + 1. 
Calling the given polynomial X', and denoting the sue- 
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cessiye derived polynomials by Y', Z', V, and W, we hsLve 
from the law jast given, 

• X' =da^ +Ca^ --dofi + Zx + l 
Y' = 12a;3 + 18a:2 — 62: +2 
Z' = 36a? + 36a; — 6 

V = 72a; + 36 
W = 72 

2. Find the derived polynomials of 

a4 _ i2a;3 ^. i7a;2 _ 92; + 7. 

^n5, X' = a;4 - 12rr« + 17a? - 9a; + 7 
Y' = 4a<» - 36a;2 + 34a; - 9 
Z' = 12a^5 - 72a; + 34 

V = 24a; - 72 
W' = 24 

Properties of Derived Polynomials. 

268. We will now develop some of the properties of de- 
rived polynomials. 

Let x^ + Pa;"-^ + Qa;""^ . . . Ta; + U = 

be a given equation, and a, by c, d, &c., its m roots. We 
shall have (Art 256) 

Making 

a; = a;' + w, 

« 
or omitting the -accents, and substituting x + u for x, and 

wo have 
(a;+«)"^ + P(a;+w)"-i+ ... =(a;+w— a) (a;+w— 5) ...; 

or, changing the order of x and w, in the second member, 
and regarding x — a, a; — J . . . each as a single quantity, 

L. 

^^+u)^ + 'P{x+u)"' K..=^{u+x-^a){u+X'-b)...{u+x^l), 
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PerformiDg the operations indicated in the two member^ 
we shaUy by the preceding article, obtain for the first mem- 
ber, 

X + Yu + -^ti^+ ... w™; 

X being the first member of the proposed equation, and Y, 
Z, &c., the derived polynomials of this member. 

With respect to the second member, it follows from 
Art. 264: 

1°. That the term involving u^, or the last term, is equal 
to the product {x — a) (a: — J) ... (a; — I) of the factors of 
the proposed equation. 

2^ The coefficient of tt is equal to the sum of the pro- 
ducts of these m factors, taken m — 1 and m — 1. 

3°. The coefficient of u^ is equal to the sum of the pro- 
ducts of these m &ctors, taken w •— 2 and w — 2 ; and 
80 on. 

Moreover, since the two members of the last equation are 
identical, the coefficients of the same powers ot u in the two 
members are equal Hence, 

X =1 {x -^ a) (x — b) {x "• c) • . . {x ^ I), 

which was already shown. 

Hence, Y, or the first derived polynomial, is equal to the 
sum of the products of the m factors of the first degree in 
the proposed equation^ taken m — 1 and m — l; or equal 
to the algebraic sum of all the quotients that can be obtained 
by dividing X by each of the m factors of the first degree 
in the proposed equation j that is, 



X — a x — b X — c X— I 

23 
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Also, — , that is, the second derived polynomial, divided 

by 2, is equal to the sum of the products of the m factor^ 
of the first memier of the proposed eqtiation, tdkeyi m — 2 
and m — 2 ; or equal to the sum of the quotients obtained 
by dividing X by each of the different factors of the sec- 
ond degree; that is, 

Z XX X 

"r 



2 "* (a; — a) (a; — i^) ^ (rr — a) (a; — c) " • (a? — *) (a? — Z) V 
and so on. 

Of Equal Roots, 

269. An equation is said to have equal roots when its 
first member has equal factors of the first degree with re- 
spect to the unknown quantity. When this is the ease, the 
derived polynomial, which is the sum of the products of the 
m factors taken m-r-1 and m -^ 1, contains a factor in its 
different parts, which is two or moi*e times a factor of the 
first member of the proposed equation (Art. 258) ; hence, 

27iere must b$ a common divisor between the first mem- 
ber of the proposed equation, and its first derived polynomial,- 

It remains to ascertain the composition of the greatest 
common divisor. 

270, Having, given an equation, it is reqtnred to dis- 
vover tvhether it has equal roots, and to determine these roots 
when possible. 

. Let us make 

X = a;°» + Paf»-i + Qaj^*--* + . . . + Taj + U = 0, 

and suppose that the second member contains n factors equal 
to a;— a, n' fp,ctors equal to Xr^b, n" factors equal to a:— c . . .> 
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-imd also, the simple factors ar— jp, ic-^g, a: — r. . .; w6 
shall then have ' 

X=^(a:-a)° (a^-^r (a:-c)°" . . . (x-p) {x-q) (aj-r) . . (1) 

We have seen that Y, or the derived polynomial of X, is 
the sttm of the quotients obtained by dividing X by each of 
the m factors of the first degree in the proposed equation 
(Art 268). 

Now, since X contains n fiictprs equal to a? -— a, we have 

ti partial quotients equal to ; and the same reasoning 

apphes to each of the repeated factors, x — b, x — c..... 
Moreover, we can form but one quotient for each simple fac- 
tor, which is of the form, 

X XX . 



X — p X — q X — r 

therefore, the first derived polynomial is of the form, -^ 

,^ wX w'X ?i"X X X X ryvv 

Y=z + j + +...+ + — + +(2) 

X — a X — X — c x—p x—-q x—r ^. ' 

By examining the form of the value of X in equation (1), 
it is plain that 



V. 



{x - fl)*^-!, {x - by-\ {X ^ <?f "-1 . . . 



are factors common to all the terms of the polynomial Y; 
hence the product, 

(x — a)»-i X {x — i)"'-i X {x — e?)^"-i . • 
is a divisor of Y. Moreover, it is evident that it will also 

« 

divide X : it is therefore a common divisor of X and Y ; 

r ...... . T 

and it is their greatest common divisor. % 

For, the prime factors of X, are x — a, x — S, » — c . . ., 
and x-^p, x — qyX'—r.. .; now,': xr^p, a; — g, x^r^ 
cannot divide Y, since some one of them will be wanting in 
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flpme of the parts of Y, while it will be a fkctor of the 
other parts. 

Hence, the greatest common divisor of X and Y, is 

D = (2: -.o)»-i(a:-.Sr-i (a:- £?)»"-!. ..^ that is, 

The ffreaiest common divisor is composed of the product 
^f those factors which enter two or more times in the^ given 
equation, each raised to a power whose exponent is less by 
1 than in the primitive equation. 

271. From ' the above, we deduce the following method 
for finding the equal roots of the equation, 

X = 0. 

1°. Form Y, or the derived polynomial of X; then 
seek for the greatest common divisor between X and Y. 

* • • • 

2^ If one cannot be obtained, the equation has no equal 
roots. 

If we find a common divisor D, and it is of the first de- 
gree, or of the form x^h, make x-^h = 0, whence 
x^h. 

3^ We then conclude, that the equation has two roots 
equal to A, and has but one species of equal roots, from 
which it may be freed by dividing X by (rr — A)^. 

If D is of the second degree with reference to x, solve 
the equation D = 0. There may be two cases; the two 
roots may be equal, or they may be unequal 

1°. When D = (a; — A)^, the equation has three roots 
equal to h, and has but one species of equal roots, from 
which it can be freed by dividing X by (a? — h)^. 

2\ When D is of the form {x — A) (a; — A'), the pjo- 
"M equation has two roots equal to h, and two equal to 
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h\ from which it may be freed by dividing X by (a? ^ A)» 

Suppose 'D to be of any degree whatever ; it is neces- 
9aryy in order to know the species of equal roots, and the 
number of roots of each species, to solve the equation^ 

D = 0. 

Theriy every single root of the equation, D = will he 
twice a root of the given equation; and every quantity thai 
-is twice a rooty wiU he three times a root of the given equor 
Hon; and so on. 

To find the simple roots of 

X = 0, 

we free the equation of its equal roots; the resulting equa- 
tion, X' = Oy will then make known the simple roots. 

EXAMPLES. 

1. Determine whether the equation^ 

)ias any equal roots. 

We bdve for; the first derived polynomial of the firsts mem- 
ber, • 

^a? — Z^a? + 38aj — 6. 

< ■ '. • ■ ' • ^ 

Now, seeking for the greatest common divisor of the firgfc. 

member and its first derived polynomial, we hare, 

D = rr — 3 = 0, whence 2?-= 3: 
hence, the given equation has two roots equal to 3. ' 
Dividing its first member by (i — 3)^, we obtain 

2a;a + l = 0; whence, a;=i:±5V — 2. 
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^ The equation, therefore, is Completely solved, and its roots 
are 

3, 3, +i>N^:^ and ^^^^^. 

2. For a second example, take 

a;B — 2a;* + 3«8 — 7a:^ + 8a; — 3 = 0. 
. The first derived polynomial is 

6a;* — 8a;» + 9a? — 14a? + 8; 
and the common diyisor, 

a4«-2a;+l = (a; — 1)»; 
hence, the proposed eqnation.has three roots equal to L 
^ Dividing its first member by 

(a; ^ 1)8 = a!8 — 3a? + 3a? — 1, 

the quotient is . 

a? + a; + 3 = 0; whence, a; = "~ ■ ^ "" — ; , 

hence, the equation is completely solved. 

3. For a third example, take the equation 

a?'» + 5a? + 6a* — 6a? — 15a? — 3a? + 8a? + 4 = 0. 
The first derived polynomial is 

7a? + 30a? + 30a? ^ 24a? — 45a?- 6a? + 8; 
and the common divisor is 

a? + 3a? + a? — 3a? — 2, 
The equation, 

a? + 8a? + a? — 3a; *- 2 = 0, 

cannot be solved directly, but by applying the method of 
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equal roots to it, that is, by seeking for a common divisor 
between its first member and its derived polynomial, 

4«8 + 9a^ + 2a; — 3 : 

we find a common divisor, x + 1; which proves that the 
square of a; + 1 is a factor of 

a:* + 3ic8 + a^ — 3a: — 2, 

and the cube of a; + 1, a factor of the first member of the 
given equation. 

• Dividing 

a4 ^ 3^ + ^2 _ 3^ _2 by (a; + l)^ = a:^ ^ 2a; + 1, 

We have ar^ + a; — 2, which being placed equal to zero, gives 
the two roots a; = 1, a; = — 2, or the two factors,* a; — 1 and 
X + 2« Hence, we have . 

a;* + 3a;3 + a4j _ 3p __ 2 = (a; + l)«(a; — 1) (a; + 2). 

5 

Therefore, the first member of the proposed equation is 
equal to 

that is, the proposed equation has tJiree roots equal to' — 1, 
two equal to +1, and two. equal to — :2. 

' '4. What is the product of the equal factors in the first 
member of the equation 

x^— 7afi + lOa^ + 23a:<— 43a^ — 35a? + 48a: + 36 = 0? 

Ans. (« - 2)» (a; - 3)2 (ai + 1)«. , 

5. What is the product of the eqoal fectors in the first 
member of the equation, 

x'' — 3afi + Qafi — 19ar« + 27a< — 33a!» + 37ar — fi = ? 

Ans. {a;^lf{3? + 3)*.. 
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IV. General Elimination. 

272. We have dready explained the methods of elimi- 
nating one unknown quantity from two equations, when 
these equations are of the first degree with respect to the 
unknown quantities. 

When the equations are of a higher degree than the firsts 
those methods are not generally applicable. In this case, the 
method of the greatest common divisor is considered the best» 
and it is this method that we now propose to explain. 

One quantity is said to be a function of another when it 
depends on that quantity for, its. value; that is, when the 
quantities are so connected, that the value of the latter can- 
not be changed without producing a corresponding change in 
the former. 

273. Final Equation. — If two equations, containing 
two unknown quantities, be combined, so as to produce a 
single equation containing but one unknown quantity, the 
resulting equation is called a final equation; and the roots 
of this equation are called compatible values of the unknown 
quantity that enters ii 

Let us assume the equations^ 

P = and . Q = 0, 

in which P and Q are fanctions of x and y of any degree 
whatever; it is required to combine these equations so as to 
eliminate one of the unknown quantities. 

If we suppose the final equation containing y to be found, 
and that y = a is a root of this equation, it is plain that 
this value of y, in connection, with some value of x^ will sat- 
isfy both equations. 

If we substitute this value of y in both equations, there 
will result two equations cotitainiTig only a?, (tnii these ^quar 
tions will have at leaat one root in common, and conse- 
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quently, their first mem\)erB will have a common diyisor ia- 
Yolving X (Art 256). 

This common divisor will be of the firsts or of a higher 
degree with respect to x^ according as the particular value of 
y = a corresponds to one or more values of x. 

Conversely, every vcUue of y whicJiy being substituted in 
the two equations, gives a common divisor involving Xy is 
necessarily a compatible value, for it then satisfies the two 
equations at the same time with the value or values of x 
found from this common divisor when put equal to 0. 

274. Before the substitution, the first members of the 
equations cannot have a common divisor that is a function 
of one or both of the nnknown quantitiea 

For, suppose the equations 

P = and Q = 0, 

are of the form 

P' X B = and Q' x E = 0, 

B being a function of both x and y. 

Placing E = 0, we obtain a single equation containing 
two unknown quantities, which can be satisfied by an infir- 
nite number of sets of values. Moreover, every system that 
renders E equal to 0, at the same time causes P' x B and 
Q' X B to become 0, and consequently, satisfies the equations 

P = and Q=:0. 

Thus, the hypothesis of a common divisor of the twa 
polynomials P and Q, containing x and y, brings with it, as 
a consequence, that the proposed equations are indeterminate. 
Therefore, if there is a common diyisor, involving x and y, 
between the two polynomials P and Q, the proposed eqna- 
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tions are indeterminate; that is, they may be satisfied by an 
infinite number of sets of values of x and y. 

Again, suppose that B is a function of x only. 

Placing E = 0, and solving the equation with reference 
to Xy we obtain one or more values for this unknown quantity. 

Each of these values, substituted in the equations 

FxR=0 and Q'xR = 0, 

will satisfy them, whatever value we attribute to y, since 
these values of x reduce R to 0, independently of y. There- 
fore, in this case, the proposed equations admit of a finite 
number of values for x^ but of an infinite number of values 
for y ; therefore there cannot be a finite equation in y. 
Hence, when the equations 

P = 0, Q = 0, 

are determinate, that is, when they admit only of a limited 
number of sets of values for x and y, then* first membens 
cannot have a common dimsor that is a function of these 
unknown quantities, until a particular substitution has been 
made for one of them. 

275. From this we deduce a process for obtaining tho 
final equation involving y. 

The characteristic property of a compatible value of y is, 
that when substituted in the first members of the two equa- 
tions, it gives them a common divisor in x, that they had 
not before; hence, if to the two proposed polynomials, 
arranged with reference to x, we apply the process for find- 
ing the greatest common divisor, we shall generally not find 
one; But, by continuing the operation properly, we shall 
arrive at a remainder independent of x, but containing y; 
this, placed equal to 0, gives the final equation. 

For, any value of y found from this equation, reduces the 
last remainder in the operation for finding the commou 
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diyisoT to ; hence, if it be substituted . in the preceding 
remainder, it will render this remainder a common divisor 
of P and Q. Therefore, each root of the equation thus formed, 
is a compatible value of y. ' 

276. Admitting that the final equation may be com- 
pletely solved, which would give all the compatible values, 
it would then be necessary to obtain the corresponding values 
of X. Now, it is sufficient for this, to substitute the different 
values of y in the remainder preceding the last, put the 
resulting polynomials equal to 0, and find from them the 
values of x\ for these polynomials are the divisors involving 
Xy that become common to A and B. 

But as the final equation is generally of a degree superior 
to the second, we cannot here explain the methods of finding 
the values of y. Indeed, our design was to show that, two 
equations of any degree being given, we can find another 
equation, containing only one of the unknown quantities 
that enter the proposed equations. 

EXAMPLES. 

1. Given the equations 

a^ + xy + f^l =0, 
a^ + f = 0, 

to find the final. equation in y. 

FIBST OPBBATIOK. 



a^ + f 



o^ + xy + f--l 



X —y 



yx^-iy^-Vfx + f 
y^ — fx'-f +y 



x + 2y^ '- y, 1st remainder. 
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<^ + yx +f-l [I x+ 2y^^y 



4y« — 6y* + 3^ — 1. 

Heiice^ the final equation in ^^ is 

4yi— 6y* + 3y« — 1 = 0. 

It may be observed that x and y enter the primitive 
equations under the same forms; hence, x may be changed 
into y, and y into ar, without destroying the equality of the 
members. Therefore, 

iafi'-ex^ + Za^'^l^O 

is the final equation in x. 

2. Find the final equation in y, from the equations 

a^-3ya^+(3y«-y + l)a;-j/8 + y2_2y = 0, 
x'^'-2yx + y^--y = 0. 

'FIBST OPEBATIOK; 

a^^3yx^+{Sf^y + l)x-^f + y^^2y\\a?-2xy + y^^y 



a?--2ya^+ {f — y)x x -^y 

- 2^a^+ W + l)a:-.y8 + y»-2y 
^ y3?+ 2fx ' ^y^ + y^ 

x — 2y 

A second operation gives for the final equation in y, 
y* — y = 0, of which the roots are y = 1 and y = 0. The 
corresponding values of x are 2 and 0, from which the given 
equation may be entirely solved. 



1 



CHAPTER XI. 



SOLUTION OF NUMERICAL EQUATIONS. 



I. General Properties of Numerical Equations. 



* r » 



277. A Numerical Equation is one in which the co- 
eflBcients of the different powers of the unknown quantity 
are numbers. 

The properties of equations deduced in the last chapter 
hold true for all kinds of. equ^tions^ whether numerical or 
algebraic* These properties form the basis of the principal 
methods employed in solving numerical equations> some of 
which will be now investigated. 

Before proceeding to the methods of solution, it will be 
necessary to establish a few preliminary principles. 

278. Principles. — ^Lefus resume the reduced equation 
a;«» + P.r"»-i + Qa^-3+ .. . +Ta? + U = . .(1) 

und suppose that P, Q, . . , T, and U ure numerical, either 
positive or negative. 

Let us denote the first member of equation (1) by X, and 
its successive derived polynomials by Y, Z, V, &c. 

K we replace x, in equation (1), by x + u, wo shall 
"have, for the transformed equation, when arranged according 
to the ascending powers of u, as explained in Article 271, 
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1° Principle. — If we substitute a for x, in equation (1), 
and denote what X ieeomes, under that hypothesis^ by A, and 
then substitute a + u for x, and denote what X becomes under 
that hypothesis by A'; then may u be taken so small as to 
make the difference between A' and A less than any assign- 
able number. 

The value of A' will be found by making a; = a m the 
coefficients of the different powers of w, in equation (2), 

Z V 

Denoting what Y, :r— » , -r — - — - , &c., become when « = a, 

by B, C, D, &c., we hare, 

A' = A + Bw + Cw2 + Dw8 + . . + t^°» . . . (3) 
Transposing A to the first member, we have, 

A' — A = Bw + Ow8 + Dw8 + . . . + w™ . . (4) 

To make the difference between A' and A less than any 
number N, we must assign a value to u that will satisfy the 
inequality 

Bw + C«2 + Dw8 + w™ < N . . . . (6) 

Let us take the most unfavorable case that can occur^^ 
viz.,. when every coefficient is positive, and each equal to the 
greatest, which denote by K. Then, any value of u that will 
satisfy the inequality 

K(w + ^2 + w8 + ^"'X N . . . . (6) 

will evidently satisfy inequality (5), 

Now, the expression within the parenthesis is a geometri- 
cal progression, whose first term is u, whose last term is w", 
and whose ratio is u\ hence (Art 187), 

«+w3+w«+ .. . w™^ -- = ^ =r X (1— w™). 

w — 1 1— « 1 — w ^ ' 



\ 
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Substituting this value in inequality (6), we haye, 

Ku 



1-w 



(l-.wm)<;JI- (7) 



If we make u = t,t . t^ 5 the first factor of the first mem- 

JS + K 

1^^ k) ^® 

less than 1^. the second factor is less than 1 ; consequently, 
the first member is less than N". 

Hence, u = ^ .^ , and every smaller value of u, will 

satisfy inequalities (5) and (6), and consequently, make the 
difference between A' and A less than N, which was to be 
shown. 

If, in equation (3), we make u = ^— -^, in the value 
of A', the sum of the terms 

Bu + Cw2 + Dw3 + . , . i^m » 

vail be less than A, from what has just been proved; hence, 

In a series of terms arranged according to the ascend'^ 
ing powers of an arbitrary quantity, a value may be aS" 
signed to that quantity so small, as to make the first term 
numerically greater than the sum of all the other terms, 

2*^ Principle. — If the two numbers p and g, when sub- 
stituted for X in the first member of equation (1), give re- 
sults having contrary signs, then wiU that equation have at 
least one real root whose value lies between p and q. 

Let p be less than q, that is, nearer in value to — oo, 
and suppose that p, when substituted for x, reduces X to. 
+ E, and that g, when substituted for x, reduces X to — R'. 

Let us suppose x to vary, increasing in value from p to- 
ward q by infinitesmal increments; that is, by increments so 



/ 
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Bm&U that the corresponding coQEecntire valaes of X shaU 
differ from each other by less than any assignable quantity. 
Undw this bypetheBis, we ea; that both z and X are sub- 
jected to the law of continuity ; that ia, if a: passes throngh 
all intermediate values from p \a q,"^ will pass through all 
Talues it can have between the limits R and — R'. From 
the nature of the case, all the values of X, between these 
limits, must be finite. 

Now, a finite quantity subject to the law of continuity 
cannot change its sign from + to — , or from — to +, 
without passing through 0; hence, there is some value of x 
between p and q that will make 

X = 0, 

end consequently, tliis equation has at least ono real root 
lying between p and q. 

3° Principle, — If equation (1) has an odd nvmber of 
real roots lying between p and q, the results obtained by 
substituting these numbers for x in the first member of 
equation (1) will have contrary signs; if it has an even 
number of real roots lying between these numbers, the re- 
sults found by the gubstilutions wiU have the same signs. 

Let a, b, c, . . . denoti^ the roots that lie between p and 
q, and let Y denote the product of all the factors of the 
first degree, with reference to x, corresponding to the remftin- 
ing roots of the given equation. 

The first member, X, can then be put under the form 

(x~a){x^b){x-c) . . . xT = 0. 

Now, substituting p and q in place of x, in the first mem- 
ber, we obtain 



"N 



(,p-a)lp-mp-,)... XY' 
(,_„)(,_ J)(,_»)... xY", 
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Y' and Y'' representing what Y becomes, when we replace x 
hjp and q. The quantities Y' and Y", are affected with the 
same sign ; for, if they were not, by the first principle there 
would be at least one other real root comprised between^ 
and q, which is contrary to the hypothesis. 

To determine the signs of the above results more readily, 
divide the first by the second, and we obtain 

{p — a){p^b)(P'-c)...xY' 
{q^aY{q^b){q-^c)... xY"' 

which can be written thus, 

p — a p ^h p — c Y' 

^' X 7 X X . . . 



' q—a q—b q^c Y 

Now, since the root a is comprised between p and q^ that 
is, is greater than one and less than the other, p — a and 
q — a must have contrary signs ; also, p ^b and q^b 
must have contrary signs, and^so on. 

Hence, the quotients 

p — a p — b p — c 



q -^a' q — y q — c^ 
are all negative. 



&c., 



Y' • 

Moreover, ^77 is essentially positive, since Y' and Y" 

are affected with the same sign; therefore, the product 

p — a p — b p ^ c Y' 

q — a q — o q — c X 

will be negative, when the number of roots, a, b, c . . ., com- 
prehended between p and q, is uneven, and positive when 
the number is even. 

Consequently, the two results, 

{p-a){p'-b){p'-c) . . . X Y', 
and 

(?-«)(?-S)((?-e?)... xY", 

24 
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will have contrary signs when the number of roots comprised 
between p and q is uneven, and the same sign when the 
number is even. 

4° Principle.— Tjf equation (X) is complete {Art, 255), 
and the signs of the alternate terms he changed, the signs 
of all the roots of the equation will he changed. 

Take the equation^ 

oF + P«°*"^ + Qa^-2 . . . + TJ = . . . (1) 

By changing the signs of the alternate terms, we have 

either, 

a^m _ pa«-i + Q2«-2 . . . ± TJ = . . . (8) 
or, 

-a;'" + Prc"*""^-Qa;""*. . . TTI = . .' . (9) 

But equations (8) and (9) are the same, since the sum of 
the positive terms of the one is equal to the sum of the 
negative terms of the other, whatever be the value of x. 

Suppose a to be a root of equation (1) ; then, the substi- 
tution of a for X will verify that equation. But the substi- 
tution of —a for (Cy in either of equations (8) or (9), will 
give the same result as the substitution of + a, in equar 
tion (1) : hence, — a is a root of equation (8), or of 
equation (9). 

We also conclude, that if the signs of all the terms be 
changed, the signs of the roots will not be altered. 

II. Limits of the Real Roots. 

279. Superior Limit.— ^ superior limit of the roots 
of a numerical equation, is a number greater than the great- 
est root of that equation; that is, a number whose value is 
nearer to + oo than any root of the equation. 

Let us resume the numerical equation 

^m ^ p^m-l ^ Q^m-8 ^ + To? + U = . (1) 
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In the first place, let ub find a value of x that will 
satisfy the inequality, 

a;">Pii;"~* + Qar"*+. . . +Ta? + U . . (2) 

Let k denote the value of the greatest numerical coeffi- 
cient, that is, the greatest coefficient without regard to its 
sign, and substitute it in place of each of the coefficients: 
inequality (2) will then become 

*'°> fee"-' + ia;""* + ...+kx + k . . (3) 

It is evident that any value of x that will satisfy this 
inequaUty will satisfy the preceding ona Dividing both 

members of inequaUty (3) by a?" we have, 

^>^ + ^ + ^+--- +5-^-^ + 5"^ • • • ^^^ 

H we make x = k, in inequality (^, it is obvious that 
^e inequaUty will not be satisfied; but if we make 
« = i + 1, we have, 

•^ ^ *Tl ■*■ (A: + if "^ (A: + 1)3 '*■•••'*■ (yfc + 1)"* ^^^ 

The second member of inequaliiy (5) is a geometrical 

k 
progression, in which the first term is , , the ratio 

fC -J- J. 

J- — r-, and the last term jj—r^r^' Finding the sum of 

this progression, by the formula of Article 187, and reduc- 
ing we have, 

which is a true inequality. It is obvious, furthermore, that 
any number greater than k + 1 will make the second 
member of inequality (4), still less than the second meipber 
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of inequality (6). Consequently, k + 1 is a superior limit 
of the roots of equation (1). Hence, to find a superior limit 
we have the following 

RULE. 

Find the greatest coefficient of any term (disre- 
garding its sign), and increase its numerical value 
by 1. 

EXAMPLE. 

A. superior limit of the roots of the equation 

a;4 -j, 172:8 — 20a; — 6 = 
is 20 + 1 or 21. 

280. Ordinary Superior Limit. — ^A superior limit 
fotrnd by the preceding rule is commonly too great, because 
the equation usually contains several positive terms. 
, To find a less limit, let q3^-^ be the power of x that en- 
ters the first negative term of the equation, and let us take) 
the most unfavorable case, viz., that in which the coefficients 
of all the succeeding terms are negative, and each equal to 
the greatest negative coefficient in the equation numerically 
considered. Let this coefficient, disregarding its sign, be de- 
noted by S. 

Let us find the conditions that will satisfy the inequality 

a;»>Sa:»-"+Sa;"»-»-i+ ... +Sa? + S . . (1) 
Dividing both members by af", we have, 

1"Nw_L_l_ _J__I_ /0\ 

■*^ > ^ + ^nTl + • • • + ^Hr=l + ^ ... («) 

K we make a; = V^+l> or, representing V^ by S', 
which gives, 8 = 8'** and a; = 8' + 1, inequality (2). be- 
comes 
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The second member of inequality (3) is a geometrical pro- 
s'" 
gression in which the first term is tot-tt^' *^® ^^'^ 

1 S'^ 

57-——-, and the last term, 7^7 — rr-. Finding the sum of 
S + 1 ' (S + 1)™ ^ 

this progression, and reducing as before, we have, 

g'n-1 g/n-1 

The second member is the difference between two proper 
fractions; hence, this is a true inequality. Furthermore, any' 
number greater than S' + 1, when substituted for x in in- 
equality (2), will satisfy it ; consequently, S' + 1 is a su- 
perior limit of the roots of equation (1), Article 279. This 
limit is called the ordinary superior limit. Hence, to find 
the ordinary superior limit, we have the following 



RULE. 

Find the greatest coefficient of any negative term 
(disregarding its sign), extract that root of it whose, 
index is the nurnber of terms that precede the first 
negative term, and to the result add 1, 

EXAMPLES. 

Find the ordinaiy superior limits of the root^ of the fol- 
lowing equations: 

1. a^ + IW — 20a; — 6 = 0. 

Here the greatest numerical coefficient is 20, and the 
number of terms that precede the first negative term is 3 
(counting the term that is wanting); hence^ the required 
limit is V^O + !• '^ whole numbers, the limit is 4. 

% a:< — 5«^ + 37»» — 3a;-h39 = 0. 

Ans. a/S+ 1 = V5 + 1 = 6. 
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3. ofi + la?-^ 12a? — 49a;» + 62a? — 13 = 0. 

Arts. Vi9 + 1 = 8. 

4. a;* + lla;^ — 25a; — 67 = 0. Ans. V67 + 1- 

The least whole number that will satisfy the conditions 
is 6. 

281. Least Superior Limit in Whole Numbers. — 
In article 279^ a rule was deduced for finding a superior 
limit; in Article 280 a rule was deduced for finding a less 
superior limit; it is now proposed to find the least superior 
limit, in whole numbers. 

Let X = 

be the proposed equation. If in this equation we make 
x = x' -\* u, x' being arbitrary, we obtain, as in Article 278, 

X' + Y'u + ^u^+ ... +^^ = . . . . (1) 

Let us determine, by trial, a value for x', which substi- 
tuted in 

7' 
9 *■ y 2 * * *^ 

will render all these coefficients positive; this number will 
be greater than the greatest positive root of the equation 

X = 0. 

For, if the coefficients of equation (1) are all positive, no 
positive value of u can satisfy it; therefore, all the real 
values of u must be negative. But from the equation 

a? = a;' + w, we have u^x—x'', 

and in order that every value of u^ corresponding to each of 
the values of x and x', may be negative, it is necessary that 
*^He greatest positive value of x should be less than the Tltlue 
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The value of a', detennined by this method, is a superior 
limit, but it may not be the least superior limit in whole 
numbers. To test it, let t! — 1, a' — 2, a?' — 3, &c, be 
substituted successiyely for x in the polynomial X, until one 
is found that renders it negative; the preceding one is the 
least limit required. 

EXAMPLES. 

Find the least superior limit, in whole numbas, of the 
roots of the following equations: 

a4 _ 5a4 _ 6aj2 — 19a? + 7 = 0. 
Dropping the dashes, we have, 

X= X*— 52;»— 6a:2_i9a; + 7^ 
Y = 4aj3 — 15a?» — 12a; — 19, 

I = 6a?^ — 15aj — 6, 
^ = 4a: -5. 

We see that all numbers greater than 2 render V posi- 
tive; all greater than 3 make Z positive; all greater than 5 
make Y positive; and all numbers greater than 7 render X 
positive, but 6 renders X negative. Hence, 7 is the required 
limit. 

2. «» — 3a;* — 8a;8 — 25ar«+4a:— 39 = 0. Ans, 6. 

282. Inferior Limit.— An inferior limit of the roots of 
a numerical equation is a number algebraically less than the 
least root; that is, it is a number whose value is nearer to 
— 00 than any of the roots of the equation. 

1**. When all the roots of an equation involving a? are 
positive, the greatest inferior limit will be positive. 
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To find an inferior limit, make z = -. and find the 

y 

transformed equation, Y = 0. The greatest value of y in 
this equation will be the reciprocal of the least value of x 
in the given equation. Hence, if we find a superior limit of 
the roots of the equation Y = 0, and denote it by L, an 
inferior limit of the roots of the given equation will be equal 
. 1 

to -jT-- 

2°. When some of the roots are negative, the inferior limits 
win be negative. To find one of them, we make x = — y, 
and find the transformed equation, Y' = 0. The greatest root 
of this equation will be equal to the least root of the given 
equation, algebraically considered. Hence, if we find a su- 
perior limit of the roots of the equation Y' = 0, and de- 
note it by L', then an inferior Hmit of the roots of the 
given equation, wiU be equal to — L'. 

Consequences. 

283. The following consequences are deducible from the 
preceding principles: 

1°. Every equation in which there are no variations in 
the signs, that is, in which all the terms are positive, has all 
its real roots negative; for, every positive number substituted 
for X renders the first member essentially positive. 

A variation is a change of sign in passing along a suc- 
cession of quantities; a permanence occurs when two suc- 
cessive ones have the same sign. Thus, if the signs of a 
series of quantities occur in the following order:. 

+ + - + +5 

^we ^y that there are 4 variations of sign and 2 penna- 
nencies. 

V, Every camplete equation, having its terms alternately 
e and negative, has all its real roots positive ; for, every 
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negative number substituted for x in the proposed equation 
renders all the terms positive, if the equation is of an even 
degree, and all of them negative, if it is of an odd degree. 
Hence, their sum is not equal to zero in either case. 

This principle is also true for every incomplete equation^ 
in which the substitution of -—y for ir, gipes an equation 
having all its terms affected with the same sign, 

3°. Every equation of an odd degree, whose coefficients 
are real, has at least one real root affected with a sign con- 
trary to that of its last term. 

For, let 

aP + Pa:*^-! + . . . Ta: ± TJ = 0, 

be the proposed equation ; aiid first consider the case in 
which the last term is negative. 

By making x=zQ, the first member becomes — U. But 
by giving a value to x equal to the greatest coefficient plus 
1, or (K + 1), the first term x^ will become greater than 
the arithmetical sum of all the others (Art. 283) ; the result 
of this substitution is therefore positive; hence, there is at 
least one real root between and K + 1, which root is posi- 
tive, and consequently affected with a sign contrary to that 
of the last term (Art. 283). 

Suppose now the last term positive. 

Making a; = in ther first member, we obtain + XT 
for the result; but by puttmg — (K + 1) in place of a;, 
we obtain a negative result, since the first term becomes neg- 
ative by this substitution; hence, the equation has at least 
one real root between and — (K + 1), which is nega- 
tive, or affected with a sign contrary to that of the last 
term. 

4°. Every equation of an even degree^ that contains only 
real coefficients, and of which the last term is negative, has 
at least two real roots, one positive and the other negative. 



378 JBLEMENTS OP ALGBBBA, [CHAP. XL 

For, let — TJ be the last term ; making a; = 0, there 
results — TJ. Now, substitute either K + 1, or — (K + 1), 
K being the greatest coefficient in the equation. Aa m ia 
an even number, the first term oF^ will remain positive; be- 
sides, by these substitutions, it becomes greater than the sum 
of all the others; therefore, the results obtained by these 
substitutions are both positive, or affected with a sign con- 
trary to that when 2; = ; hence, the equation Jias ai least 
two real roots, one positive, and lying between and K + 1, 
the other negative, and lying between and — (K + 1). 

• 

6°. If an equation, involving only real coefficients, con- 
tain imaginary roots, the number of such roots must be even. 

For, conceive the first member to have been divided by 
all the simple factors corresponding to real roots; the coeffi- 
cients of the quotient will be real ; and the quotient mtist be 
of an even degree j for, if it be of an odd degree, by placing 
it equal to zero, we obtain an equation that would contain 
at least one real root, in accordance with consequence 3**. 
Hence, the degree of an equation whose roots are all 
imaginary is even, and consequently, the number of imagi- 
nary roots is even. Furthermore, the sign of the first mem- 
ber is positive for all values of x. For, if we make x = qo, 
it is obvious that the first member will be equal to +00; 
if any value of x, as a, could render the first member nega- 
tive, there would be at least one real root between a and 
+ 00, which is contrary to the hypothesis. 

6°. Whe7i the last term of an equation is positive, the 
number of its real positive roots is even ; and when it is 
negative, the numier of such roots is uneven. 

VoT, first suppose that the last term is +11, or post- 

five. Since by making a: = 0, thete will result + TJ, and 

by making x=:K + 1, the result will also be positive, it 

Ibws that and K + 1 give two results affected with 
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the same sign, and consequently the number of i real roots, if 
any, comprehended between them, is even. 

When the last term is — IJ, then and K + 1 give 
two results affected with contrary signs, and consequently, 
they comprehend either a single root, or an odd number of 
them* 

The converse of this proposition is evidently true. 

III. COMMENSUEIABLE RoOTS. 

284. An equation of the form, 

can have no commensurable roots that are not whole num- 
bers, if the coeflScients are entire. 

For, if possible, let one of its roots be an irrbducible 

fraction |. Substituting this for x in the given equation, 
we have, 

whence, multiplying both members by S™'"^ and transpos- 
ing. 

But the second member of this equation is composed of 
entire numbers, while the first is essentially fractional, for a 
and I being prime with respect to each other, a°* and I will 
also be prime with respect to each other; hence, this equal- 
ity cannot exist ; for, an irreducible fraction cannot be equal 
to a whole number. Therefore, it is impossible for any irre- 
ducible fraction to satisfy the equation. 

Now, it has been shown (Art. 261), that an equation 
containing fractional coefficients, can be transformed into 
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another in which the coefficients are whole numbere, that of 
the first tenn being 1. Hence, the search for commensurable 
roofSy either entire or fractional, can always be reduced to 
that for entire roots of a transformed equation. 

285. Assume the general equation 

and let a be any entire number, positiye or negative, that 
will satisfy it. 

Since a is a root, we have the equation 

a" + Pa«^-i + . . . +'Ra^ + Sa^ + Ta + TJ = . (1) 

Now replace a by all the entire numbers, positive and 
negative, between 1 and the limit + L, and between — 1 
and — L' : those that satisfy the above equality will be 
roots of the equation. But these trials being long and trou- 
blesome, we will dedjace from equation (1), other conditions 
equivalent to this, and more easily applied. 

Transposing all the terms except the last, in equation (1), 
and dividing by a, we . have, 

— =-a--i-Pa"'-»- Ba'-Sa — T . (2) 

Now, the second member of this equation is entire ; hence, 

— must be entire ; therefore, tfie entire roots of the equa- 

tion are comprised among the divisors of the last term. 

Transposing — T in equation (2), dividing by a, and 
making 

5. + T = T', we have, 
a 

a ^ ' 
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The second member of this equation being entire, — , 
that is, the quotient of 

- +T by a, 

is entire. 

Transposing — S, and dividing by a, we have, and 
sapposing 

T' 

- + S = S', 
a 

- = — a»-8 - Pa"^-* - . . . — E . . . (4) 

S' 
The second member of this equation being entire, — , 

that is, the qtiotient of 

T 

h S by a, 

is entire. 

By continuing to transpose the terms of the second mem- 
ber into the first, we shall, after w — 1 transformations, 
obtain an equation of the form, 

a 

Then, transposing the term — P, dividing by «, and 
making 

^ + P = P', we have -=s-l, or ^ + 1 = 0. 
a a a 

This equation, that results from the continued transforma- 
tions of equation (1), expresses the last condition which it 
is requisite for the number a to fulfil, that it may be a root 
of the equation. 

From what precedes we conclude that, when >a num-* 
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ber a, positive or negative, is a root of the given equation, 
the quotient of the last term by a, is a whole number. 

Adding to this quotient the coeffident of x\ the suin is 
divisible by a. 

Adding the coefQcient of 2^ to this last quotient, and 
again dividing by a, the new quotient is a whole number ; 
and so on. 

Finally, adding the coefficient of a;""^, to the preced- 
ing quotient, the quotient of this sum by a^ must be equal to 
— - 1 ; hence, the result of the addition of 1, which is the 
coefficient of af^, to the preceding quotient, must be equal 
to 0. 

Any number that satisfies these conditions is a root, and 
any number that does not satisfy them is not a root. 

All the entire roots may be determined by a single opera- 
tion by the following 

RULE. 

/. Having determined all the divisors of the last 
term, write those that are comprehended between the 
limits + L and — L' on the sam^e horizontal line ; 
underneath these write the quotients of the last term 
by each: 

IL Add the coefficient of x^ to each of these cfuo- 
tients, and write the sums underneath the corres- 
ponding quotients. Then divide these sums by each 
of the divisors, and write the quotients underneath 
the corresponding sums, rejecting fractional quo- 
tients and the divisors that produce them,; and 
so on. 

When there are terms wanting in the proposed equation, 
their coefficients are to be regarded as equal to 0* 
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EXAMPLES. 

1. Find the entire roots of the equation^ 
a:* — a:» — Id^fi + I6x — 48 = 0. 

A superior limit of the positive roots of this equation 
(Art 279), is 13 + 1 = 14. The coefficient 48 need not he 
considered, since the last two terms can be put under the 
form 16 (a; — 3) ; hence, when « > 3, this part is essen- 
tially positive. 

A superior limit of the negative roots (Art. 280), is 

— (1 + V48), or — 8. 

Therefore, the divisors of the last term that may be roots, 
are 1, 2, 3, 4, 6, 8, 12 ; moreover, neither + 1, nor — 1, 
will satisfy the equation, because the coefficient —48 is it- 
self greater than the sum of all the others : we should there- 
fore try only the positive divisors from 2 to 12, and the 
negative divisors from — 2 to — 6 inclusively. 

By observing the rule given above, we have 

12, 8, 6, 4, 3, 2, — 2, — 3, — 4, — 6 

— 4, — 6, — 8, — 12, — 16, — 24, + 24, + 16, + 12, -h 8 
+ 12, + 10, + 8, + 4, 0, - 8, + 40, + 32, + 28, + 24 
+ 1, .., ., + 1, 0,-4,-20, ^ - 7, - 4 

— 12, .., .,, — 12, — 13, — 17, — 33, .., — 20, - 17 

— 1, .., .., — Of •mj M, ••, «., -7- O, 

""^ ^, ••, ••, """ *, ••, ••, .., •^ "l" 4, a* 

M, •*, .., *■"• JL, .«, .., «., M, •— "* JLf M 



The first line contains the divisors, and the second the 
quotients arising from the division of — 48, by each divisor. 
The third line contains these quotients, each augmented by 
the coefficient + 16 ; and the fourth^ the quotients of these- 
sums by each divisor; this excludes the divisors -H 8, -|- 6, 
and —3. 



t 
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The fifth contains the preceding quotients, each aug- 
mented by the coefficient — 13, and the sixth contains the 
quotients of these sums by each divisor; the third conditioiL 
excludes the divisors 3, 2, — 2, and — 6. 

Finally, the seventh is the third line of quotients, each 
augmented by the coefficient — 1, and the eighth contains 
the quotients of these sums by each divisor. The divisors 
+ 4 and — 4 are the only ones that give — 1 ; hence, + 4 
and — 4 are the only entire roots of the equation. 

In fact, if we divide 

a;* — a;3 __ i3a^ + 16a. _ 43^ 

by the product (a; — 4) (a; + 4), or ^-^ 16, the quotient 
will be a;^ — ar + 3, which placed equal to zero, gives 

therefore, the four roots are 

4, -4, 1 + lvirrf and l-|vz:ri. 

2. Find the entire roots of the equation 

a;* — 5a;» + 25a; — 21 = 0. 
. 3. Find the entire roots of the equation 

15x« — 19a:* -V^t^^- \h:^ — 19a: + 6 = 0. 
4. Find the entire roots of the equation 

9a:« + 30a:» + 22a;* + lOa;^ + Yl^ — 20a; + 4 = 0. 

IV. Sturm's Theorem. 

286. A Theorem is the statement of a truth that re- 
quires demonstration. 

Sturm's Theorem. — The object of this theorem is to 
^nd the number and places of the real roots of a numerical 

lation. 
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287. The theorem supposes that the equation contains no 

eqnal roots, which supposition may always be made, since we 

have the means of freeing an equation firom its equal roots 

(Art 271). Let 

X = . (1) 

be such an equation, and let Xi denote the first deriyed poly- 
nomial of X. 

Apply to X and Xi a process similar to that for finding 
their greatest common divispr, but diflfering from it in this 
respect : that we change the sign of each remainder as soon 
as found; and furthermore, we avoid introducing or rejecting 
any factors except positive ones. 

Since the equation X == has no equal roots, there can 
be no common divisor of X and X], and consequently, the 
last remainder will not be equal to 0, but it will be inde- 
pendent of X. 

ff we denote the modified remainders by X9, X3...X, 
(which are read X second, X third, &c.), and the correspond- 
ing quotients by Qi, Qs . . . Qr-i? we may write the follow- 
ing equations: 

X =X]V2i — Xf • • • • • (3) 
Xi =XsQs — Xj 



Xn_, = XnQn —Xn+i ) .... (3) 



X,_2 = X,_iQ,_i — X, 



In these equations, the quantities X, Xj, &c., represent 
the dividends and divisors actually used, that is, including 
the positive factors and divisors introduced. This niodifica- 
tion does not affect their relative signs. 

288. Theorem.— If a number p be substituted for a?, in 
each of the expressions, 

X, Xi, Xty Xj . . . Xr— 1> 

25 
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and the signs of the results, together with the sign of X,, 
be arranged in a line; and if a second number q^ algebra- 
icallj greater than p^ be substituted for x, and the signs 
arranged in like manner, then will the number of vari- 
ations of signs in the first line, diminished by the number 
of variations of signs in the second line, be the number of 
real roots lying between p and q, 

289. The demonstration of this theorem depends on the 
following properties of X, Xi, X., . . X. . . &c.: 

1°. Of these expressions no two consecutive ones can 
reduce to for the same value of x. 

For, let Xa»i, Xa, X^+i, be any three consecutive 
expressions. Then among equations (3), we shall find 

Xo_i =XnQa — Xa + , (4) 

from which it appears that, if X._i and X. should both 
become for a yalue of x, Xn+i would be for the same 
value; and since the equation which follows (4) must be 

we shall have X^+s = for the same value, and so on until 
we should find Xr = 0, which cannot be; hence, Xn-i 
and X. cannot both become for the same value of x. 

2°. If any one of these expressions reduces to for a 
particular value of x, the preceding and following ones toiU 
have contrary signs for that value. 

Suppose, for example, that X^ reduces to for a partic- 
ular value of a; ; an examination of equation (4), shows that 
Xn_i and Xa+i, will have contrary signs for the same 
value, inasmuch as one becomes equal to minus the other. 

3°. If a number insensibly less than one of the real 
^ots of X = be substituted for x in X and Xi, the 
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results will have contrary signs; and if a number inserir- 
sihly greater than this root be substituted, the results will 
have the same sign. 

Let ns substitnte a + u for a; in the expressions X and 
Xi, and designate by U and TJi what they respectively be- 
come nnder this supposition. Then (Art. 267), we have 

U =A +A'u +A"^+ &c. 

a ) .... (5) 

IJ, = A, + A\u + A'\j + &c. 

in which A, A', A", &c., are the results obtained by the sub- 
stitution of a for X, in X and its derived polynomials; and 
A,, A',, &c., are similar results derived from X,. If, now, 
o be a root of the proposed equation X = 0, then A = 0, 
and since A' and Ai are each derived from X,, by the 
substitution of a for x, we have A'=:Ai, and equations 
(5) become 

Ui = A' +A'iU + &c. ) 

Now, the arbitrary quantity u may be taken so small that 
the signs of the values of U and II, will depend on the signs 
of their first terms (Art. 278) ; that is, they will be alike 
when u is positive, or when a + u .is substituted for x, 
and unlike when u is negative, or when a — u is substi- 
tuted for Xy which was to be shown. 

290. Let ufi now see what changes take place in the 
number of permanences and variations of the signs of the 
quantities 

when X is made to increase according to the law of continu- 
ity from the value p to the value q. As x increases, suppo^ 
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it to pass in succession over values that reduce some of the 
quantities X, X,, &c., to 0; from property 1^ no single 
value of X will be met with that reduces two consecutive 
ones to 0. 

There may be two cases : 1% a value of x may be passed 
that reduces X to ; or, 2"^, a value of x may be passed 
that reduces some of the other expressions to 0. 

1**. Suppose, x = a, reduces X to ; then, a is a real 
root of the given equation, and from property 3°, it follows, 
that just before reaching a, the corresponding values of X 
and Xi have contrary signs, that is, in passing frpm the 
former to the latter there is a variation of sign; but froia 
the same principle it follows that just after x passes over the 
value a, the corresponding values of X and X i have the same 
sign, that is, in passing from the former to the latter there 
is a permanence. Hence, when the value of x passes oyer 
the root a, one variation is lost. In like manner it may be 
shown that one variation is lost whenever the value of x 
passes over any other real root. Hence, the total number of 
variations lost while x is varying from p to g, is equal to the 
number of the real roots of the given equation lying between 
those numbers. 

2°. Suppose, x:=m, reduces some one of the other ex- 
pressions, as Xn, to 0; then, from properties V and 2° it 
follows that neither Xn_i nor Xn+i can reduce to 0, for 
aj = m, but must have contrary signs; hence, in passing 
from X„_i to Xn+i (omitting X^ ) we have one varia- 
tion and only one. But both Xn-i and Xa+i are finite, 
and consequently neither can change its sign without passing 
through 0; therefore, their relative signs just before x 
reaches the value 7n and just after it passes that value, are 
'^me, that is, the sign of one of them must be the same 
the sign of the other must be contrary to, that of 
-bonding values of X„; hence, in passing over the 
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ttree, either just before X^ becomes or just after, there is 
cne and only one . variation. Therefore, the reduction of X, 
to neither increases nor diminishes the number of varia- 
tions: and this will evidently be the case, if several of the 
expressions X,, X,, &c., become at the same time. 

From. what precedes we conclude that, if we substitute p 
for X in the expressions 

X, Xi, Xj, . . . X,_i 

and write down the signs ^ together with the sign of Xr, in a 
tine, and again substitute q for x and write down the signU 
as before, then will the number of variations of signs in th4 
first line, diminished by the number of variations in tKe 
second line, be equal to the number of real roots of the equa- 
tion lying between p and q ; which was to be proved. 

If ^ is an inferior limit of the real roots, and q a super 
rior limit, then will the rule give the whole number of real 
roots of the equation. It will be observed that the variation 
is lost when x passes from the preceding state to the root, 
and not when x passes from the root to the succeeding state. 
iEIence, if ^ is a root of the given equation it is not to be 
counted amongst those given by the rule, but if g^ is a root 
of the equation it will form one of those given by the rule. 

291. K in the application of the preceding principles, we 
find that any one of the expressions X,, X, . . . &c., X^ for 
instance, will preserve the same sign for all values of x in 
passing from p to q, inclusively, it will be unnecessary to use 
the succeeding expressions, or even to deduce them. For, as 
Xn preserves the same sign during the successive substitu- 
tions, it is plain that the same number of variations will be 
lost ainong the expressions X, X,, &c. ... ending with X^ 
as among all including X,. Whenever then, in the course of 
the division, it is found that by placing any of the remain- 
ders equal to 0, an equation is obtained with imaginary roots 
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only (Art. 283 )9 it will.be useless to obtain any of the suc- 
ceeding remainders. This principle will be found useful in 
the solution of numerical examples. 

292. As all the real roots of the proposed equation are 
necessarily included between ^ od and + oo, we may, by as- 
certaining the number of yariations lost by the substitution 
of these, in succession, in the expressions X, X, . . . X., . . ftc, 
readily determine the total number of such roots. It should 
\>e observed, that it will be only necessary to make these 
substitutions in the first terms of each of the expressions, as 
in this case the sign of the term will determine that of the 
entire expression (Art. 278). 

Haying found the number of real roots, if we subtract 
this number from the greatest exponent of the unknown 
quantity, the remainder will be the number of imaginary 
roots (Art 256). 

293. Haying thus obtained the total number of real roots, 
we may ascertain their places by substituting for Xy in suc- 
cession, the yalues 0, 1, 2, 3, &c., until we find an entire 
number which giyes the same number of yariations as + oo. 
This will be the smallest superior limit of the roots in whole 
numbers. 

Then substitute — 1, -—2, &c., until a negative number 
is obtained which giyes the same number of yariations as 
— 00. This will be the greatest inferior limit of the roots in 
whole numbers. Now, by commencing with this limit and 
observing the number of variations lost in passing from each 
number to the next in order, we shall discover how many 
roots are included between each two of the consecutive num- 
bers used, and thus, of course, know the entire part of each 
root The decimal part may then be sought by some of the 
known methods of approximation. 
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EXAMPLES. 

1. Let 8«»-.6a?— 1=0 = X 

The first derived polynomial (Art. 267) is 

24ar» — 6, 

and since we may omit the positive factor 6^ without affect- 
ing the sign, we may write 

4arJ— 1 = X,. 

Dividing X by X,, we obtain for the first remainder, 
— 4x — 1. Changing its sign, we have 

4a; + l = X,. 

Multiplying X i by the positive number 4, and then divid- 
ing by X«, we obtain .the second remainder —3; and by 

changing its sign 

+ 3 = X3. 

The expressions to be used are then 
X = 8a;8_6a._i^ Xi = 422-1, X,=:4a;+1, X,=:+3. 

Substituting — oo and then + oo, we obtain the two 
following arrangements of signs : 

1 h 3 variationsy 

+ + + + « . 

there are then three real roots. 

If, now, in the same expressions we substitute and + 1, 
and then and — 1, for x, we shall obtain the three follow- 
ing results: 

. For a:= + l + + + + variations. 

« a;=0 + + 1 « 

« a:= — 1 — + — + 3 « 
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As a; = + 1 gives the same number of variations as + oo, 
and x=- — 1 gives the same as — oo, +1 and — 1 are 
the superior and inferior limits in whole numbers. In pass- 
ing from — 1 to 0, two variations are lost, and in passing 
from to + 1, one variation is lost; hence, there are two 
negative roots between — 1 and 0, and one positive root be- 
tween and + 1. 

2. Let 2a^'^lSx^ + 10x — 19=:0. 

If we deduce X^, and Xg^ we have the expressions, 

X = 2a;* — 132? + 10a; — 19, 
X^— 4a^^l3x +5, 
Xz=: 13x^ — 16x +38. 

If we place Xg=0, we find that both the roots of the 
resulting equation are imaginary; hence, Xg will be positive 
for all values of x (Art. 283). It is then useless to seek for 
X3 and X4. 

By the substitution of — 00 and + 00 in X, X^, and X„ 
we obtain for the first, ttoo variations, and for the second, 
none; hence, there are two real and two imaginary roots in 
the proposed equation. 

Find the number of real roots of the following equation : 

3. a:^ — 5a.'3 + 8a?-.l = 0, 

Ans. 1 real root. 

4. Find the number, places, and limits of the real roots 
of the equation, 

Ans. There are 4 real roots; one between and 1, one 
between 2 and 3, one between 5 and 6, and one between 
— 1 and 0. The limits are —1 and 6. 
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5. Find the number, places, and limits of the real roots 
of the equation, a;^ — 23a: — 24 = 0. 

Arts. 3 real roots, one between 5 and 6, one between 
— 1 and —2, and one between —4 and —5. The 

limits are, — 5 and + 6 . 

* 

6. Find the number, places, and limits of the real roots 

3 

of the equation, a;^ + ^a? — 2a; — 5 = 0. 

Ans. There is 1 real root, and it lies between the Umits 1 
and 2. 

294. Cubic Equation.— In the preceding discussion we 
have supposed the equations to be given, and from relations 
existing between the coefficients of the different powers of 
the unknown quantity, have determined the number and 
places of the real roots; and, consequently, the number of 
imaginary roots. 

In the equation of the second degree, we pointed out the 
relations that exist between the coefficients of the different 
powers of the unknown quantity when the roots are real, and 
when they are imaginary (Art. 125). 

Let us determine corresponding relations between the co- 
efficients of an equation of the third degree. 

Take the equation, 

causing the second term to disappear (Art. 266), it will take 
the form. 

Hence, we have, 

X = a?+pz + q, 
X, = 3a^+i), 
X8= — 2px — dq, 
X,= -4^-2733. 
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In order that all the roots be real, the substitution of 
CO for X in the above expressions must give three perma^ 
nences ; and the substitution of -—go for x must give 
three yariations. But the first supposition can only give 
three permanences when 

— 4p8 -^ 27?» > ; 

a condition that requires ^ to be negative. 
If, then, p be negative, we have, for a; = oo, 

— 4^^ — 27g'2 > ; that is, positive : 

or, 4^* + 275'2 <; o ; that is, negative : 

hence, ^ +~ <0, which requires j9 to be nega- 

tive, and 27 ^ 4; > conditions which indicate that the 
roots are all reaL 

V. Cubic EauATioNa 

295. Cardan's Rule. 

Let, .a?+px + q^O (1) 

be a cubic equation after being freed of its second teruL 

Take « = y + a; ; 

then Q^zzzf^ + ^ + Syz {y + z); 

transposing, and substituting tz; for y + z, we have, 

7^'-^ZXX — {f + ^) = . . . . (2) 

Comparing this with equation (1), we have, 

— dyz z=zp ; and y* + ai* = — g . . . . (3) 
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From the first of equations (3), we haye^ 
which, bemg substituted in the second, gives 

clearing of fractions, and reducing 

SoMug this trinomial equation (Art. 132), we hare^ 

ft 

and the correspondmg value of 2;*, gives 






But since x = y + z, we have, 



X 



=n-i^*1?^)]-n-|-vf^]- 



This is called CardarHs Formula. 

By examining the above formula, it will be seen, that it 
is inappUcable to the case, when the quantity 

under the radical sign of the second degree is negative^ 
hence, it is only applicable to the case in which two of the 
roots are imaginary (Art. 294). 

Having found the feal root, divide out the corresponding 
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binomial factor and there will result an equation of the 
second degree that may be solved. 



EXAMPLES. 

1. What are the roots of the equation 

Am. 4, 1 + V^^, 1 — V— 1. 



2. What are the roots of the equation. 

Arts. 3, 3 + V^^, 3 — V— 1. 
8. What are the roots of the equation 

a:3-.7a;2+14a;=:20? 

Ans. 5, 1 + ^/~^^, 1 — V— 3. 

VI. HoRNER'S Method of Solving Higher 

Equations. 

296. The method of approximating to the roots of a nu- 
merical equation of any degree, discovered by the English 
mathematician, W. G. Horner, is a process of remarkable 
simplicity and elegance. 

The process consists in a succession of transformations of 
one equation to another, each transformed equation having 
its roots less than those of the given equation by the differ- 
ence between the true value of the roots of the given equa- 
tion, and the part of the root expressed by the figures 
already found. Such figures of the root are called the 
initial figures. Let 

V=a:™ + Pa:«-i + Qa;"»-2.... +Ta: + U = 0. . (1) 

be any equation, and suppose we have found a part of one 



r 
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of the roots, which we denote by m, and denote the remain- 
ing part of the root by r. 

Let us now transform the given equation into another, 
whose roots are less by m, and we have (Art. 264), 

V = r™ + P'r«»-i + QV"^-2 + TV + XT' = . . (2) 

Now, when r is a very small fraction, all the terms of 
the second member, except the last two, may be neglected, 
and the first figure, in the value of r, may be found from 
the equation 

TV + U' = 0; giving r = -5.'; that is, 

TJie first figure of r is equal to the absolute term of the 
transformed equation, divided by the penultimate coefficient. 

If we transform equation (2) into another, whose roots 
are less than those of the previous equation by the first 
figure of r, and designate the remaining part by s, we have, 

V" = s™ + F'5™-i + Q,"s'^-^ .... + T's + U" = 0, 

the roots of which will be less than those of the given equa- 
tion by m + the first figure of r. The first figure in the 
value of S is found from the equation, 

T's + TJ" = 0, giving s = ^^,. 

We may thus continue the transformations at pleasure, 
and each one will evolve a new figure of the root. Hence, 
to find the roots of numerical equations, we have the fol- 
lowing 

RULE. 

/. Find the number and places of the real roots 
by Sturm's theorem, and set the negative roots aside : 

11. Transform the given equation into another 
whose roots shall be less than those of the given 
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equation, by the initial figure or figures already 
found : then, by Sturm's theorem, find the places of 
the roots of this new equation, and the first figure of 
each will be the first decimal place in each of the re- 
quired roots: 

IIL Divide the absolute term of the transformed^ 
equation by the penultimate coefficient, which Is 
called the trial divisor, and the first figure of the 
quotient will be the next figure of the root : 

IV. Transform/ the last equation into another'' 
whose roots shall be less than those of the previous 
equation by the figure last found, and proceed in a, 
similar manner until the. root be found to the re- 
quired degree of accuracy. 

This method is one of approximation, and it may hap{)eii 
that the rejection of the terms preceding the penultimate 
term will affect the quotient figure of the root. To avoid 
this error, find the first decimal places of the root, also, by 
the theorem of Sturm, as in example 4, page 404, and when 
the results coincide for two consecutive places of decimals, 
those subsequently obtained by the divisors may be rehed on. 

When the decimal portion of a negative root is to be 
found, first transform the given equation into another by 
changing the signs of the alternate terms (Art. 283), and 
then find the decimal part of the corresponding positive root 
of this new equation. 

When several decimal places are found in the root, the 
operation may be shortened according to the method of con- 
tractions indicated in the examples. » 

297. Let us now work one example in full. Let us take 
the equation of the third degree. 

By Sturm's rule, we have the quantities (Art 290), 
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■ 

Xj=3a?J-7 
X,= 2a: —3 

X3=+l. 

Hence, for a; = oo, we haye + + + + no variation, 

ar= — oo" 1 h three variations; 

therefore, the equation has three real roots, two positive and 
one negative. 

To determine the initial figures of these roots, we have 

fora; = O...H h fora;= 0...H h 



a; = l...H 1- a;=— 1.. 

a? = 2. ..+ + + + a:=— 2.. 

Xzzz — 3 . . 

aj= —4 .. 



+ -f 

+ + - + 

+ + - + 

- + - + 

hence, there are two roots between 1 and 2, and one between 

— 3 and — 4. 

In order to ascertain the first figures in the decimal parts 

of the two roots situated between 1 and 2, yre shall transform 

the preceding expressions into others, in which the value of 

X is diminished by 1. Thus, for the quantity X, we have 

this operation: 

1 + 0-7 + 7(1 

1 + 1 — 6 
1 — 6 + 1 

1 + 2 

2 — 4 
1 

3 

And transforming the others in the same way, we obtain 

the quantities, 

Y = f+Zy^^Ay + 1', 

Yi=3ya + 6y -4; 

Y,= 2y-1; 

Y3= + l. 



400 
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y = .i 


we have 


+ + 


two variations, 


y = .2 


tc 


+ + 


a 


y = .3 


a 


+ + 


a 


V .4 


it 


+ 


one variation, 


y = .5 


a 


T + 


« 


^ = .6 


a 


- + + + 


a 


y = .7 


ct 


+ + + + 


no variation. 



Therefore the initial figures of the two positive roots are 



1.3, 1.6. 



Let us now find the decimal part of the first root. 

+ 7 (1.356895867 



1.3 + 

J. 

1 

J. 

1 



' *3.3 

3^ 

3.6 

3_ 

**3.9 5 

5 

4.0 

5_ 

***4.0 56 

6 

4.0 62 

6_ 

****4.0|68 8 

8 

|4.0| 696 



-7 
1 





6 
2 




*— 


-4 


.99 




■3, 


.01 




1. 


.08 


**__ 


-1 


.93 
.1975 




1 


.7325 
.2000 


***__ 


-1 


.5326 
.024336 



— 1.508164 
.024372 



****— 1.483 7 9 
.00325 



2 
4 



— 1.480538 
.003254 



— 1.4772 
.0003 



8 
6 



— 1.4769 
.0003 



2 

6 



— 6 
*1 

— .903 
** .097 

— .086625 
*** .010375 

— .009048984 
**** .001326016 

— .001184430 
.000141586 

— .000132923 
.000008663 

— .00000738 2 
. .000001281 

— .000001181 
.000000100 

— .000000089 
.000000011 

— .000000010 



— 1 1 4|4|7|6j6 
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The operations in the example are performed as follows: 

1st We find the places and the initial figures of the positive 
roots, to inclade the first decimal place by Storm's theorem. 

2d. Then to find the decimal part of the first positive 
rooty we arrange the coefficients, and perform a succession of 
transformations by Synthetical Division, which must begin 
with the initial figures already known. 

We first transform the given equation into another whose 
roots shall be less by 1. The coefficients of this new equar 
tion are, 1, 3, —4, and 1, and are all, except the first, marked 
by a star. The root of this transformed equation, correspond- 
ing to the root sought of the given equation, is a decimal 
fraction of which we know the first figure 3. 

We next transform the last equation into another whose 
roots are less by three-tenths, and the coefficients of the new 
equation are each marked by two stars. 

The process here changes, and we find the next figure of 
the root by dividing the absolute term .097 by the penultimate 
coefficient — 1.93, giving .05 for the next figure of the root 

We again transform the equation into another whose roots 
shall be less by .05, and the coefficients of the new equation 
are marked by three stars. 

We then divide the absolute term, .010375 by the penul- 
timate coefficient, — 1.5325, and obtain .006, the next fig- 
ure of the root : and so on for other figures. 

In regard to the contractions, we may observe that, hav- 
ing decided on the number of decimal places to which the 
figures in the root are to be carried, we need not take notice 
of figures which fall to the right of that number in any of 
the dividends. In the example under consideration, we pro- 
pose to carry the operations to the 9th decimal place of the 
root; hence, we may reject all the decimal places of the 
dividends after the 9th. 

The fourth dividend, marked by four staj^ contains nine 

decimal places, and the next dividend is to contain no more. 

26 
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But ihe corresponding quotient figure .^ is the fourth 
figure from the decimal point; hence, at this stage o( the 
operation, all the places of the divisor, after the 5th, may ba 
Emitted, since the. 5th, multiplied by .the 4th, will give the 
9th order of decimals. Again : since each new figure of the 
^oot is removed cue place to the right, one additional figure, 
in each subsequent divisor, may be omitted. The contrac-? 
fiOns, therefore, begin by striking off ^he two in the 4th 
divisor. 

• In passing from the first column to the second, in the 
next operation, we multiply by .0008 ; but since the product 
is to be limited to five decimal places, we need take juotice 
of but one decimal place in the first column; that is, in the 
first operation of contraction, we strike off, in the first 
column, the two figures 68 : and, generally, for each figura 
omitted in the second column^ we omit two in the firsL, : 

It should be observed, that when places are omitted in 
either column, whatever would have been carried to thalast 
figure retained, had no figures been omitted, is always to be 
added to that figure. Having found the figure 8 of the root^ 
%o need not annex it in the first column, nor need we annex 
any subsequent figures of the root, wnce they would all fajU 
lat the right, among the rejected figures. Hence, neither 8, 
lior any. subsequent figures of the root, will change the avail- 
able part of the first column. 

-" In the next operation, we divide .000141586 by 1.4772, 
•omitting the figure 8 of the divisor : this gives the figure 9 
<'of the root We then strike off the figures 4.0, in the first 
column, and multiplying by .00009, we form the next, divisor 
-in the second column, — 1.4769, and the next dividend in 
<the 3d column, .000008663. Striking off 5 in this divisor, 
<we find the next figure of the root, which is 5. 

It is now evident that the products from the first column, 
will fall in the second, among the rejected figures at the 
right; we need, therefore, in future,* take no notice of them. 
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Omitting the right hand figure^ the next divisor • will be 
1.476, and the next figure of the root 8. Then omitting 6 
in the divisor, we obtain the quotient figure 8: omitting 7 
we obtain 6, and omitting 4 we obtain 7, the last figii?>e to 
be found. We have thus found the root rr = 1.356895876 
. . . ; and all Gomilar examples are wrought after the same 
manner. 

The next operation is to find the root whose initial figures 
are 1.6, to nine decimal places. The operations are entirely 
simihu* to, those just explained. 

We find for the second root, a? = 1.69202141. 

For the negative root, change the signs of the second and 
fourth terms (Art 278), and we have, 

• 

— 7 (3.0489173396 
+ 6 

— 1 

; .814464 

— .185536 
.166382592 

— 1915840a . 
18791228 

-.36218a^ 
208875 

—153305 

146212 

—7093 

6266 

^ -827 
626 

-261 

188 

-13 

12 



1-0 


- 7 


.. 3 


9 


3 


2 


3 


18 


6 


20 


3 





.3616 



9.0 4 


4 


,9.0 8 


4 


9.128 


8 


9.136 


8 



20.3616 

.3632 

20.7248 

73024 
20.797824 

73088 



« ■ 



20.87091 
823 



2 





|. .|9a|44 



20.87914 
823 



2 





20.8873 



7 
9 



20.8874 



6 
9 



2[0.|8|8|715 
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4 Find the roots of the equation 

a;8 4. iia;? _ 102a? + 181 = 0. 

The functions are 

X = ai^ + lla« — 102a? + 181 
Xi = 3a;? + 22a? —102 
X,= 122a? — 393 

and the signs of the leading terms are aQ + ; hence, the 
fiEubstitution of — 00 and + 00 most give three real roots. 

To discoyer the situation of the roots, we make the sub* 
stitutions 

x = which gives H + two yariationfl^ 

a? = l « + + « 

a; = 2 « + + « 

a?=:3*« + + « 

xz=i ^ + + + +no yariation ; 

hence, the two positive roots are between 3 and 4, and we 
must therefore transform the several functions into others, in 
which X shall be diminished by 3. Thus we have (Art. 296) 

Y = y» + 20y»-9y + l 
Y,= 3y8 + 40y-9 
Y,= 122y -27 

Make the following substitutions in these functions, viz. : 

y= signs H h two variations, 

y = .l " + + 

y = .2 « + + 

y = .3 " 4. 4. + -f. no variation ; 

hence, the two positive roots are between 3.2 and 3.3, and 
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we must again transform the last functions into others, in 
which y shall be diminished by .2. Effecting this transform 
mation, we haye, 

Z = «« + 20.6«3 — Mz + .008 
Zi = 3«2 + AlStz — .88 
Zj|=122« — 2.6 

Let «= then signs are H ^ + two yariationa^ 

« = .01 « « + + *' 

2 = .02 " " h one variation, 

j!5 = .03 " " + + + + no variation; 

hence we have 3.21 and 3.22 for the positive roots, and the 

sum of the roots is — 11 ; therefore, — 11 — 3.21 — 3.22 = 

— 17.4, is the negative root, nearly. 

For the positive root, whose initial figures are 3.21, we 

have, 

X = 3.21312775 ; 

and for the root whose initial figures are 3.22, we have, 

X = 3.229522121 ; 

and for the negative root, 

a? = - 17.44264896- 



EXAMPLES. 

1. Mnd a root of the equation a^ + a;* + a: — 100 = 0. 

Am. 42644299731. 

2. Find the roots of the equation a;*— 12a:»-f 12a:— 3=0. 

+ 2.858083308163 

, + .606018306917 

^^- ^ + .443276939605 

- 3.907378554685. 
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3. Und the roots of the equation 

ir* — &»« + 14a^ + 4ir — 8 = 0. 

+ 5.2360679775 

+ .7639320225 

+ 2.7320508075 

.— .7320508075. 

4. Find the roots of the equation 

a^ — I0ai8 + 6a;-|- 1=0. 

— 3.0653157912983 

— .6915762804900 
'^ns. {— .1756747992883 

+ .8795087084144 

+ 3.0530581626622. 

- / 
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